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SOME APPLICATIONS OF GROUPS TO GEOMETRY! 
By R. M. WINGER, University of Washington 


Introduction 


The subject of groups is of wide appeal, both for its intrinsic interest and 
the range and importance of its applications—applications to geometry, to al- 
gebra,—notably in the theory of equations and the invariant theory,—-to math- 
ematical physics, to differential equations, to crystal structure, to the principles 
of design. Yet it is worthy of remark that one can start from elementary no- 
tions and reach the frontier in a comparatively short time without the aid of 
other branches of analysis. And the postulates are few— Dickson’s set consists 
of four, while for finite groups of collineations, a single postulate suffices. 

In the brief time allotted to this paper, it is possible to sketch but one phase 
of the applications even to geometry. I only mention in passing the great field 
of the Lie theory where continuous groups are so effectively brought into play. 
Again the Galois theory of equations has its geometric counterpart in such prob- 
lems as those associated with the inflexions of the cubic curve, the bitangents 
of the plane quartic and the twenty-seven lines on the cubic surface. There is 
the large and increasing domain of Cremona geometry and Cremona groups. 
Klein has made the theory of groups of linear transformations the basis of the 
classification of the various geometries which occur as special cases of general 
projective geometry... Indeed the theory of linear transformations is the very 
soul of projective geometry and its algebraic dual, the classical invariant theory. 
In spite of this amazing richness of application, many scholars are content to 
explore the abstract theory of the groups themselves, indifferent to the applica- 
tions or perhaps serene in the delusion that some of their results are immune to 
application. 

I cannot refrain from giving voice here to my own and other geometers’ keen 
disappointment that in the recent invaluable Reporton Algebraic Geometry,*space 
could not have been found for the important subject of collineation groups, more 
especially since the keynote of the Report is transformation. 


$1. The Problem of Symmetry 


I propose to consider briefly the application of collineation groups, binary 
and ternary, to the geometry of plane curves, beginning with the metrical ques- 
tion of symmetry. We recognize in the plane two elementary types of symme- 

1 Read at the summer meeting of the Mathematical Association of America at Boulder, 


Colorado, August 27, 1929. 
2 National Research Council Bulletin No. 63. 
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try (a) with respect to a line (0) with respect to a point. These are illustrated 
respectively by the ordinary parabola y? =x, and the cubical parabola y=x?. In 
the latter case, the center of symmetry is defined to be the center of the curve. 
Their utility for tracing the curves is obvious, for in either case the points of the 
curve are paired in the symmetry—paired in a mutual way so that either point 
of a pair determines the other. 

It is desirable now to have a mechanism that will enable us, given one point 
of a pair, to construct its partner. Metrically stated, we are given one end and 
the middle point of a line segment and are required to construct the other end. 
But in projective language the middle point of a segment and the infinite point 
of the segment (produced) divide the end-points harmonically and the problem 
becomes: Given three points of a line, to construct the harmonic conjugate of 
one with respect to the other two. The projective view of this operation, which 
is called reflexion, is illustrated by a conic and a polar point and line which are 
not incident: Any line through the pole cuts the conic in a pair of points which 
are harmonically separated from the pole by the point in which the line cuts 
the polar line. We say that the conic is reflected into itself, calling the pole the 
center and the polar line the axis of the reflexion. 

It appears now that from the projective point of view the two elementary 
types of symmetry are identical: In the first the axis of symmetry is the axis of 
reflexion while the center of reflexion is a point at infinity in the direction of a 
perpendicular to the axis; in the other the axis of reflexion is the line at infinity 
while the center of reflexion coincides with the center of symmetry. Thus we 
may summarize as follows: 

If a curve is symmetrical with respect to a line, tt 1s invariant under a reflexion 
of which the line ts the axis. And if a curve is symmetrical with respect to a point, 
at 1s invariant under a reflexion of which the point 1s the center. Conversely, af a 
curve 1s invariant under a reflexion, 1t may be projected indifferenily into one having 
(a) an axis of symmetry or (b) a center of symmetry. 

The geometrical apparatus for constructing a pair of points interchanged by 
a reflexion is the complete quadrangle in the general projective case; in the met- 
rical case when the points are symmetrical with respect to a line or a point, the 
familiar Euclidean constructions are available. As an algebraic means of deter- 
mining such a pair of points, we resort to a transformation. Thus in the metrical 
case of the parabola, if the reflexion carries the point (x, y) into the point (x’, y’), 
the relation between the coordinates of the two points is 


Ri, « = x, y= — 4. 


These are the equations of a reflexion which we regard as the operation which 
carries the point (x, y) into the point (x’, y’). Asecond application of the reflex- 
ion restores the point to its original position. Thus a reflexion is of period two 
and in fact any linear transformation of period two in the plane is a reflexion. 
Under a reflexion the center and all points of the axis and hence the axis itself 
and all lines through the center are fixed, while all other points and lines of the 
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plane are paired. Consider now a second reflexion, in the y-axis, whose defin- 
ing equations are 
he Po 
Ro, w = — x4, y=y. 


If Ri carries a point P into a point P’ and Re carries P’ into P’’, then P’’ can 
be obtained from P by means of the transformation 


Rs; x =—x«, y=r—y. 
R3, which is the resultant or product of R; and Re, is obviously again a reflexion 
—in the origin. Or we may regard R3 as a rotation about the origin through the 
angle 180°. Finally we associate with the reflexions the identical transforma- 
tion, or simply the zdentity 
1, x! —= 4, yy! = %Y; 


which leaves every point fixed. The combined effect of these reflexions when 
applied to an arbitrary point of the plane is to carry the point into four posi- 
tions, including the original. Such a set of linear transformations, finite in num- 
ber, all possible combinations of which carry a point into different positions, 
ultimately restoring it to the original one, are said to form a collineation group. 
Or, somewhat more conventionally, 

A set of collineations, finite in number, the product of any two of which produces 
the same effect as some one collineation of the set, constitute a finite collineation 
group. It is understood that the several powers of each collineation (successive 
products of the collineation by itself) are included in the definition. Thus in 
the group above, we have the relations 


R2 = 1,R,R; = Ru, i,j,k, = 1,2,3,i% j# Rb. 


The individual collineations are called elements and the order of a group is the 
number of elements it contains. A group of order » we shall uniformly denote 
by G,. Two points which can be transformed into each other by the elements of 
the group are said to be conjugate. In the sequel “group” shall be understood to 
mean finite collineation group. 

As immediate consequences of the definition we have 

1°. Every collineation S; of a finite group ts periodic, t.e. for some integer p, 
S,? =1, otherwise the order of the group would be infinite. If p is the least inte- 
ger for which this relation holds, S; is of period p. 

2°. The tdentity 1s included in every group—a corollary of 1°. 

3°. The inverse Sz" of every element S; belongs to the group. For if p be the per- 
iod of S; SP tb= Sh 

We return now to the question of symmetry. Suppose a curve has two axes 
of symmetry, inclined at an angle 8. The curve is then invariant under two re- 
flexions, say J and 7’. The product of the two is obviously a rotation, say S, 
about the origin through an angle 20. Hence the curve is also invariant under 
S,which simply means that under repeated applications of S a point of the curve 
always goes again into a point of the curve. If now 2”0=360°, S repeated will 
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carry an arbitrary point of the curve into ” positions, including the original. 
In other words S, S’, - - - , S"=1, will constitute a group of order which trans- 
forms the curve into itself. S and 7 in combination generate a group of order 
2n, the ternary dihedral Gen, which leaves the curve invariant. The group con- 
tains ” reflexions whose axes are equispaced about the origin, i.e. the curve has 
nm equispaced axes of symmetry. Evidently the dihedral group, in the metrical 
setting here described, leaves unaltered each circle of the system having the 
origin for common center. An arbitrary point of any invariant curve is one of 
a set of 2m conjugate points cut from the curve by a circle of this concentric sys- 
tem. 

In the metrical representation of the ternary dihedral group now employed, 
the centers of the 7 reflexions lie on the line at infinity, which is a fixed line as 
the origin isa fixed point. In a projective representation, the dihedral group 
has likewise a fixed line, the line of centers, and a fixed point, the intersection 
of the 2 axes of reflexion. It also leaves invariant a pencil of double-contact 
conics, with respect to every (proper) member of which the fixed point and the 
line are pole and polar. 

It is plain now that there is an intimate connection between multiple sym- 
metry and dihedral groups, for a dihedral group can always be given the metri- 
cal representation described above. Thus 

If a curve 1s invariant under a dthedral Gan, 1t may be projected into one having 
n axes of symmetry, equispaced abouta point. Conversely, tf a curve 1s symmetrical 
with respect to n equispaced axes, 1t admits a dthedral Gan. 

Again, a curve of order n, a contc alone excepted, may not admit a dthedral group 
of order greater than 2n, 1.e the maximum number of lines with respect to which an 
algebratc curve may be symmetrical is 2n. When nts even however, the intersection 
of two or more axes of symmetry ts a center of the curve. Yor if the curve is invariant 
under a dihedral G2,, any general set of conjugate points on the curve is cut 
out by one of the invariant conics (circles) which cuts the curve in a maximum 
of 2n points. 

There is however at least one algebraic curve for each value of ” possessing 
this maximum symmetry. Indeed there is at least one rational curve—one cubic 
(the general rational cubic) one quartic (the projective lemniscate) two quin- 
tics, one sextic and three septimics. The general formula for rational curves 1s* 


xy, = i" r+s=N, 
Xo = ts lars s, 
43 = i™ + 1, 


where 7, s and 7 are integers and have no common factor. 
We may now state a further theorem about multiple symmetry: 


1 Winger, American Journal of Mathematics vol. 36 (1914), p. 66. To plot the curves so that 
the symmetry appears, absolute or circular coordinates x, @ must be used, writing x=x1/xs, 
£=X2/x3, while to the parameter / are to be assigned complex numbers of absolute value 1. 
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If an algebraic curve have two axes of symmetry, it is invariant under a dihedral 
group. For the curve is then invariant under two reflexions, whose product is 
a rotation. This rotation must be periodic, else the curve would have an infinite 
number of axes of symmetry, whereas the maximum number is n. If the period 
of the rotation is m, then the two reflexions generate a dihedral group of order! 
2m and the curve has m axes of symmetry. 

A curve may admit a rotation into itself of period m without admitting a re- 
flexion. Such a curve possesses a sort of “one-sided” symmetry which is admir- 
ably illustrated by a swastika or a cross section of an anemometer. For example 
the quartic curve 

xy? — «ey = 1 
is invariant under the G, of rotations generated by x’= —y, y’=x. 

A very interesting analysis of symmetry in design from the group standpoint, 
with references, is given by Speiser in his admirable book Theorie der Gruppen 
von Endlicher Ordnung, Springer, 1927.2 Weyl in his Gruppentheorie und Quant- 
enmechantk goes so far as to say that a substantial part of group theory is im- 
plicit in the art of ornamental design, which was brought to a high state of per- 
fection by the Egyptians. 

§2. Applications to Configurations 


Since every element of a finite group is periodic, a useful theorem is the fol- 
lowing: 

Any periodic collineation in a space of n dimensions may, by a suitable choice 
of the reference frame, be reduced to the canonical form 


(1) pxi = Qixi, = 0,1, mc yh, 


where the x’s are homogeneous projective coordinates and thea’s (called mul- 
tapliers) are roots of unity. If the collineation is of period , one of the a’s must 
be a primitive nth root. The theorem does not imply of course that all the col- 
lineations of a group can be thrown simultaneously into the form (1). When 
that is possible, the group is monomial. The distinguishing property of a mono- 
mial group is that it leaves invariant an (m-+1)-point which is the reference 
frame when the group is in the canonical form. This gives a broad classification 
of collineation groups into two classes, those which are monomial and those 
which are not. Because of their comparative simplicity monomial groups have 
been almost ignored, but they are deserving of a better fate because of the inter- 
esting geometry associated with them. 

The theorem restricts the types of collineations that may occur in a finite 
group to two main classes represented by (1) when (a) the multipliers are distinct 
and (6) two or more multipliers are the same. Thus of the five projectively dis- 
tinct types of collineations in the plane only two may belong to a finite group 
while of the thirteen possible varieties in space but four may occur in a finite 


1 Miller, Blichfeldt, Dickson, Finite Groups, p. 61. 
2 See also the delightful Lectures on the Principle of Symmetry by Jaeger, Amsterdam, 1920. 
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group. Geometrically, type (@) is characterized as having a finite number of 
fixed points, while collineations of type (0) leave fixed all of the points of one or 
more linear spaces.! 

Conjugate points and lines. In the absence of explicit statement to the con- 
trary, we shall henceforth confine ourselves to the plane. The effect of operat- 
ing on a point P with all the collineations of a group Gn, individually and col- 
lectively in any combination, is to carry P into a maximum of n positions, in- 
cluding the original. For each collineation either leaves P fixed or transforms 
it into a second point and by definition the effect of two elements operating in 
succession is the same as that of some one element. The set of points thus as- 
sociated with P forms a set conjugate under the group. Paralleling the idea of 
conjugate points is the notion of conjugate elements in the group itself. Two 
conjugate collineations are projectively equivalent, or as we say abstractly iden- 
tical, i.e. by a proper choice of the reference scheme each may be reduced to 
exactly the same form as the other. In symbols, if Sand T are any two elements 
of a group and if 7-'ST=S’, where the multiplication is understood to be 
from left to right, S and S’ are conjugate elements. 

A cardinal principle for the geometry is the following: Any two points in a 
set of conjugate points have exactly the same (projective) properties. Thus if a curve 
is invariant under a group, a point of inflexion can go only into a point of in- 
flexion, a double point into a double point, an undulation into an undulation, 
etc. If the curve has but one point of a species, that point must be fixed under 
the group. The principle applies also to the relation of a point to the group. 
Thus if a point is fixed under a collineation S, it can be carried by the group 
only into a fixed point of an element conjugate to S. The principle is illustrated 
by the relation of congruent figures in Euclidean geometry, where we think of 
congruent figures as having identical properties. Indeed congruent figures are 
those which can be transformed into each other by the group of motions—con- 
sisting of translations and rotations—that characterize Euclidean geometry. 

The principle affords a means of classifying precisely the points of a curve. 
We are accustomed to speak somewhat loosely of a “generic point” of a curve, 
a vague expression used to distinguish it from points possessing some striking 
peculiarity such as the “singular points.” A generic point on a plane cubic would 
signify any point except an inflexion. But the case is not so simple as that. 
There are 27 points at each of which a conic with 6-point contact can be drawn 
(sextactic points), 72 which are vertices of the 24 Poncelet triangles, a limited 
number which are vertices of Poncelet polygons of higher order, etc. All such 
points are in a strict sense special since other points of the curve do not share all 
of their properties. I submit the following criterion for the equivalence of points 
on an algebraic curve: If the curve is not invariant under a collineation group, no 
two points of the curve are equivalent in a projective sense; while af the curve 1s 1n- 
variant under a collineation group, only conjugate points may be regarded as 
equivalent. 


1 All of the elements of a binary group, except the identity, are of type (a). 
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In the present instance the nine flexes are equivalent since they constitute 
a set conjugate under the Gig which leaves the curve invariant. The 27 sextac- 
tic points however belong in three conjugate sets of 9 points each, while the 72 
vertices of the Poncelet triangles divide into four sets each containing 18 con- 
jugate points. 
Again the binomial rational curves 
w=, y= th, g = 1, or yr — “er 7g7 = 0 


are invariant under infinite groups, binary and ternary, generated respectively 
by 

t=at and «# =a"x, wyw=a™'y, 2 =. 
Each of the curves has dual singularities at t=0, © which absorb all of the 
double points, flexes and double lines. Each of these points is fixed under both 
groups, but all other points are equivalent to each other.! 

Special sets. Certain points of the plane may assume fewer than positions 
under the operations of a G,. Such points belong to special sets of conjugate 
points. Each point of a special set must be fixed under one or more collineations, 
hence to discover all special sets we need only examine the fixed points of the 
constituent elements. Suppose that a point is fixed under k (and only k) ele- 
ments of G,. Then every point conjugate to it will be fixed under k elements 
and the aggregate of such points will form a special set. Every pointin the spe- 
cial set thus arises from the coincidence of k points of a general set. It follows 
that 

The number of points 1n a special set 1s a factor of n. 


Now all the elements of G, that leave a point fixed obviously form a sub- 
group, since if any two elements leave a point fixed so also will their product. 
Hence each point of a special set of n/k conjugate points is invariant under a sub- 
group G,, of order k. Moreover, the set of subgroups of order k, each of which com- 
prises all the elements that leave one point of a special set of n/k points unaltered 
are conjugate subgroups. The number of conjugate subgroups in such a set may 
be equal to ”/k or it may be less, since the subgroups need not all be distinct. 
The number, which in the extreme case may reduce to one, is however always 
a factor of n/k. 

As its name indicates a collineation carries lines into lines as well as points 
into points. All that we have said about conjugate sets of points applies 
equally to conjugate sets of lines for 

The configuration of fixed points and lines under the collineation (1) 1s self- 
dual. Hence the configuration determined by every special set of conjugate lines 1s 
dual to that determined by some special set of conjugate points. 

To prove the theorem for the plane, we observe that the collineation (1), 
4=1, 2, 3, transforms the line 


1 There is an exception in the case of the conic which has no singular points. And since 0 and 
coo may be assigned as parameters to any two points of the curve, all points on a conic are equivalent 
according to the criterion. 
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Ux, + UnxX, + U3x3 = 0 
into 
p(uyxt [ay + uaxd [ag + uss /as) = ul ai + ud xe + uggs = 0. 
Thus the connection between the old and new u’s 1s 
(2) Uji = pu;/ as, 


which is the same collineation as (1) expressed in line form. Now the fixed points 
and lines are found by putting x’=x and u’=u. The collineations reduce to 


px, = ax; and pu; = au; 


which are identical in form. It follows that these equations will be consistent 
under the same conditions, viz. p=a,;, and that the coordinates of any point 
which satisfy the first set will be identical with the coordinates of a line that 
satisfy the second. The proof is valid for x dimensions by letting 7 range through 
n-+-1 values and replacing “line” by Sn_1,i.e. by a linear space of n— 1 dimensions. 

If the a’s are distinct the collineation (1) [or (2)] has three fixed points and 
three fixed lines forming a triangle. But if two of the a’s are equal, the collinea- 
tion—which is then called a homology—has a point of fixed lines (the center) and 
a line of fixed points (the axis). The centers and axes of the homologies [type 
(b) | together with the fixed points and lines of the collineations of type (a) ina 
group may be called the invariant configuration of the group. As a consequence 
of the theorem proved above, we have at once: 

The invariant configuration of a group ts self-dual. 

Thus every collineation group leads us to one or more associated configura- 
tions,—the invariant configuration and others which are frequently contained 
in it. These configurations include some of the most interesting to be found in 
geometry and, when studied in relation to the invariant curves of the groups, 
afford an opportunity for the contemplation of the highest form of beauty, a 
beauty whose full appreciation is the prerogative solely of the mathematician 
since much of the complete figure is usually imaginary. 

The converse question is, does every configuration determine a finite group? 
Certain well known groups may be so defined. Thus the ternary octahedral Ges 
comprises those transformations which permute in all possible ways the ver- 
tices of a complete 4-point. The ternary Hesse Gos may be obtained by asking 
for those collineations which transform into itself the Hesse configuration—the 
configuration associated with the nine flexes of the plane cubic. Coble has shown 
that the collineations which transform into themselves the seven points and 
seven lines in finite geometry (mod 2) constitute a group of order 168, simply 
isomorphic with the Klein group in the general projective plane.’ 


1 Two groups G and G’ are simply isomorphic if (a) there is a (1, 1) correspondence between 
their elements, (b) such that the product of any two elements of G corresponds to the product of 
the two corresponding elements of G’. Two groups which are simply isomorphic are said to be 
abstractly identical. 


1930] SOME APPLICATIONS OF GROUPS TO GEOMETRY 9 


The major problems that any collineation group offers for study are the 
structure of the group itself—the relations between the elements, the nature and 
variety of the subgroups, its isomorphisms with other groups, etc.—and the 
invariant configuration and invariant curves. The structure may of course be 
studied purely algebraically and the knowledge gained may then be applied to 
the geometry. But I think enough has been said to indicate that the geometry 
is a useful weapon of attack on the fortress of the group itself. In particular a 
knowledge of special sets of conjugate points may be utilized in the discovery 
of the conjugate subgroups associated with them. 


$3. Self-Projective Curves 


The determination of the types of groups in any dimension, as well as the 
study of their structure, may be considered an algebraic or group-theoretic 
problem. However the first solution of this problem in one dimension, the bi- 
nary realm, was effected by Klein with the aid of geometric considerations. In- 
deed these groups, in the abstract, are identical with the groups of rotations of 
a sphere which carry the regular inscribed polyhedrons into themselves. The 
groups associated with the cube and the octahedron are the same, since diamet- 
ers of the sphere through the midpoints of the faces of the cube cut the sphere 
in the vertices of a regular octahedron. The two figures are in a sense space 
duals, the cube having 6 faces, 8 vertices and 12 edges while the octahedron has 
8 faces, 6 vertices and 12 edges. Thus vertices and faces correspond in this 
duality while an edge is self-dual. Similarly the regular inscribed dodecahedron 
with 12 faces, 20 vertices and 30 edges is dual to the regular icosahedron with 
20 faces, 12 vertices and 30 edges,—both admitting the same group. The regu- 
lar tetrahedron is self-dual since lines joining the vertices to the center cut the 
sphere in the vertices of a second, the counter tetrahedron. To complete the 
theory, Klein devised the regular dihedron, a two-faced “polyhedron” consist- 
ing of two coincident regular polygons inscribed in a great circle. 

The groups of rotations take their names from the polyhedrons which they 
leave invariant and are sometimes called the regular body groups. If a dihedron 
with vertices lies in an equatorial plane it will be carried into itself by a ro- 
tation of period m about the axis passing through the poles, generating a cyclic 
group of order z. If to this group we adjoin the rotations of period 2 about 
lines of symmetryof the dihedron, we obtain the complete group of the dihedron, 
a Gen. For the other regular bodies there are three possible positions of the axis 
of rotation (a) through a vertex, (0) through the mid-point of a face and (c) 
through the mid-points of opposite edges. Rotations (c) are of period 2 for all 
of the groups; and while types (a) and (6) vary with the groups, all of either 
class are of the same period for any particular group. In the case of the tetra- 
hedron, (a) and (8) coincide, both being of period 3. The number of rotations of 
the several periods are easily counted and the orders of the groups determined. 
The five regular body groups then are: 
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Name and Order Associated Polyhedron(s) 
Cyclic Gn Dihedron 
Dihedral Gon Dihedron 
Tetrahedral Giz Tetrahedron 
Octahedral Goa Octahedron, cube 
Icosahedral Geo Icosahedron, dodecahedron. 


While the regular bodies were known to the ancients, it remained for Klein 
to point out the varieties of groups associated with them and to prove in par- 
ticular that they are simply isomorphic with types of collineation groups in 
the binary domain. It seems to have been Klein’s peculiar genius to excel in 
recognizing these analogies in mathematical theories which constantly challenge 
the wonder of every mathematician. I know of no more striking manifestation 
of that genius than his achievement in reading in the properties of the familiar 
—one might almost say household objects—the regular bodies, all the group 
theory implicit in them, a theory latent since the time of Pythagoras, eluding 
the searching scrutiny of the mathematical world for two and a quarter millen- 
iums. 

To my mind this geometric approach to the analysis of the groups in the 
binary field, because of its concreteness, simplicity and elegance, no less than 
for its intuitive directness is incomparably superior to any other. What other 
important theory perchance lies dormant in the sombre chrysalis of elementary 
geometry, awaiting the fullness of time and the creative touch of some future 
Klein to call it into a glorified being? 

In the plane, as previously indicated, there are two main divisions of groups, 
(a) those which leave a triangle invariant (monomial groups) and (0) those 
which do not. In particular we have five regular body groups—ternary groups 
simply isomorphic with the several binary groups.! These are all monomial ex- 
cept the ternary icosahedral group. There are six varieties of groups of type 
(b) in the plane: The icosahedral Geo, a G6, a Gre, the Hesse Gog, the Klein Gies 
and the Valentiner Geo. The G35 is one of three conjugate subgroups of the 
G72 which in turn is a self-conjugate or invariant subgroup of the Hesse group. 

We have already mentioned one geometric problem connected with every 
group—that of the invariant configuration. Two others relate to the invariant 
curves. The first is the determination of the complete system of invariants, 1.e. 
a finite number of forms in terms of which all others may be rationally and in- 
tegrally expressed. This complete system for groups in 2 homogeneous vari- 
ables comprises a minimum of x-+1 forms of which x are algebraically indepen- 
dent. This problem has been solved for all of the principal classes of groups. 

The second problem is that of self-projective curves. Since a collineation 
defines analytically a projection, a curve which is invariant under a collinea- 


1 In every dimension there is at least one regular body group simply isomorphic with each 
of the binary group. Ciani, Annali di Matematica (1902), has discussed the different species in 
space. 
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tion group is termed self-projective. The problem may be formulated thus: (1) 
What varieties of groups may a curve of given order m admit? (2) what are 
the projectively distinct species of curves of order m invariant under the same 
group? This problem for curves restricted only by the group requirements has 
been solved for m=2, 3, 4, 5, 6 and for rational curves for m=2, 3, 4, 5, 6, 7. 
A conic may admit any of the regular body groups. The general cubic is invar- 
lant under a Gig, a subgroup of the G35 above; the harmonic cubic under the Gse: 
and the equianharmonic cubic «*+ y3+-23 =0 under the subgroup Gs comprising 
all of the monomial transformations of the Hesse Gag. The general rational 
cubic admits a dihedral Gz and the cuspidal cubic an infinite group. 

A self-projective quartic is necessarily special but there are numerous in- 
teresting varieties. The octahedral Ga has a pencil of them 


v4 + vy4 +. gf + Or(y?22? + g2n2 +. xy?) — 0, 


including a repeated conic (A=1/3), the projective lemniscate (A= ©), two 
Clebsch curves! (A=1,—1/2) and their associated Liiroth curves (A= —1/3, 
7/6, respectively), a pair of conics? (A= —1/6), a Dyck curve (A=0) and a 
pair of Klein quartics (A= —4$+4V/7). The Dyck and Klein quartics admit 
groups of orders 96 and 168 respectively. 

The curves of lowest orders associated with the Hesse and Valentiner groups 
are sextics. 

Self-projective curves are always interesting because of the remarkable way 
in which they adjust themselves to the rather severe demands of the groups. 
If a curve is invariant under a G,, the points of the curve in general distribute 
themselves in sets of ” conjugate points, though some may belong to special 
sets. In particular, the singularities will be found among the conjugate sets, 
special or general. The number of special sets of points on an invariant curve 
is limited, for the number of special sets under the group is finite unless the 
group contains homologies. In the latter case there will be an infinite number of 
special sets, lying on the axes of homology, but only a finite number of these can 
lie on the curve. 

The simplest example of a self-projective curve is one admitting a group of 
order two, consisting of a reflexion and the identity. Even here the curve is 
considerably specialized. First of all, each intersection of the axis of reflexion 
with the curve is either a multiple point or a contact of a tangent from the cen- 
ter of reflexion. All other points—except the center, if it happens to lie on the 
curve—must fall into pairs harmonically separated from the center by the axis. 
All tangents from the center whose contacts do not fall on the axis must be 


* See a paper by Arnold Emch, Bulletin of the American Mathematical Society vol. 35 (1929), 
p. 389. The first Liiroth quartic (A= —1/3) degenerates into four lines, dual to the special set of 
four points conjugate under the group—see below. 

2 This pair of conics admit an enlarged group Gig of collineations and correlations, the cor- 
relations arising from the products of the elements of Go by a polarity. See Wear, American 
Journal of Mathematics) vol. 42 (1920), p. 118. 
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multiple tangents with contacts harmonically paired. The contacts on the axis 
can arise only from the coincidence of an even number of points—they may be 
undulations, e.g., but not flexes. A multiple tangent from the center may have 
an odd number of contacts only if one fall on the axis. If the center lies on the 
curve, the least thing that can happen is that the point be an inflexion. It 
might be a flex of higher order, the tangent cutting out an odd number of 
coincident points. The center may be a biflecnode and on curves of even order 
it may be a tac-node. If a curve is restricted only by admitting a reflexion, 
the intersections of the axis will be contacts of simple tangents from the 
center, while other tangents from the center will be ordinary double lines. 
Again if the center lies on the curve, we normally expect it to be an ordinary 
inflexion if the curve is of odd order, a biflecnode if the curve is of even order. 
Now most groups contain several reflexions which comprise one or more con- 
jugate sets. If k of these belong to such a conjugate set, the yield of geometri- 
cal fruitage is exactly k-fold, as illustrated by those curves possessing k-fold sym- 
metry and invariant under a dihedral Go,, R odd. If kis even the curve still 
has k-fold symmetry but the axes divide into two conjugates sets, the symmetry 
with respect to the two sets not being the same. 

Suppose that a curve is invariant under a homology! of period three, e.g. 
x’ =x, y’ =, 2’=z2,w3=1. Then lines through the center (1, 0, 0) cut out triples 
of conjugate points. The intersections of the axis, x =0, thus will be flexes, 
cusps etc. whose tangents meet at the center—or they will be triple points, six- 
fold points etc. Other tangents from the center must be at least triple tangents. 
If the center is on the curve, it will be at least an undulation since it must arise 
from the coincidence of a minimum of four points. Thus the quartic curve 
y(y +2)*—x*z=0 admits a cyclic G; generated by the homology above. The 
center is an undulation (whose tangent is z=0) and the axis cuts out a triple 
point, and a flex whose tangent, y=0, passes through the center. 

Another important principle is that two curves which are invariant under the 
same group must intersect in sets of conjugate points. Klein has utilized this 
principle in finding the complete system of invariants of a group.2 It is also 
helpful in constructing sets of conjugate points on an invariant curve. There are 
0? sets of conjugate points associated with any group since any point in the 
plane gives rise to one set. Only a single infinity of these however will lie on an 
invariant curve. As an illustration, the equianharmonic cubic «3+ y?+23 =0 is 
invariant under a monomial Gs, generated by the homology of the preceding 
paragraph and the transformations 


x = x, Z, — x, 
ho 

y = Ww, vy — &, 
oe 2 _—_ 

6 = W'S, V, y. 


* The homology of course generates a cyclic group of order three which contains a second 
homology. 
* See for example Fricke, Lehrbuch der Algebra (1926), vol. 2, p. 203. 
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The curve contains three special sets of points, (a) the 9 flexes, (b) the 27 sex- 
tactic points, (c) a set of 18 points, vertices of six Poncelet polygons, cut out by 
the invariant sextic y*z'+ 2343+ 3y3=0. These as well as all general sets on the 
cubic are cut out by the pencil of invariant curves! 


aSy6z6 4 \(y3g8 4 283 4 a3y3)3 = 0), 


The special sets are cut out multiply by particular curves—the flexes 6 times 
(A =0), the 18 points 3 times (A = ©) and the sextactic points twice (\=4/27). 

A problem introduced into geometry by the analytic method is that of 
canonical forms, i.e. the discovery of the simplest form to which the equation of 
a locus may be reduced. From the point of view of pure geometry the problem 
is artificial since it merely concerns the optimum choice of the reference frame- 
work. If a curve is invariant under a group, the selection of the reference 
triangle is usually not difficult. We saw that the collineations in a group are of 
two kinds—those with a unique fixed triangle and the homologies with «? 
fixed triangles. Each of the latter has as one vertex and opposite side a center 
and axis of ahomology. When the curve is in canonical form the triangle of refer- 
ence 1s some one of these tringlcs associated with the individual collineations, i.e. 
it 1s part of the invariant configuration of the group. 

Thus the equianharmonic cubic assumes the form given above when referred 
to the invariant triangle of the Gss. But there is another form entitled to con- 
sideration as a canonical form of the curve. For if we select as reference triangle 
any one of the six Poncelet triangles whose vertices comprise the special set of 
18 conjugate points, the equation of the curve may be reduced to «?y--y?g+ 
2*x = 0, or xy?+yz2?+2x?=0. 

We shall close this section with a statement of some general theorems con- 
cerning self-projective curves. 

1°. Lhe dual of any self-projective curve admits the same group. 

For suppose that any collineation of the group is reduced to the form (1), 
then the line equation of the collineation is (2). The inverse of (2) is 


(3) pu; = AjU;, 


which is identical in form with (1). Hence if the point curve f(*1, x2, x3) =0 is 
invariant under (1), the dual curve f(a, w2, u3) =0 is invariant under (3), which 
is merely some power of (1) in line form. Thus, since the projective lemniscate 
is an invariant of the ternary octahedral Gu, we infer that its dual the pro- 
jective astroid is likewise an invariant. 

2°. If an invariant curve Con, of order 2n, factors into two curves C, and C,’, 
neither of which ts invariant under the whole group, Cy, and C,' are projectively 
equivalent, since they must be interchanged by. some elements of the group. 

3°, A Cy, cannot admit a homology of period greater than n, since conjugate 
points must lie in sets of 2 on lies through the center. 


1 The curves of this pencil are composite, each composed of three sextics. 
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4°, Ifa Cy is invariant under a homology of period k, the first polar of C, ts 
composite, the axts splitting off k—I tumes. The axis splits off from the second polar 
k—2 times, etc. If k=n, the first polar of an arbitrary point on the axis degenerates 
into n—I1 lines passing through the center 


$4. Self-Projective Rational Curves 


The group problem for rational curves differs from that for general algebraic 
curves because of the parametric representation that characterizes the former. 
By definition, the homogeneous coordinates of a point on a rational curve are 
expressible as rational, integral, algebraic functions of a single parameter,—1.e. 
as binary forms. Hence the geometry on a rational curve belongs to the binary 
domain. The following theorem is fundamental for rational curves. 

1°. Ifthe points of a rational curve in S,-1 are transformed into themselves by an 
n-ary group, the parameters of the points are permuted by a binary group of the same 
order. 

The only groups admissible then are the regular body groups, binary and 
n-ary. Other general theorems for rational plane curves are: 

2°. If a rational curve of order m 1s invariant under a cyclic group of order n, 
n>m, itis invariant under a one-parameter group. 

3°, A rational curve of order m, m odd, cannot admit the tetrahedral, octahedral 
nor icosahedral group, nor a dthedral Gr, uf k 1s even. 

We have already observed (§1) that the maximum order of a dihedral group 
is 2m. Theorems 2° and 3° thus restrict the types of groups for curves of odd 
degree to cyclic groups of order n,n =2, 3, - - + ,m, and dihedral groups of order 
2k,k=3,5,°°-+,m. 

4°, If a rational curve of order m 1s invariant under a cyclic group of order m 
(but not a dihedral Gem) the group cannot contain a homology. The curve has a mul- 
tiple point of order greater than two, having however but two distinct parameters? 

We have in the plane then a partial parallelism between the binary and 
ternary groups associated with self-projective rational curves. Every element of 
the binary group has two fixed points (parameters). These points as well as 
their tangents are fixed under the ternary group, which however leaves at least 
one other point and line fixed. Hence there will be a difference in the special sets 
for the two groups. Every non-cyclic binary group has three special sets, 
corresponding to (a) the vertices, (0) the midpoints of the faces and (c) the 
midpoints of the edges. These will correspond to special sets of the same num- 
ber of points under the ternary group if each parameter is attached toa single 
point. But if a binary set of 2k are parameters of k nodes, the nodes will form a 
special ternary set of k points although their tangents will be a special ternary 
set of 2k lines. These are the only special sets of points lying on an invariant 


1 This theorem is proved in a paper read at the Nashville meeting of the American Mathe- 
matical Society. 

2 These theorems are proved in a series of papers by the author on self-projective rational 
curves in the American Journal of Mathematics, vols. 36, 38, and 47. 
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curve but the ternary group contains an infinite number of special sets not on the 
curve. A binary cyclic group leaves each of two points fixed while the corres- 
ponding ternary group has at least one additional fixed point. 

Perhaps these principles will be sufficiently illustrated by the binary and 
ternary octahedral groups and the invariant projective astroid, which in metri- 
cal form is the familiar “hypocycloid of four cusps,” a rational curve of class 4 
and order 6. For convenience we shall denote ternary groups by G. 

The Gog is the group of the complete quadrangle, permuting the vertices in 
all possible ways. The diagonal triangle is fixed under the whole group. The 
vertices and sides of this triangle are centers and axes of three reflexions, which 
with the identity constitute a dihedral G,, an invariant sub-group of Go4. Each 
vertex and opposite side are likewise the fixed point and line of one of the three 
conjugate dihedral subgroups Gg. The sides of the quadrangle are the axes of six 
other reflexions, conjugate under the group. Each vertex of the quandrangle is 
fixed under one of the four conjugate dihedral subgroups Ges. ‘The four cyclic 
subgroups G3 of the dihedral Gs’s leave each two additional points unaltered, 
giving rise thus to a special set of eight points. The centers of the set of 6 re- 
flexions lie in pairs on the sides of the invariant triangle—each pair harmonically 
separated by a pair of vertices of the triangle. On each side of the triangle is a 
third pair, harmonic both to the vertices and the centers on that side. We thus 
obtain a second set of six conjugate points. The special sets of points of Ges thus 
comprise: 

A set of 3, vertices of the invariant triangle; 

A set of 4, vertices of the invariant quadrangle; 

A set of 6, centers of the set of six reflexions; 

A counter set of 6, described above; 

A set of 8, which with the set of four are the fixed points of the four cyclicG;3’s; 

cosets of 12, lying in pairs on the sides of the invariant quadrangle; 

01sets of 12 lying in fours on the sides of the invariant triangle. 

Dual to each of these is a special set of conjugate lines. 

When written in the usual Cartesian form 


(4) 43213 -- vy2l3 —_— q?!3, 


the curve exibits symmetry with respect to the origin and four equispaced lines 
through the origin, i.e. one of the dihedral Gs’s is real. The invariant triangle of 
the group is then formed by the rectangular axes and the line at infinity. Since 
the invariant triangle is treated symmetrically by the group, we infer that the 
line at infinity is a third double-cusp tangent, the cusps falling at the circular 
points. The six cusps thus lie on a circle, the invariant conic of the group. The 
flexes all go to form the cusps, while the three double-cusp tangents are the only 
bitangents. There are however four nodes, isolated at (+a/8!/?,+a/8/?), which 
are the vertices of the invariant quadrangle. 

The binary group has but three special sets of points (parameters) (a) the 
cusps, the counter set of 6, corresponding to the octahedron vertces, (0) the 8 
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nodal parameters, corresponding to the cube vertices and (c) a set of 12, the resid- 
ual intersections of the sides of the quadrangle of double points. Thus (a) and 
(c) are special sets of the ternary group as well while (6) determine a set of 4 in 
the ternary group. 

If we define the curve as the envelope of a line which the rectangular axes cut 
in a segment of constant length a, the equation in Pliicker coordinates is found 
at once to be 


1/u? + 1/0? = a@ 


the point equation of which is (4). The locus of the middle point of this line seg- 
ment is a circle (conic on two cusps), having four proper contacts with the curve. 
This is a member of the invariant pencil of double-contact conics (concentric 
circles) belonging to the real dihedral Gs. Since the three dihedral Gs’s are con- 
jugate, the circle is one of a set of three conics conjugate under Gy. Bearing in 
mind the projective version of middle point of a segment and the geometry of a 
binary cubic, we have the theorem: 

If the intersections of a variable tangent line of the projective astroid with the 
three double-cusp tangents are represented by a binary cubic, the three cubscovartant 
points will trace, each a conic passing through two cusps and having four contacts 
with the curve. The 12 contacts are a special set under both the binary and the 
ternary group. 


THE ELDER ARYABHATA’S VALUE OF r 


By SARADAKANTA GANGULI, Ravenshaw College, Cuttack, India 


The credit of discovering two remarkably approximate values of 7 in ancient 
times belongs to two Asiatic scholars of the fifth century A.D. One of them is 
the Chinese astronomer Tsu Ch’ung-chih (born 430 A.D.) and the other is the 
Indian astronomer and mathematician Aryabhata (born 476 A.D.) known as 
the elder Aryabhata as distinguished from another astronomer-mathematician 
of the same name who lived in the tenth century A.D. Tsu gives the value 
355/113 (=3.141592 ---)!and Aryabhata the value 62832/20000 (=3.1416). 
In point of accuracy Tsu’s value is superior to Aryabhata’s value which, how- 
ever, can claim practical advantages over the other. Tsu’s value has not been 
the subject of much discussion and its authorship has not been assigned to a 
foreign writer or to a later Chinese investigator. But Aryabhata’s value has 
received an altogether different treatment. It has been the subject of a long 
controversy and its genuineness has been seriously questioned. Attempts have 
been made to attribute the elder Aryabhata’s value of 7 to an unknown Greek 
source or to the younger Aryabhata. 


1 Mr. Kaye omits this value from his list published in Indian Mathematics (p. 33) but includes 
Tsu’s inaccurate value, 22/7, in it. 
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The arguments urged in favour of a Greek origin are: 


(i) According to Rodet “The choice of a diameter of two myriads or rather 
of the number one myriad for the radius is assuredly a strong argument in favour 
of a Greek origin.”! For, in his opinion, the Greeks alone of all peoples made the 
myriad a numerical unit of the second order. Sir Thomas Heath also endorses 
this view.? 

(ii) According to Alberuni, Pulisé employed a value of 7 equal to the elder 
Aryabhata’s value.2 Mr. Kaye takes this Pulisé to be anterior to both the 
elder Aryabhata and Tsu Ch’ung-chih.! 


(ii) The value 3.1416 was known to the Alexandrian scholars whose works 
may well have reached India.® 


(iv) “The Hindu mathematicians took various values of + and no writer 
among them seems to have been uniform in his usage.’® 


(1) The unsoundness of the first of the above arguments has been shown by 
the present writer’ and Dr. Bibhitibhisan Datta. Aryabhata used the numeri- 
cal unit ayuta which is equivalent to the Greek myriad but which has been in use 
in India from before the birth of the Greek civilization. I may add that Rodet’s 
argument does not seem to have appealed to Marie who does not see to which 
Greek writer the elder Aryabhata’s value of + could be attributed but who 
admits, as we all admit, that there had existed, even before the fifth century 
A.D., intercourse between Greece and India.? But mere existence of intercourse 
can not prove India’s indebtedness to Greece for a result which, so far as our 
present knowledge goes, the latter did not know. 


(ii) The fallacy of this argument has been thoroughly exposed by Mr. 
Nalinbihari Mitra!® and Dr. Bibhitibhtisan Datta." Dr. Datta has shown that 
Alberuni’s Pulisé is not the author of the original Pulisd-siddhdnta or of the one 
known to Varahamihira but of a recast of the same work with various changes 
and additions. The author of the original Pulisd-siddhdnia was a contemporary 
of the elder Aryabhata according to Weber while, according to Kern, the former 
preceded the latter by a century.” Alberuni’s Pulisé refers to Varahamihira 


1 Journal Astatique, vol. 13 (1879), p. 411. 

2 History of Greek Mathematics, vol. 1 (1921), p. 234. 

8 Alberuni’s India, vol. 1, p. 168; vol. 2, p. 72 and p. 67, where the fraction 14/15 is a 
mistake for 14/25. 

4 Indian Mathematics, p. 33. 

5D. E. Smith, History of Mathematics, vol. 2 (1925), pp. 308-309. 

§ Ibid, p. 308. 

7 Journal of the Bihar and Orissa Research Society for March, 1926, pp. 83 and 84. 

8 Journal of the Asiatic Society of Bengal, vol. 22 (1926), pp. 36-37; hereafter referred to as 
JASB, ’ 

9 Marie, Histoire des Sciences Mathématiques et Physiques, vol. 2, p. 73. 

10 Modern Review (Calcutta), vol. 18, p. 160. 

11 JASB, vol. 22 (1926), pp. 27, 37, 38. 

12 TASB, vol. 4 (1908), p. 115. 
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twice! and not once as stated by Mr. Kaye,” uses the elder Aryabhata’s value 
of 7, and also takes his measure (namely, 3438’) of the radius as the radius of 
the sphere of each planet.2 For a Greek origin of the elder Aryabhata’s value 
of 7 Mr. Kaye finds it necessary to establish the priority of Alberuni’s Pulisé 
to the elder Aryabhata. Hence he wants to take away Pulisd’s reference to 
Aryabhata and Varahamihira from the mouth of Alberuni’s Pulis4 and to put it 
into the mouth of Alberuni himself.4 But he is silent with respect to a second 
reference to Varahamihira by Alberuni’s PulisA. He then concludes that “the 
traditional order... Pulisa, Aryabhata, Varahamihira . . . may be accepted as 
correct.” We do not object to this conclusion. Only we would extend Mr. 
Kaye’s list as follows: PulisA (whose r=+/10), Aryabhata, Varahamihira, 
Alberuni’s Pulisé (i.e., the author of Alberuni’s Pulisd-siddhadnta whose 
mw = 3.1416). Here we have maintained the order adopted by Mr. Kaye. 

(iii) Dr. D. E. Smith attributes the value 3.1416 to Ptolemy who takes 
3 8’ 30’’ as the approximate value of 7. He writes: “Since 3 8’ 30’’ = 3.1416, his 
(Ptolemy’s) value was very satisfactory.”> But 3 8’ 30” is not equal to 3.1416 
but to 3.1417 (correct to 4 places of decimals). It is really equal to 377/120 
whereas Arybahata’s value is equal to 3927/1250. So it is difficult to see how the 
elder Aryabhata’s value of 7 was known to the Alexandrian scholars. Thus the 
possibility of obtaining this value from their works disappears altogether. Hence 
Dr. Smith’s alternative suggestion’ that this value may have been found in- 
dependently in India is the only possible conclusion which stands to reason. 

(iv) Mr. Kaye’s table of different values of + (Indian Mathematics, pp. 32 
and 33) is mainly responsible for this argument. It shows that he has failed to 
correctly understand some of the results of Indian mathematical and astronomi- 
cal works. The elder Aryabhata uses only one value of 7, namely, 62832/20000. 
But the following additional values have been wrongly attributed to him:8 


(1) 3 ; (2) 3393/1080 = 3.14166 ; 
(3) 600/191 = 3.14136--- (4) 16/9 ; 
(5) 1.7. 


(1) In the verse immediately preceding the one giving the elder Aryabhata’s 
value of 7 he states that the chord of the sixth part of the circumference of a 
circle is equal to the radius. This shows that where accuracy is required the 
elder Aryabhata cannot take r to be equal to 3. Mr. Kaye has left his readers 
in the dark as to his reasons for ascribing this value of r to the elder Aryabhata. 


1 Alberuni’s India, vol. 1, p. 266; vol. 2, p. 70. 

2 JASB, vol. 4 (1908), p. 115. 

8 Alberuni’s India, vol. 2, p. 69. 

4 JASB, vol. 4 (1908), p. 115. 

5 History of Mathematics, vol. 2, p. 308. 

® Also see JA SB, vol. 22 (1926), p. 38. 

7 History of Mathematics, vol. 2, p. 309. 

8 Also see Indian Education, vol. 8, p. 351; JASB, vol. 4 (1908), pp. 121, 122 foot-note. 
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(2) The value 3393/1080, which is equal to Ptolemy’s value 377/120, has 
been attributed to Aryabhata because it is stated by Alberuni, on the alleged 
authority of Brahmagupta,! that Aryabhata fixed the circumference as 3393 
and the diameter as 1080. Using the value 62832/20000 of a the circumference 
of a circle of diameter 1080 = (62832/20000) x 1080 = 3392 .928 = 3393 (to the 
nearest integer). It will thus be seen that Aryabhata did not use the value 
3393/1080 which he does not even mention in his Gayitapdda (1.e., the chapter 
on mathematics). The unnatural character of Mr. Kaye’s deduction of this 
value will be clear from the following question: If it be hereafter found that the 
elder Aryabhata has found, to the nearest integer, the circumferences of 10,000 
circles of different diameters, how many different values of 7 should be attri- 
buted to him, seeing that the ratio of the circumference obtained to the 
corresponding given diameter is different in each case? 

(3) Mr. Kaye has followed the same unnatural method in attributing the 
value 600/191 to the elder Aryabhata. He writes: “Aryabhata sets the radius 
= 3438 minutes whence? 


= (2X 90 X 60) + 3438 = 600/191(= 3-14136---).” 


How has Aryabhata come to take the radius =3438 minutes? He is the first 
investigator to introduce this innovation. Rodet answers this question 
thus: (10800’/1.1416) = 3437’.7 = 3438’ nearly; and he concludes that the value 
3.1416 of m was used. But Mr. Kaye observes:* “This is not ingenuous. 
We might replace this value by Ptolemy’s value and then we should have 
10800 X (120/377) = 3437.66 = 3438, nearly; and we might just as forcibly con- 
clude that Ptolemy’s value was used.”®> If Aryabhata had not given a value of 
7, one would have been justified in suggesting that he might have used Ptolemy's 
value. Mr. Kaye’s observation, therefore, is not only not ingenuous but it 
also betrays an excessive amount of anti-Indian bias. 

(4) Mr. Kaye attributes the value 16/9 to the elder Aryabhata because the 
latter gives the formula (mr*)*/? for the volume of a sphere of radius 7. This is 
based on the assumption that Aryabhata also knew the volume to be 477°/3. 


1 Alberuni’s India, vol. 1, p. 168. 

2 Indian Education, vol. 8, p. 351. 

3 Mr. Kaye is not right when he says: “This new measure first occurs in the Pulisd-siddhanta, 
for Alberuni writes (i,275) : ‘Our calculation is based on this, that the sinus totus is3438.’.... The 
source of this calculation .... is the Pulisd-siddhanta.’” In the last gap Alberuni has used the 
words “of Balabhadra.” He says that he could not find anything of Aryabhata’s works (India, 
i, 370). This is why he considers the Pulisd-siddhdnta as the source of Balabhadra’s calculation. 
It has already been stated that Alberuni’s Pulisd-siddhdnta refers once to Aryabhata and twice 
to Varahamihira. In the original Pulisd-siddhaénta or rather in the one known to Varadhamihira 
r=/10 and not 3-1416, and-r=120 and not 3438 (Indian Mathematics, p. 11). 

4 JASB, vol. 4 (1908), p. 125. 

’ Mr. Kaye then says: “Ptolemy’s value was most probably used.” Thus, according to 
Mr. Kaye, Aryabhata used both 600/191 (also see Indian Mathematics, p. 11) and 377/120 in 
deducing his measure (namely, 3438’) of the radius of a circle. 
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As there is no justification for this assumption—and Mr. Kaye is not prepared 
to give Aryabhata credit for a correct expression for the volume of a sphere—, 
it is wrong to say that in practical applications Aryabhata uses the value 16/9 
for 7. 

(5) 1.7 seems to be a misprint for 1.7 which is the decimal equivalent of 16/9. 

Hence it cannot be said that the elder Aryabhata uses various values of 7 
and that he is not uniform in his usage. 

For rough calculations where rapidity is preferred to accuracy (e.g., in finding 
roughly the quantity of grain in a mound) Brahmagupta, MahAvira, Sridhara, 
the younger Aryabhata, and Bhaskara take r=3. For a greater degree of ac- 
curacy Brahmagupta, Mahavira, Sridhara, and the younger Aryabhata use the 
value 1/10 and Bhaskara 22/7. For further accuracy the younger Aryabhata 
employs! the value 22/7 and Bhaskara 3927/1250. To secure the same degree of 
accuracy the approximate value of +/10 to be used must always depend on the 
magnitude of the number to be multiplied by \/10. Failing to understand this, 
Mr. Kaye wrongly attributes the values? 22/7 and 721/228 to Brahmagupta 
and the value? 19/6 to Sridhara. For a similar reason the value 377/120 has 
been attributed to Bhaskara. 

Mr. Kaye is perhaps inwardly conscious of the weakness of his arguments in 
favour of a Greek origin of the elder Aryabhata’s value of 7. So it must be 
traced to some other non-Indian source. Hence Mr. Kaye writes that possibly 
the rule giving the value “properly belongs to a later writer, possibly to Arya- 
bhata the younger.”* If he could establish this point, the credit of discovering 
this value of + would go to the Arabic mathematician Mohammed Ben Musa 
who, Mr. Kaye dogmatically asserts,’ did not copy it from the Hindus. 


1 Dr. Bibhitibhiisan Datta infers from the Mahkdsiddhdnita, chapter 16, verse 37, that the 
younger Aryabhata employed another value of 7, namely, 21600/6876(JASB, vol. 22,1926, p. 30.) 
But here the younger Aryabhata gives 6876/21600 or 191/600 as the value of 1/m which is re- 
quired in finding the diameter of a circle when the circumference is given. Asis incommensurable, 
its approximate value is not the same as the reciprocal of the approximate value of 1/7. He finds 
the circumference by multiplying the diameter by+//10 or 22/7 and not by 21600/6876. 

2 Mr. Kaye attributes this value to Brahmagupta on the authority of Alberuni who states 
that Brahmagupta has taken 7 =~/10 because it is nearly equal to 34 (India, vol. 1, p. 168). If 
Brahmagupta had been aware of the value 34, he would not have rejected it in favour of x/10 
which is not only more inconvenient in application but is also not so accurate as 34. 

3 Sridhara gives 3d3[1+(1/18)] as the volume of a sphere of diameter d. From this Mr. 
Kaye infers that Sridhara uses the value 3% of . The danger of deducing, from results obtained 
by using certain values of 7, other values not actually used by the authors of the results has already 
been shown. Here also Sridhara uses~+/ 10 for 7 as shown below: 


a v0 2 (AN #144) 
~3. "9 3.2 3. 2 9) 9 18/” 
nearly. 


4 Indian Education, vol. 8, p. 350. 
5 TASB, vol. 4, (1908), p. 122. 
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Mr. Kaye’s arguments attributing the elder Aryabhata’s value of m to a 
later Indian writer are as follows: 

(a)! It is rather extraordinary that the elder Aryabhata himself never 
utilised this value (Indian Mathematics, p. 12; JRAS, July, 1910, p. 754). 

(b)! It was not used by any other Indian mathematician before the twelfth 
century (Indian Mathematics, pp. 12 and 13; Indian Education, vol. 8, p. 351; 
JRAS, 1910, p. 754). 

(c) No early Indian writer quotes Aryabhata as recording this value 
(Indian Mathematics, p. 13; Indian Education, vol. 8, p. 350; JA SB, vol. 4, 1908, 
p. 122). 

(d) “Aryabhata who is supposed to have discovered, or, at least, introduced 
the most accurate value of 7 known in ancient times,” gives a wrong rule for the 
volume of a sphere (Indian Education, vol. 8, p. 351). 

The first three of the above arguments have been discussed by Dr. Bibhi- 
tibhisan Datta who has shown them to be false.? The elder Aryabhata has 
used his value of 7 in preparing his table of sines and in obtaining 1080 yojanas 
as the measure of the diameter of the earth’s wind whose circumference is 3393 
yojanas and 1050 yojanas as the diameter of the earth whose circumference he 
takes to be 3299 yojanas. This value of t was employed also by Varahamihira, 
Lalla, the author of the recasted Pulisd-siddhania, and Utpala Bhatta, all of 
whom were posterior to the elder Aryabhata and anterior to Alberuni (first 
half of the 11th century). 

The fourth argument need not be taken seriously. A similar remark could 
be made against many authorities. Ramanujan has given many incorrect for- 
mulae. Yet credit for discovering important results has not been denied him. 
The fact that Diophantus could not detect the obvious solution (x=1) of the 
equations 


52x? +12 = asquare, (Arithmetica, III.10), 
266x? — 10 = asquare (Arithmetica, III.11), 


does not stand in Mr. Kaye’s way of giving him credit® for a solution of the 
equation ax?—b=y’, although Diophantus himself admits his inability to solve 
the equation, 15m?—36=a square.* Sir Thomas Heath’s failure to detect the 
obvious root 7 of the equation: 


pt — 262? + 197 = a square® 


1 Being misled by Mr. Kaye’s writings, Dr. Cajori also has advanced these two arguments 
(A History of Mathematics, 1922, p. 87). 

2 TASB, vol. 22 (1926), pp. 26, 27, 34, 35, 36, 39. The second and third arguments have been 
discussed also by Mr. Nalinbihari Mitra (Modern Review, vol. 18, pp. 160 and 161). 

3 Fast and West (Simla), vol. 17, p. 677, footnote. 

4 Arithmetica, VI. 14. 

’ Diophantus (2nd edition), p. 84, foot-note. This equation may be written as 


pl 2 
(A) + 72 = a square, 


whence (p?—1)/2 =24, or p=7. 


22 THE PASCAL TRIANGLE [Jan., 


does not prevent Mr. Kaye from citing him as an authority. Why, then, should 
a few incorrect rules given by the elder Aryabhata go to prove his inability to 
give his value of 7? | 

An examination of the verse giving the value 62832/20000 of w strongly sug- 
gests that the author of the verse must be anterior to Varahamihira who, so far 
as our present knowledge goes, is undoubtedly the first to introduce the popular 
custom of expressing numbers in the word-symbol notation based on the 
principle of place-value. This custom has since been invariably followed by his 
successors with the exception of the younger Aryabhata who uses his katapaydadi 
system of notation in the astronomical chapters of his Mahdsiddhanta and the 
popular word-symbol notation in the arithmetical portion of the work. In 
the verse under consideration the complicated number 62832, instead of being 
given in the word-symbol notation as rada-vasu-kara-rasa (rada = 32, vasu=8, 
kara=2, rasa=6) or as some other similar equivalent expression, has been 
stated as follows: Eight times one-hundred-and-four (literally, one hundred 
increased by four) and sixty-two thousand. 

It will appear from the foregoing discussion that, in the absence of fresh 
evidence to the contrary, the credit of discovering the value 62832 /20000 
(= 3.1416) of r must, in all fairness, go to the elder Aryabhata. 

We do not know how Aryabhata obtained this value of 7. He might have 
got it by actual measurement of the circumference of a circle of radius 10000 
or by calculation of the length of the perimeter of a regular polygon of a very 
large number of sides inscribed in such a circle. 


QUESTIONS AND DISCUSSIONS 


The department of Questions and Discussions in the Monthly is open to all forms of activity in 
collegiate mathematics, including the teaching of mathematics, except for specific problems, especially 
new problems, which are reserved for the department of Problems and Solutions. 


DISCUSSION 


I. THe PascaL TRIANGLE 
By NorMAN ANNING, University of Michigan 


It is a tradition that the diagrams for certain proofs of the theorem of 
Pythagoras need no explanation except “Behold!”. In the opinion of the writer 
most teachers treat Pascal’s triangle as something of the same sort. It is 
presented about like this: “Here is a pretty way of remembering the coeffi- 
cients of the expansion of (1+-x)" when is a small positive integer. Observe 
how the numbers in any line may be readily obtained from those in the line 


1 This fact alone is sufficient to distinguish the Mahdsiddhanta of the younger Arayabhata 
from the Aryabhatiyam of the elder Aryabhata. Dr. D. E. Smith is not right when he says that it 
is not possible as yet to differentiate clearly between the works of the two Arvabhatas (History of 
Mathematics. vol. 1. p. 156). 
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above. There is nothing to prevent you from extending the scheme as far as 
you wish. We call it Pascal’s triangle although it was known centuries before 
his time. Now let us turn to the method discovered by Newton for making 
such a triangle unnecessary.” Correct; it is a memory-helper and while the an- 
cients regarded it as something almost magic there is no reason why we should. 
But there is more that can be said. The purpose of this note is to point out some 
of the ways in which it can be used to set a spark to student interest. 

Inspection of it yields immediately the answers to many problems involving 
selection. Thus, properly to decide relative ability, two teams will require one 
game; three teams, three games;six teams, fifteen games; ten teams, forty-five 
games ;etc. 

As a second example take the well-known problem: In how many ways 
can I, without lost motion, go from home to church, 7 blocks west and k blocks 
south? The Pascal triangle supplies a table of answers for all values of 7 and R. 

The symmetry of the triangle illustrates a theorem in combinations: Out 
of ” eligibles there are as many ways of choosing k as of choosing (n—k). 

In the way the larger numbers are bunched toward the middle of any row 
the student of statistics has a symbol for his conviction that any measurable 
physical or mental characteristic possessed by a multitude of people will 
probably be found to be distributed among them so that the great majority will 
be close to the average of the group while a few will be noticeably above or 
below the average. 

Suppose the triangle is placed as it appears as part of the large diagram. 
If we take from any horizontal line a fragment which begins or ends with 1, 
we can put with the numbers the words poznt, straight line, plane, space, (in 
this or in the reverse order) along with necessary grammatical connectives to 
compose the statements of true geometrical theorems. In the examples which 
follow, “line” means straight line, and “space” means the ordinary, flat, three- 
dimensional, ante-Einstein space in which all our experiences have been col- 
lected. In one plane two lines intersect in one point. In one space two planes 
intersect in one line. Through one point two lines determine one plane. In one 
space four planes determine six lines which intersect in four points.1 

As a last example consider the extract which follows. It is the frame work 
for the complete description of a figure which is called Desargues’ configuration. 
Translated into English, it reads: In space five planes intersect in ten lines 
which concur in ten points; there are three points on every line and six points 
on four lines on every plane. Any plane picture of the lines and points of this 


1 Readers who detect something rough and unfamiliar in the wording should be reminded 
that four given planes are not necessarily in the same space. If we want to have even two planes 
in the same space we are obliged to say so. In order to determine two general planes we require 
six points, and six points, if they are independent, determine a five-dimensional space. In five- 
space two given planes will usually have no point in common; in four-space two given planes will 
usually have just one point in common. 
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configuration is an answer to the question: How would you plant ten trees in 
ten rows, three in each row? 


3 1 
10 10 5 1 


The triangle is extensible upward as well as downward and the upper part 
is as interesting as the lower.t Sir Oliver Lodge says in Easy Mathematics 
(Macmillan and Co., London, 1917, p. 334): “The binomial coefficients can be 
obtained by interjecting a single one into the middle of a row of noughts and 
then adding adjacent terms to make a term of the nextseries, as thus---”. His 
figure is the usual one (isosceles triangle of numbers on a horizontal base) but 
filled up with zeros at the right and left to the level of the interjected one. 
Now the word “interject” suggests the fiat of an external power. Let us assume, 
instead, that Sir Oliver’s top row, --:0001000--.-, arises asa result of 
the same law of progress which produces all the rows below it. Since 1 in every 
other place that we find it has been produced by the union of 0 and 1, it is 
natural that the 1 at the vertex should be so produced. So above it to left 


0 0 1 —2 3. —4 5 —6 
0 0 1 —1 1 —1 1 -—1 
0 0 1 0 0 0 0 0 0 
0 0 1 1 0 0 0 0 0 
0 0 1 2 1 0 0 0 0 0 
0 0 1 3 3 1 0 0 0 0 
0 0 1 4 6 4 1 0 0 0 0 
0 0 1 5 10 10 5 1 0 0 0 
0 0 1 6 15 20 15 6 1 0 0 0 
0 0 1 7 21 35 35 21 7 1 0 0 


and right we place a 0 and a 1. When this step has been taken all the rest that 
is shown in the figure follows naturally and need not be explained in detail. 
Notice that every place has been filled so that the chosen law of progress has 
been nowhere transgressed. 

Reading in the horizontal rows we have now the coefficients for all integral 
powers of a binomial, negative as well as positive. Taking rows running from 
lower left to upper right we have, in successive rows under the last complete 
row of zeros, the so-called figurate numbers. These will not be defined or ex- 


1 AUTHOR’S POSTSCRIPT: A figure of the extended triangle is given by Edouard Lucas on p. 22 
of his Théorie des Nombres. 
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plained here but it may be mentioned that their definition provides for the 
wedge of zeros in the place that it occupies. In rows running from upper left 
to lower right will be found coefficients of the expansion of (1—«x)”. 


II. THe THeory oF LEAST SQUARES BY VECTORS 
By J. P. BALLANTINE, University of Washington 


In a recent note! we showed how Cramer’s Rule for the solution of n equa- 
tions inz unknowns, i.e., the determinantal formula, could be derived graphically. 
This was done by considering the columns of coefficients as the components of 
vectors. 

When there are more equations than unknowns, a solution is, in general, 
not possible. The principle of least squares leads to the formation of so called 
normal equations, one equation for each unknown. The least square values 
of the unknowns are then obtained by applying Cramer’s Rule to the normal 
equations. 

In the present paper, we apply the methods of the previous note to the pres- 
ent situation. We derive the normal equations without recourse to the calculus. 

For definiteness, suppose the system of equations to be: 


41X%1 + Ay2%_ = Q14; 
(1) Go1X1 + Ae2%2 = aga, 
31X1 + AgoX%_ = Aga. 


Denote the vectors (a1;, de;, @3;) by A; for z=1, 2, 4. Equations (1) reduce to 
the single vector equation: 


(2) Aix, + Aoxe = Ay. 


It is now required to express A, as a linear combination of the two vectors 
A,, Ag. Since the vector on the left of equation (2) is, for all values of x, and x2 
coplaner with A; and Ag, asolution of (2) does not in general exist. At this point 
the principle of least squares states (translated into the present vector notation) 
that the most satisfactory values of x, and x2 to take are those which make the 
the vector 


(3) — Aix, — Ao, + Ag 


the shortest. The pair of values for x; and x2 is called the least square solution. 

Let A3 denote any vector parallel to the vector (3), so that (3) is some 
arbitrary multiple A3x3 of A3. For A3x3 to be shortest a necessary (provided 
x37£0) and sufficient condition is that A; be perpendicular to the plane of the 
vectors A; and Az. Hence A; must be perpendicular to the vectors A; and Ag, 
and we have the equations: 


‘Chis Monthly, vol, 36 (1929), pp. 439-441, 
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(4) Az:Ay = Gy3@11 + de3do1 + 233031 = 0, 


Ag:Ag = Gisdieg + de3deg + d33d32 = O. 
From the definition of A3, we have the equation 
(5) Aix, + Aox, + Agus = Ag. 
Equations of components of (5) are 


A11%1 + AieX%e + ai3%3 = dia, 
(6) do1X%1 + Ag2%2 + Go3X%3 = dea, 
231X1 + G39X%_ + G33%3 = Aga. 


One possible procedure is to determine the components dis, a3, 33 of vector 
A; (except for a factor of proportionality) from (4), and then solve (6) for x; 
and xe. 

A better procedure, however, is to use equations (4) to eliminate x; from 
equations (6). Multiply equations (6) by an, ae, as, respectively, and also by 
Qi2, dee, d32, and add. The two resulting equations by (4) are free of x3, and are 
the well known normal equations. Their solution is the least square solution. 


I. ANGULAR VELOCITY DETERMINED BY THE 
ACCELERATIONS OF THREE POINTS 


By E. L. Rees, University of Kentucky 


In the December 1916 issue! of this “Monthly” Professors Peter Field 
and Alexander Ziwet discussed briefly the problem of determining the angular 
velocity of a rigid body given the accelerations of three of its noncollinear 
points. It was there indicated that the problem has four solutions. It isthe 
purpose of this supplementary note to find these solutions in terms of the given 
accelerations and to discuss the various special cases. 

Denoting by p and q the vectors from one of these points to the other two 
we have as our assumptions of rigidity, 


(1) p* = const., q* = const., p-q = const. 


The points being non-collinear we have also p Xq +0. 
Differentiating equations (1) twice with respect to the time, we find 


(2) Psp = — p’, qq = — q’, P*d + pg = — lpeg. 


Since the accelerations of the three points are given, p and q are known and 
therefore p*, q?, and p+q are also known. 
Differentiating the equations p=w Xp and q=wXxq, we have 


(3) pP=wXpt+wxXwxXp),qd=wXqt+wX(wxXq). 


1 Vol. 23, pp. 371-381. 
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Eliminating w by using p* and q-> as multipliers, we obtain 
p*p = Ww X (w X p)+p = (wp)? — wp’, 
(4) Q-q =w X (w X q)+q = (w+q)? — w’q’, 
P-Gd+ pq = 2(w-pw-q — p-qw’). 


Finally, eliminating wep and w-eq from equations (4), and replacing 
Dp *D, q° qd, p° G+p-q by — p’*, ~ q’, ~ 2p ° qd, respectively, we get 


(5) (p X q)’w? — (p’q? + p’q? — 2p-qp-q)w? + (pX gq)? = 0 


from which we may find the scalar value of w. Let the coefficients in this equa- 
tion be denoted by A, B and C respectively. Then 


A>0, B= p’q’? + p’q’ — 2p-qp-q 
>pq+paq ~ 2\p| lq| |p| |a| =0,cz0. 


The coefficient B equals zero only if p?= @?=0, z.e., ifp-p=q:q=0. 

It follows then that the roots of this quadratic in w? are both positive (or 
zero) if they are real, z.e., if B=2./(AC) (radical positive). We shall denote 
these roots by wi? and w.? and assume w)?2 w,’. 

From these inequalities and equations (2) it follows that the accelerations 
cannot be arbitrarily prescribed, but must satisfy the following conditions: 


(a) p»p 0,q-q <0, (b) ¢20,i.e., 4p-pq-q = (p-q + p-q)’, 
(c) Be 2V(AC). 


It may be shown that B=2+/(AC) if the accelerations satisfy the simple 
conditions p?/p?=q?/q?=p:+q/p-q, the numerators being the functions of 
p and gq defined by equations (2). 

We shall consider first the general case B>2./(AC) and C>0. From equa- 
tions (2) and (4) we have 


(6) wep = + V(w’p? — p’), weq = + V(w’q? — gq’), 
[+ V(w2p? — p*)|[+ V(w’q? — g?)|] = p-qw? — peg, 


the signs of the radicals being chosen so as to satisfy the last equation. Ob- 
viously there are two ways of choosing the signs for any given w. 
Consider the equations 


(7) rep = + V(w’p® — p’), req = + V(w’q? — q’), 


where w? is a root of equation (5) and r is the running coordinate. Each of 
these equations represents two planes. Hence these equations, treated simultan- 
eously, with the proper association of signs, represent two lines symmetrically 
situated with respect to the origin and perpendicular to the plane of the three 
points. 
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if these lines intersect the sphere r?=w?, the vectors terminating in the 
four points of intersection will be the vectors representing the angular velo- 
cities. These vectors will lie along two intersecting lines, two of them being 
the negatives of the other two. 

We shall see that the lines 


rep = + Vwrp*— p’), req = + V(weq? — q?) 


intersect the sphere r?=w,’, and we shall find explicit expressions for the w’s 
We shail also see that w.? cannot be used since it leads to an imaginary result. 

Letting P denote the perpendicular to one of these lines, we may write 
P=Ip+mq, and squaring, P?=/*p?+ 2imp+q-+m’q?. Replacing r in equations 
(7) by this expression for P, we get 


(83) Ip? +mp-q = + V(w’p?— Bp), Ip-qtmq = + V(w'q? — @), 


from which we may find / and m, and therefore P. 

To get P? without the laborious reductions entailed by direct substitution, 
we multiply the first and second of these equations by / and m respectively, 
and add. Then substituting the values of / and m found above, and simplifying 
by making use of (6), we find 


—p’q?— pq? + 2p.qpb-q 
p’q’— (p-q)? 


P? = 


B 
+ 2w?= ~ yt awe. 


Indicating by subscripts the corresponding P’s and w’s ,we have 
PP =—(wi+w?)+2w? =we —w?, P? = —(w2+w?)4+2w? =we —we. 


Since w>w,?, the above equations show that the pair of lines corres- 
ponding to w, will intersect the sphere r?=w,2, and that P.2 must be discarded 
since it is negative. 

From a figure which can easily be drawn, it can be seenthat w:= P:-++-np Xq, 
where ” is an unknown scalar. To determine n, we square and get 


wf = P? + 2|Pipq |x + (p xX q)*n*. 


But [Pipq|=0 since the vectors are coplanar. Therefore 


W? — P? WwW 
ia Vy raed ty Faed 
= $+ ——— » and W, = P, +|W.|(p X qs, 


or, if the other signs of the radicals in (7) are used, 
W,=- P, + | ws | (p X q)1, 


(p Xq)1 indicating a unit vector. 
Thus we obtain the four values of w. 
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We thus see that when the accelerations of three non-collinear points of a 
rigid body are given, subject to the conditions stated above, the magnitude of 
the angular velocity of the body is determined uniquely, and that the angular 
velocity may have any one of four directions. 

We shall now consider the special cases: 

I. The case in which B>2./(AC), C=0. In this case one root w2? of equa- 
tion (5) vanishes. Hence w,= + P, 1.e., the lines are tangent to the sphere 
and the vectors representing the angular velecities are the radii drawn to the 
points of tangency. There are thus only two solutions and the w’s coincide 
with the perpendiculars to the two lines, and are therefore in the plane of p 
and q;1.e., the plane of the three points whose accelerations are given. wisa 
scalar multiple of p if p=0, or a scalar multiple of q if q=0. 

II. The case in which B=~/(AC). 

(a) B>0 (p-pandq-q are not both zero). Here w,2=w,? and P,?=P,?=0. 
This shows that the lines pass through the origin and since they are perpendi- 
cular to the plane of p and q they are coincident. Hence there will be only two 
piercing points, and the two values of w are given by 


W=rt | w| (p X q)s. 


We conclude that the angular velocity is perpendicular to the plane of the 
three given points, but that its sense is indeterminate. The velocities p and q 
are coplanar with the three points. 

(b) B=0 (p-p=q:q=0). In this case C will also vanish and the roots of 
equation (5) will be zero. Hence there will be no rotation. 


RECENT PUBLICATIONS 
EDITED BY ROGER A. JouHnson, Hunter College of the City of New York. 


All books for review should be sent directly to the editor of this department and not to any of the 
other editors or officers of the Association. 


NEW BOOKS RECEIVED 


Wells, Webster, and Hart, W. W. Modern Algebra, Third Semester Course. 
New York, D. C. Heath and Company, 1929. vili+266 pages. 


Features of this secondary school text are: “diagnostic tests and remedial instruction” in 
the early review chapters; a chapter on functional relationship; complete treatment of quadratic 
equations; the elements of trigonometry. 


Kellogg,O.D. Foundations of Potential Theory. Berlin, Julius Springer, 1929. 
x +384 pages. ' 


“....A two-fold purpose: first, to serve as a introduction for students whose attainments 


in the calculus include some knowledge of partial derivatives and multiple integrals; and secondly, 
to provide the reader with the fundamentals of the subject, so that he may proceed immediately 
to the applications, or to the periodical literature of the day.” 
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Granville, W. A. Elements of the Differential and Integral Calculus. Revised 
by P. F. Smith and W. R. Longley. Boston, Ginn and Company, 1929. xii+ 
516 pages. $3.20. 


Some rearrangements of topics have been made; some topics in the older edition have been 
omitted, and replaced by other topics of importance and interest. 


Dickson, L. E. Introduction to the Theory of Numbers. University of Chicago 
Press, 1929. ix+183 pages. 

“The aim of this book is not technique, but the central ideas of the subject..... The book 
is intended for beginners and develops the subject from first principles. [The subjects treated are] 


divisibility, congruences, quadratic residues, and the reciprocity law; binary quadratic forms; 
and Diophantine equations.”’ 


Kaiser, Ludwig. Uber die Verhdltniszahl des Goldenen Schnitts, die Reihe 
der mit thr zusammenhingenden ganzen Zahlen und eine aus dieser abgelestete 
Rethe. Leipzig, B. G. Teubner. viii+124 pages. 


Lainé, E. Premzéres lecons de géoméirie analytique et géoméirie vectorvelle. 
Paris, Librairie Vuibert, 1929. 48 pages. 


Bouligand, Georges. Complements et exercises sur la mécanique des solides. 
Paris, Librairie Vuibert, 1929. viiit132 pages. 


Vogel, Kurt. Die Grundlagen der Agyptischen Arithmetik, in ihrem zusam- 
menhang mit der 2:n Tabelle des Papyrus Rhind. Miinchen, Michael Beckstein, 
1929, vi+212 pages. 


Smith, David Eugene. <A Source Book 1n Mathematics: Source Books in 
the History of the Sciences, Gregory D. Walcott, General Editor. New York, 
McGraw-Hill Book Company, 1929. xxviii+702 pages. $5.00. 


Walther, Alwin. Eznfiihrung in die Mathematische Behandlung Natur- 
wissenschaftlicher Fragen. Erstes Teil, Funktion und Graphische Darstellung, 
Differential- und Integralrechnung. Berlin, Julius Springer, 1928. viti+220 
pages. 

A treatise on analytic geometry and the calculus, intended primarily for students of the 
sciences. Some attention is given to monography, and physical applications are stressed through- 
out. 

Walther, Alwin. Begriff und Anwendungen des Differentials, mit besonderer 
Berticksichtgung der Bediirfnisse des Unterrichis und der Naturwissenschaften. 
Leipzig, B. G. Teubner, 1929. iv+96 pages. 


A similar but briefer work than the foregoing. 


REVIEWS 


The Theory of Functions of a Real Variable and the Theory of Fourter’'s Serves. 
By E. W. Hobson. Vol. I, xvi+671 pp., 1921; Vol. II, x+780 pp., 1926. 
Second Edition. Cambridge University Press. 

Hobson's Theory of Functions is a unique work, taking its character from 
the author’s lifelong, scholarly, critical and comprehensive study of those parts 
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of analysis that deal with real functions. As is well known, no other book in 
this field attempts to present with such detail comparably as many topics. 
The book is exceptional, too, in having the dual nature of a treatise and a re- 
port; much of it is a record of systematizations and extensions attained through 
long meditation and personal research, while other parts are reéxpositions, 
not always organically worked in with the rest of the material, of recent journal 
articles. Thus the work of Hobson, unlike such books as the Grundziige of Haus- 
dorff or the Reelle Funktionen of Carathéodory, for example, which are written 
in a sustained mood, lacks the unity and finish one expects in a treatise or the 
artistic flow of a Cours d’Analyse. This is especially true of the second edition, 
which undertakes the difficult task of presenting in book form a great diversity 
of topics repeatedly subject to change of treatment on account of intensive 
modern research. On this account, too, the work has something of the stimulus 
which material arouses that has not yet been fashioned in final form. 

Throughout there is the somewhat leisurely and truly British style of one 
who has more than the interest of the narrow specialist; in the manner of a 
natural philosopher, Hobson is intent on giving the reader the broad scientific 
bearings of the content. Illuminating historical sidelights, too,come in from time 
time. While this philosophical point of view is justly impressive, one misses 
in the occasional “metamathematical” remarks the intuitive insight or profound 
familiarity which are often the mark of those who, like Zermelo, read little 
but live largely with ideas coming from within. Thus in reference to the con- 
troversies in point sets, Hobson adopts a reasonable middle course; but his 
own comments on controversial questions are wanting somewhat in incisive- 
ness and conviction. 

After the introduction of irrational numbers according to the theories of 
Dedekind and Cantor, one passes to the descriptive and metric properties of 
point sets, (the former centering around the notion of limit and the latter 
around that of content and measure) cardinal number, and order type. The 
interest here is partly in the subject matter itself and partly in supplying the 
requisite preliminaries for the theory proper of real functions, which opens 
with Chap. V, Vol. I. p. 256. In this chapter are considered various types of 
continuity (for example, uniform, absolute, semi-series, and approximate con- 
tinuity) functions of limited variation, properties of derivatives, including the 
comprehensive results of Denjoy and Young, and other things. Chaps. VI, VII 
and VIII of Vol. I are devoted to Riemann, Lebesgue, and non-absolutely con- 
vergent integrals, respectively, the last chapter featuring the Denjoy integral. 
Vol. II deals principally with series and various ways of representing functions. 
The theory of trigonometric series, so important in the modern development 
of the theory of real functions and the beginning of the author’s interest in the 
general field of real functions, constitutes the longest chapter, namely VIII, 
which covers nearly 250 pages and includes some of the latest developments 
accessible to the author at the time of writing. Among the numerous topics 
discussed in Vol. II are, for example, the summation methods of Cesiro, 
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Holder, and Riesz, Baire’s results on the representation and classification of 
functions—the considerations here are based on the work of de la Vallée- 
Poussin—the integration theories of Tonelli and Perron, the construction of 
functions with assigned singularities, and normal orthogonal functions, in par- 
ticular the extension to the latter of the Parseval and Riesz-Fischer theorems. 
Chapter VII, which deals with the representation of functions as limits of 
integrals, gives special prominence to one of the author’s own results, the gene- 
ral convergence theorem, which asserts, under certain conditions, the con- 
vergence to zero, as n—%, of an integral of type SFOo(t, x,n,)dt, and has appli- 
cation to, asitisasummary and extension of, certain known facts concerning in- 
tegrals occurring, for example, in the theory of Fourier’s series. 

It is somewhat regrettable that a work devoted to the theory of real func- 
tions in its broadest aspects should say so little of properties of unconditioned 
functions, especially when properties of particular functions, for instance the 
continuous, may repeatedly be exhibited as specialized cases of properties of 
arbitrary functions. 

Whatever personal impressions one may have of this grand work of Hobson, 
one must be grateful for the painstaking scholarship of the author, who 
has made readily accessible to mathematicians the conceptual structure 
of the theory of real functions and the rich store of its most recent develop- 
ments. 

HENRY BLUMBERG 


The New Quantum Mechanics. By George Birtwistle. Cambridge University 

Press, 1928, xili+290 p. 

The author,! a fellow of Pembroke College, Cambridge, England, has al- 
ready written a book on the Bohr theory of quanta,? and now offers an exposi- 
tion of the quantum theory developed since 1925, known as quantum mechanics. 
This account is very accurate and contains practically everything that has 
been done up to the summer of 1927. He gives us, so to speak, original abstracts 
of the principal papers and allows us a survey of everything that is known. 
This makes the work not an exposition from one point of view, as is Weyl’s 
new book; it is rather an “impartial” treatment of the methods of the different 
schools, with credit given to each for its results. 

From Birtwistle’s book we see quantum mechanics developing in the fol- 
lowing fashion. Some years before 1925 Sommerfeld and others had been grap- 
pling with the complex problem of the multiplets in spectra and their Zeeman 
separations. It seemed impossible to account for them on the basis of the Bohr 
theory of quanta. This theory, unsatisfactory from the beginning through its 
theoretical inconsistencies, showed itself further insufficient in practical res- 
pects. | 

This led the young German physicist, Heisenberg, to an investigation in 


1The author died on May 19, 1929 at the age of 52. 
2 The Quantum Theory of the Atom, Cambridge, 1926. 
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1925, in which he developed, from other principles than those of Bohr, a new 
quantum mechanics, discarding Newtonian mechanics. Heisenberg’s leading 
principle was that the quantum formulae had to contain only experimentally 
observable magnitudes, such as the frequencies and the intensities of the spec- 
trum. He did not succed in all respects, but his theory was much better than 
the previous one with its radii of orbits, orbital frequencies, and orbital ampli- 
tudes, which probably by their nature can never be observed. 

The mathematical tool of the new theory was the so-called matrix calculus, 
later developed by Heisenberg, himself, Born, and Jordan. In the same period 
the English physicist Dirac worked out an analogous theory, the so-called 
g-numbers. The crucial test of both theories was the computation of the lines 
of the hydrogen spectrum, in which both succeeded. 

It was now possible to attack the difficulties in the multiplets. In 1926 
Heisenberg and Jordan succeeded in clearing them up on the basis of the new 
mechanics. They used in their investigation a new notion: of the so-called 
spinning electron, introduced by Goudsmit and Uhlenbeck (now at Ann Arbor), 
according to which an electron can spin around like a top. 

The new matrix theory was very complicated, its physical meaning very 
obscure. But in 1926 a quite new development was put forward by Schrédinger, 
at that time professor at Ziirich. Inspired by the ideas of Louis de Broglie’s 
Paris thesis of 1924, in which a wave was associated with every material 
particle, Schrédinger assumed that the dynamics of an electron can not be those 
of a point as in classical theory, but must be those of a wave. This wave obeys 
a linear partial differential equation of the second order. (Newton mechanics 
leads to a partial differential equation of the first order and second degree.) 
Such a differential equation admits continuous uniform bounded solutions only 
for certain discrete values of a parameter (the “energy”), the so-called charac- 
teristic values. The critical test of the hydrogen lines was also satisfied in Schré- 
dinger’s case. 

It was soon clear that the matrix theory of differential equations led to the 
same results, though the starting point was entirely different. Schrédinger soon 
showed the reason for this. The main difficulty remained the interpretation of 
both theories. Schrédinger’s way had the advantage of using the highly devel- 
loped analysis of linear partial differential equations, and therefore had mathe- 
matical advantages. Heisenberg used Schrédinger’s calculus to solve his matrix 
equations for the case of the helium atom, where there are two electrons instead 
of the one electron in the hydrogen atom. 

The reason that Schrédinger’s calculus was not victorious was the difficulty 
in the interpretation. He could show that in highly excited states a suitably 
chosen group of characteristic functions represent a “wave packet” behaving 
like a point mass of classical mechanics oscillating in a rectilinear path. Heisen- 
berg showed, however, that in general such a wave packet is not stable, that it 
spreads out over the whole space in the course of time. Schrédinger’s theory 
cannot, therefore, account for mass points. 
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The matrix school, on the contrary, preferred a statistical interpretaion of 
the results. What Schrodinger and his school called the “density,” is for Heisen- 
berg and his school a “probability that an electron is in a certain state.” The 
laws of quantum mechanics become, in this theory, statistical laws, but laws 
of another mathematical structure than the laws of the ordinary theory of 
probability, underlying for instance the kinetic theory of gases. 

Statistics become, therefore, an, essential part of the new mechanics. Here 
exist three hypotheses, already, on the basis of the old quantum theory, and its 
application to the theory of radiation; the theories named after Einstein and 
Bose, Boltzman, and Fermi and Dirac. The second underlies the kinetic theory 
of gases of Newtonian mechanics. The interpretation of these hypotheses in 
the many electron problems of the new quantum mechanics is only in a very 
elementary stage of development. 

This is the main content of Birtwistle’s book. He ends with an exposition 
of Heisenberg’s “indetermination principle” (1927). One of the characteristics 
of the new theory is, according to this principle, that it is essentially impossible 
to get an exact statement about the momentum of an electron if we want an 
exact statement about its position, and vice versa; the same holds for time and 
energy, and for all variables and their Fourier transforms. This is a simple 
corollary of the duality between point-conception and wave-conception. 

In a theory in such a rapid state of development a book like Birtwistle’s is 
already incomplete after a year has passed. We will mention here some of 
the outstanding developments published later than the book: Weyl’s investi- 
gations on finite groups and quantum mechanics, collected in his new book, 
Quantenmechantk und Gruppentheorie; Dirac’s relativistic theory of the spinning 
electron; Eddington’s connection between the so-called exclusion principle of 
Pauli and the Fermi-Dirac statistics; and the development of the many- 
electron problem. 

Birtwistle’s book does not mention the experimental! results showing the 
wave-character of electrons, as do those of Davisson, Germer, Thomson, and 
others. 

D. J. STRUIK 


General Mathematics. By C. H. Currier and E. E. Watson. The Macmillan 

Company, New York, 1929. viii+413 pages. 

The first brief review of the book appears, where it properly should, in the 
authors’ preface. We quote from it without their permission: “This book 
includes the elements of algebra, trigonometry, analytic geometry, and calculus 

The review topics, such as the graph, simultaneous equations :--- are 
interwoven with and related to the conic sections and other more advanced 
material. The chief features of the book are the simplicity of method and the 
selection and order of presentation of the subject matter. The problem material 
has been selected with reference to utility and interest rather than mathematical 
completeness. Methods and problems which have proved unsatisfactory [as 
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tried out in the authors’ classrooms] have been eliminated. It is therefore the 
hope of the authors that this book will prove to be teachable in the hands of 
others.” 

As textbooks begin to flood the market, reviewers, more especially those who 
have “authored” one themselves, question the need or the whys for another 
textbook in the field. “What is there about the newcomer that justifies its 
crowding the others in the field?” is the usual query. It is many years now 
since that question has ceased to be original. In the minds of most of us a new 
one has arisen: “How long will it be before each of us has written his own text- 
book?” And why not? Almost ever new textbook appears only after it has been 
“tried out successfully in the author’s own classes.” Almost every new author 
claims, usually sincerely and justifiably, that not a textbook on the market 
meets the needs of either his special style of teaching or the unique requirements 
of his students. Unwilling to sacrifice himself or his students, what is there 
left to do but write his own? 

Hence, in all seriousness, the reviewer feels that General Mathematics by 
Currier and Watson meets a worth-while need. After a careful reading of the 
book he finds nothing strikingly objectionable either in content or method. 
On the other hand it is not likely to set the freshman mathematics world aflame. 
(Nor do the authors make any such claim.) The reviewer hopes, with the authors, 
that others may find the book teachable, for despite the ever increasing number 
of textbooks the teachable ones are scarce indeed. 

Evidently the authors’ intention is to treat the various branches of elementary 
mathematics simultaneously. Theirs is distinctly not a textbook in “unified”, 
“correlated,” or “joined” mathematics. Chapters in algebra are interspersed 
with those on trigonometry, analytic geometry, calculus, and statistics. The 
following are the chapter headings given in the order of their appearance: 

Functions and Graphs; Trigonometric Functions of an Acute Angle; Ex- 
ponents—Logarithms; Radian Measure—Trigonometric Functions of Any 
Angle; Straight Line Formulas; The Quadratic Function; Theory of Equations; 
First Degree Equations—Use of Determinants; Differentiation of Algebraic 
Functions; Integration; Relations Among Trigonometric Functions; Polar 
Coordinates and Allied Topics; Progressions and Series—Interest Formulas 
— Binomial Theorem; Laws of Growth—Exponential Function; Conic Sections; 
Space of Three Dimensions; Permutations and Combinations; Theory of Mea- 
surements; Complex Numbers. 

In all, approximately 130 pages are devoted to algebra, 65 pages to trig- 
onometry, 100 pages to analytic geometry, 65 pages to calculus, and 25 pages 
to statistics. 

The exercises on the whole, are quite excellent. A representative number are 
“practical” without being too technical. Historical notes abound and in most 
cases are appropriate and stimulating. 

The presentation of new material is all too frequently sketchy and too 
many proofs are elliptical, to meet the needs of the average student. In partic- 
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ular, the authors fail to smooth the two rough spots in introductory analytic 
geometry: (1) Expressing geometric magnitudes or configurations in terms of 
general or particular coordinates of significant points; (2) “answers” in which 
x and y remain to the bitter end, thus involving a new notion directly opposed 
to that of elementary algebra. 

Occasionally the lettering of diagrams is not uniform or is too involved. 
Consider, for example, figure 66, page 95: since a brace is used to indicate the 
whole of the line ye—1, why is not as much done for x«,.—,? Also, if the diagram 
is to aid or elucidate the proof, why not let the student see that AP is y—u, 
that CP. is ye—‘1, etc.? 

What is gained in algebra or analytic geometry by the use of the more or 
less technical words “rise” and “run” (p. 86)? In A =r’, or C=27r, 11s not 
an arbitrary constant (page 1). The example on page 12 is confusing. Perhaps 
the fifth line should read: “If thecenter of a circle is the origin ----” Onp. 
41 the term “significant figures” is used without definition or explanation. 
And lastly, it seems a bit unusual to have a chapter on ““Complex Numbers”’ 
come last (pages 375-386). Pages 387-392 contain six brief tables. Answers 
to practically all the exercises are given on pages 397-413. 

JosEPH SEIDLIN 


Operational Circuit Analysis. By V. Bush. John Wiley and Sons, New York, 
1929. x-+392 pages. 


In the introduction to this book the author wishes it to be emphasized that 
he writes as an engineer and that he does not pretend to be a mathematician. 
However he is writing about a mathematical subject, the solution of linear 
differential equations (mainly with constant coefficients), and this review is to 
appear in a mathematical journal,so that we are constrained to regard the math- 
ematical aspects of the book. These we are sorry to say do not command our 
admiration. 

The material treated is Heaviside’s operational method together with the 
more modern modifications, of which the most important is Carson’s “infinite 
integral.” The material in pages 1-147 and 189-263 of the book is in our 
opinion treated more thoroughly and scientifically in an eighteen page article 
by Paul Lévy.t. The rest of the book is devoted to treatment by methods of 
complex variable theory and Fourier integrals. We are inclined to the opinion, 
purely personal, that the complex variable sortie, led by Wagner, Bromwich, 
et al., was ill advised. Heaviside’s own ideas were more direct and the per- 
fectly rigorous explanation of these (based on Volterra’s concept of composition) 
given by Lévy leaves nothing to be desired. Particularly in the matter of asymp- 
totic solutions there is an irritating feeling through Bush’s book of “now 
you see it, now you don’t” (pp. 242-255). The chapter on networks with vari- 
able parameters deals with very interesting questions. It is not at all clear to 


1 Le calcul symbolique d' Heaviside, Bulletin des sciences mathématiques (2) vol. 50 (1926). 
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us that the function A of equation (714) will be a function of the difference 
t—X; when the coefficients of the differential equations involved depend on 
the time ¢ this function A, whose determination solves, in effect, the problem 
will be a function of both ¢ and \ and not merely of their difference. It is this 
latter characteristic of equations with constant coefficients that makes them so 
easy to deal with. In the case in question the variable coefficient arises from a 
variable resistance and the artifice of imagining the current short circuited 
across it is resorted to; the result may be correct but it is certainly not proved. 

Now that we have given our opinion of the book as a mathematician we may 
be permitted to add that the engineering information given in the book is very 
good particularly for mathematicians who are unfamiliar with these applica- 
tions. The book is conscientiously written, well printed, and we feel sure that 
in engineering circles it will secure a good reputation. 

F. D. MURNAGHAN 


PROBLEMS AND SOLUTIONS 


EpITeD By B. F. Finxket, Otto DUNKEL, AND H. L. Outson 


Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All 
manuscripts should be typewritten, with double spacing and with a margin at least one inch wide on the 
left. 

PROBLEM FOR SOLUTION 


N. B. Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well-known textbooks or results found in readily accessible sources, will not 
be proposed as problems for solution in the Monthly. In so far as possible, however, the editors 
will be glad to assist members of the Association with their difficulties in the solution of such prob- 
lems. 


3404. Proposed by W. J. Greenstreet, Editor of the Mathematical Gazette. 

An endless inextensible weightless string lies in the form of a rhombus 
ABCD; masses each of m lbs. weight are placed at thecorners. The particle 
at A is struck along the diagonal CA away from A by a blow P. What will be 
the initial velocity of the particle at C? 


3405. Proposed by Paul Wernicke, Washington, D. C. 

Given in a plane three concurrent lines and a point P. Construct an equi- 
lateral triangle having its vertices on the three lines and having the point P 
on one of its sides. Determine the number of solutions. 


3406. Proposed by William P. Parker, Pyengyang, Chosen, Korea. 
Find the condition that (ax+6y+/z)-(aix+Biy+yiz) — (ax +Boy +yo2)? 
may be resolved into two linear factors. 


3407. Proposed by Nathan Altshiller-Court, University of Oklahoma. 
A ray of light emanating from a fixed source L is reflected by a flat mirror 
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at a point M so that the reflected ray passes through a given point J. Find 
the locus of MZ when the mirror revolves about a fixed axis s. 
3408. Proposed by J. V. Uspensky. 


Show that the meee 


xy ob wet st xe +: ct re 
Ax\aX_- ++ AXn 
0 xy 1 a + Xe foie. -+ Xn 
converges to the limit 03 when 7 increases indefinitely and that the product 
n(V,—2/3) remains bounded. 


SOLUTIONS 


263 [1917,177|. Proposed by J. L. Riley. 

To find positive integral values which verify the equation «*+2=y?. 

Note by the Editors: A solution of this problem is given in the paper, “A 
Note on the Solution of «+2 =y?,” by P. H. Daus in the Bulletin of the Ameri- 
can Mathematical Society, vol. 35 (1929), p. 597. See also the solution in this 
Monthly by A. Brauer [1928, 494], and the partial solution by L. Hampton 
[1928, 322]. 


3333 [1928, 377|. Proposed by W. H. Roever, Washington University. 


Consider the system of two partial differential equations 


0 0 0 
Xi(f) = 1s + aay + ani = 0, 7=1,2, 
Ox4 OX» 


0x3 


in which the coefficients a;; are functions of x1, x2, x3. From one point of view, 
a necessary and sufficient condition that these equations have a common integral 
surface 1s 


Q11 G21 031 
O= G12 deo 39 =(Q, 


X1(@12) — X2(@11) X 1(a22) — X 9(a21) X 1(Gs2) — X2(as31) 


and from another point of view, such a condition is 


(2 U mr) 
W Oe 
OX» Ox 


OV Ow ow aU 
Q= U(— -—)+V(—-—-—)+ = 0, 
0X3 OX» Ox 0X3 
in which 
= Qe1 @31 . V = Q31 G11 _ Q341 G21 
Qe2 232 32 G12 Q12 G22 


Show that 0 =. 
Solution by Otto Dunkel, Washington University. 
In the determinant © multiply the elements of the first row by — [dan/0x1 
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+0d22/0%2.+0a3,/0x3|, and those of the second row by [0au/0x,+0a01/0x2 
+0a3:/0x3|; add the corresponding products to the elements of the third row. 
After certain cancellations the resulting third row becomes 


OV /dx3 — OW/dx2, OW/dx, — 0U/dx3, OU/dx. — OV /Ox1, 
and the determinant is now in the form Q. 


3349 [1928, 494]. Proposed by S. A. Corey, Des Moines, Iowa. 
If |Imn| denote the determinant whose columns are the Ith, mth, and nth 
columns of the array 
y x — av au 


bv x — by |, 


v — Cu cy x 
prove that 


(a? + bey? + acu? + abv)? = | 234]? + dc| 134]? + ac ]124] 2+ ad| 123] 2 
Solution by the Proposer. 


On expanding the given determinants (x?+bcy?+acu?+abv*) is found to be 
their common factor. If we denote this factor by D, the given equation becomes 
D3 =x?D?+ bcy?D*+acu?D?+abv?D?, an identity. 


3357 [1928, 564]. Proposed by Nathan Alitshiller-Court, University of Okla- 
homa. 

Through a given point to draw a line so that the segment intercepted on it 
by two given intersecting lines shall be divided in a given ratio by the foot of 
the perpendicular dropped upon it from the point of intersection of the two 
given lines. 


Solution by Harry Pool, South Dakota State School of Mines. 


Suppose the two given intersecting lines are ] and m, meeting in a point O. 
Let the given point, through which the required line is to be drawn, be P. 

First construct a triangle whose vertical angle is equal to the angle at O, 
and whose base is divided in the given ratio by the perpendicular upon it from 
the vertex. To do this, on any line AB describe a circular segment containing 
the angle O. Divide the line AB in the given ratio at D. Draw DC at right angles 
to AB to meet the arc of the segment at C. Then ABC is the triangle required. 

Through any point on / draw a line 2 making an angle equal to angle CAB 
of the triangle just constructed. The line through P parallel to line 7 is the line 
required by the problem. 

Also solved by L. W. Johnson, Mark Kurtz, Mark Landan, J. QO. McNatt, 
W. V. Parker, and S. Pelletier. 


3359 [1928, 564]. Proposed by Clifford N. Mills, Normal, Illinois. 
A, B, C, D are four points in a plane. Let the centroids of the triangles 
BCD, CDA, DBA, ABC be respectively a, 6, c,d. Then Aa, Bb, Cc, Dd meet in 
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a point, and are divided in the same ratio at this point. Also the quadrilateral 
abcd is similar to ABCD. 


I. Solution by T. H. Butchart, Urbana, Ill. 


Consider the triangle ABM, where M is the mid-point of DC. Then 6 and a 
lie on AM and BM, respectively, so that Mb/MA = Ma/MB =ab/AB=1/3. 
Similar reasoning applied to bc, cd,da,shows that abcd has its sides parallel 
and equal to one third of the corresponding sides of ABCD. The two quadri- 
laterals are therefore similar and similarly placed, and hence the lines joining 
their corresponding vertices meet in a point O such that 


Oa/OA = 0b/OB = 0c/OC = Od/OD = 1/3. 


II. Solution by E. C. Kiefer, Decatur, Ill. 


Placing the quadrilateral with the side AD on the x-axis and the point A 
at the origin, let the codrdinates of the points be B(x, v1), C(%2, ye), D(xs,, 0). 
Then the equations of the lines are 


Aa, «(91+ ye) — y(ai + x2 + x3) _ 
Bb, x(y2 — 3491) — y(ate + x3 — 341) + yi(we + %3) — Xie 
Ce, x«(y1 — 32) — yar + x3 — 3x2) + volar + %3) — %291 
Dd, «(yi + y2) — y(ar + x2 — 343) — x8(y1 + Ya) = 


? 


? 


0 
0 
0, 
0. 

Since the sum of the left sides of these equations is identically zero, the four 
lines meet in the same point; the first and fourth equations give for its codrdin- 
ates 1(x,+a.+x3), (1142). This point is easily shown to divide each of the 
segments Aa, Bb, Cc, Dd in the ratio of 3:1; it is therefore a center of similitude 
for the figures ABCD and abcd. 


Also solved by Rufus Crane, P.S. Dwyer, H. A. DoBell, S. E. Field, A. E. 
Gault, J. H. Neelley and A. Pelletier. 


3361 [1929, 105]. Proposed by B. F. Finkel, Drury College. 
Find the envelope of a system of circles having for diameter a secant of 
constant length, 27, of a conic. 
Solution by Otto J. Ramler, Catholic University, Washington, D. C. 
Consider the case of an ellipse with the equation 0?x*+a*y*—a?b?=0; and 
let the chord with the length 27 have the extremities (%1, yi), (x2, ye), where 
(1) (a2 — a1)? + (ye — 31)? = 47’. 


Then from the equation of the ellipse we have 06?(%_?~ 2x1") +a?(y2?— 91") =0. 
If m is the slope of the chord and (x, y) is its middle point, this equation may 
be written: 


(2) b?4 + ma*y = 0. 
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From (1) and the equation of the chord we have 

(3) (v2 — yi)/m = %2 — 1 = Av + mr? 
Combining these results with 2x=a#2.+4%, 2y =ye+71, we find 

(4) yo = yvtmr(1tm) 3?) 247 = «4+ rd 4+ m1, 


Substituting these values of xe, ye in the equation of the ellipse and eliminating 
m by means of (2), we obtain 


(5) (b2x?2 + a®y? — ab?) (bt? + aty? + abr?) + atbtr? = 0, 


the equation of the locus of the centers of the variable circles. 

The envelope of the circles of radius r and centers (x, y) will consist of two 
curves parallel to (5) whose points are the extremities of the normal to (5) 
with the constant length +. 

For the case of the hyperbola we have merely to replace 0? in (5) by —86?. 
The equation resulting from the consideration of a parabola may be obtained 
in the same manner. 


Note by the Editors: This problem is the same as 3310 [1928, 154], a solu- 
tion of which by W. J. Patterson has been printed [1929, 233]. 


THE INFORMATION BUREAU FOR APPOINTMENTS 


Members of the Association are reminded that the Association maintains 
an office for supplying information with regard to men and women available 
for appointment to college positions in mathematics. This office does not handle 
detailed recommendations, after the manner of a teacher’s agency, but supplies 
certain essential facts with regard to each candidate, together with the name of 
a sponsor from whom further information about him can be obtained. The 
aim is to keep the files as complete and up-to-date as possible. To this end, 
candidates for appointment, especially candidates for a first appointment, 
are invited to put their names on record with the office and departments in 
search of instructors are urged to avail themselves of its facilities. There is 
no charge for its services, either to department or to candidates. Registration 
blanks and information may be obtained from Professor H. W. Kuhn, Ohio 
State University, Columbus Ohio. 
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NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending items to 
Professor H. W. Kuhn, Ohio State University, Columbus, Ohio. 


The Fourth Carus Monograph on Projective Geometry by Professor J. W. 
Young of Dartmouth College is now in page proof and will be issued in a few 
weeks. Members, individual and institutional, should order now through 
Secretary Cairns at the cost price of one dollar and twenty five cents per copy. 


The Nobel! Prize in Physics for 1928 has been awarded to Professor O. W. 
Richardson, of Kings College, London. The prize in physics for 1929 has been 
awarded to the Duc de Broglie, of Paris. 


On the occasion of its 175th anniversary, Columbia University conferred 
the degree of honorary doctor of philosophy on Dean H. E. Hawkes and Pro- 
fessors C. J. Keyser and D. E. Smith, among others. 


Doctor Max Mason has been elected president of the Rockefeller Founda- 
tion. 


Professor Edwin B. Wilson, of Harvard University, has been elected presi- 
dent of the Social Science Research Council. 


Dr. F. R. Bamforth has been appointed assistant professor of mathematics 
at Cornell University. 


Professor M. A. Brumbaugh, of the University of Pennsylvania, has been 
appointed professor of statistics in the School of Business Administration of the 
University of Buffalo. 


Assistant Professor D. L. Holl, of Iowa State College, has been promoted 
to an associate professorship. 


Mr. W. H. McEwen, who has been teaching mathematics at Regina College 
Regina, Saskatchewan, is spending the year in graduate study at the Univer- 
sity of Minnesota. 


Mr. R. H. Marquis has been appointed assistant professor of mathematics 
at Ohio University, Athens, Ohio. 


Dr. E. L. Mickelson has been appointed professor and head of the depart- 
ment of mathematics at New Mexico State Teachers College. 


Professor H. W. Tyler, Secretary of the American Association of Univer- 
sity Professors, having returned to the Massachusetts Institute of Technology 
on the expiration of his leave of absence, the management of the Washington 
office has been assumed by the treasurer, Professor Joseph Mayer, who has 
been granted leave of absence by Tufts College for this purpose. 


A New Publishing House 


RICHARD R. SMITH Ine. 


has opened offices at 12 East 41st Street, New York City. Mr. Smith, who recently resigned as a 
Director of the Macmillan Company, has for the past twenty years been in charge of the College Depart- 
ment of Macmillan’s and, according to The Publishers’ Weekly, ‘‘built up a list of books recognized in 
both publishing and educational circles as of unquestioned leadership with a volume of business exceed- 
ing in amount the entire business of many publishers.’’ 

@The new company will give particular emphasis to textbooks for use in the college field and at the 
same time will expand definitely as a trade publisher. It has purchased the Religious Department of 
Doubleday, Doran & Company, Inc., and thus begins with an assured volume of business from a series 
of titles of the very highest importance in the religious book field and the field of general trade as well. 
This, of course, adds to the stability of the new house, a stability assured by the experience and previous 
success of its personnel. 

@ Associated with Mr. Smith are James E. Van Toor, formerly assistant manager of the College Depart- 
ment, and Ray Critchlow, formerly Eastern traveling representative of Macmillan’s; also Charles W. 
Ferguson, already a succcessful author, Clarence C. Dittmer and Harry G. Doud, formerly of Double- 
day, Doran and Company. 


Authors desiring to submit manuscripts may count upon careful and sympathetic con- 


sideration and upon receiving constructive suggestions whenever these can be made by 
the publishers or their readers. 


Manuscripts should be addressed to 


RICHARD R. SMITH Ine., Publishers 
12 East 41st Street, New York City 


“, SOMETHING DIFFERENT 


If you are looking for a book that’s different—both useful and entertain- 
ing—you are looking for the 1930 edition of 


“Mathematical Wrinkles’’ 


This new edition is now ready for shipment. It is the fourth edition. The work 
has been revised and enlarged. New chapters have been added. Various new helps 
have been included. Many improvements have been made. 

This beautiful volume contains everything necessary for the Mathematics Club— 
required by either teacher or student. It is a handbook of mathematics and should be 
in every library. 


(An Ideal Xmas Gift for teacher or student) 


“This book ought to be in the library of every teacher.’—The American Mathe- 
matical Monthly. 

“A most useful handbook for mathematics teachers.——School Science and Mathe- 
macs, 


Forward your order today...... ccc cece cee ence tec eeeeneeaeeenceeers Price $3.00 Postpaid 
(Two copies if ordered direct $5.50) 


Samuel I. Jones, Publisher 
LIFE AND CASUALTY BLDG. NASHVILLE, TENN. 


The Slide Rule as a check in Trigonometry is now reg- 
ularly taught in colleges and high schools. Our manual 
makes self-instruction easy for teacher and student. 
Write for descriptive circular of our slide rules and 
for information about our large Demonstrating Slide 
Rule for use in the Class Room. 


KEUFFEL & ESSER CoO. 


NEW YORK, 127 Fulton Street General Offices and Factories, HOBOKEN, N. J. 
CHICAGO ST. LOUIS SAN FRANCISCO MONTREAL 
516-20 S. Dearborn St. 817 Locust St. 30-34 Second St. 5 Notre Dame St. W. 


Drawing Materials, Mathematical and Surveying Instruments, Measuring Tapes 


The Rhind 
Mathematical Papyrus is Published 


Individual and institutional members may procure copies at 
$15.00 per set through Secretary Cairns at Oberlin, Ohio. 
All others must order through the Open Court Publishing 
Company, 339 E. Chicago Avenue, Chicago, Ill., at $20.00 
per set. : 


IT Is A MAGNIFICENT WORK and should be in every college 
library. The edition is absolutely limited. Nearly one- 
third of the sets are already sold, and no more will be avail- 
able when this edition is exhausted. 


MAX MASON WARREN WEAVER 
The Rockefeller Foundation The Unwersity of Wisconsin 


THE ELECTROMAGNETIC 
FIELD 


1. Vector methods used exclusive- 5. Expansion methods which keep 
ly. clear the degree of approximation 


2. A complete mathematical ap- of the theory. 


pendix. 6. Detailed analysis of the physical 
3. Antiquated ether terminology and statistical significance of con- 
abandoned. tinuous densities. 


4, A complete formula index. 


A text for graduate students and professors of mathe- 
matics and physics, for engineers, and large research 
organizations. 


$6.00 


LEONARD E. DICKSON 
The University of Chicago 


INTRODUCTION TO THE 
THEORY OF NUMBERS 


An elementary textbook, with special reference to the history of numbers. 


A scientific, up-to-date book which is suitable for introductory 
classes or for the private reader. 


$3.00 


THE UNIVERSITY OF CHICAGO PRESS 


5750 Ellis Avenue Chicago, Illinois 


CONTENTS 
Some Applications of Groups to Geometry. By R. M. WINGER......... 1 
The Elder Aryabhata’s Value of Pi. By SARADAKANTA GANGULI........ 16 


QUESTIONS AND Discussions: Discussions—“The Pascal triangle,” by 
NORMAN ANNING; “The theory of least squares by vectors,” by J. P. 
BALLANTINE; “Angular velocity determined by the accelerations of 


three points,” by E. L. REES..... 0.0... 0.0 22 
RECENT PUBLICATIONS: New Books Received. Reviews by HENRY BLUM- 
BERG, D. J. STRUIK, JOSEPH SEIDLIN, F. D. MURNAGHAN.......... 29 
PROBLEMS AND SOLUTIONS: Problems for Solution—3304—3308. Solutions 
—263, 3333, 3349, 3357, 3359, 3361... 0.00... eee 37 
The Information Bureau for Appointments.................... eee Ai 
Notes and News....... 00.000. cece eee eee eee eect nen ene 42 
DIRECTORY 


EDITORIAL CORRESPONDENCE should be addressed to the Eptror-1n-Cuter, W. H. 
Bussey, 106 Folwell Hall, University of Minnesota, Minneapolis, Minn. 


BOOKS FOR REVIEW should be sent to R. A. Jonnson, Hunter College, New York, 
N. Y. 

BUSINESS CORRESPONDENCE should be addressed to the SECRETARY-TREASURER of 
the Association, W. D. Cairns, Oberlin, Ohio. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Fourteenth Summer Meeting of the Association, Providence, Rhode Island, Sept. 8-9, 1930. 


The following is a list of the sections of the Association, with dates of those section 
meetings which have been scheduled for 1930. 


ILttino1s, Lake Forest, Ill., May 2-3. Missouri 

INDIANA, Earlham College, May 2-3. NepraskA, Peru, Neb., May 9. 
Towa. Outo, Columbus, Ohio, April 3. 
KANSAS. PHILADELPHIA. 

KENTUCKY. 


LouIsIANA-MississippP1, Cleveland, Miss., Rocxy Mountain. 


April. 


MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA. SOUTHEASTERN. 


SOUTHERN CALIFORNIA. 


MICHIGAN. 


MINNESOTA. TEXAS. 


AFFILIATED ORGANIZATIONS: THE NEW ENGLAND ASSOCIATION oF TEACHERS OF MATHEMATICS. 
THE NATIONAL CoUNCIL oF TEACHERS OF MATHEMATICS. 


Important College Texts 


COLLEGE ALGEBRA (Third Edition ) 
By H. L. Rietz, University of Iowa, and A. R. CRATHORNE, University of Illinois 


“T have examined this text with much interest and it strikes me that the additions made should 
make it an even more valuable text than the previous editions have been.”—-J. W. YOUNG: 
1.76 


Dartmouth College 
A FIRST COURSE IN THE 
DIFFERENTIAL AND INTEGRAL CALCULUS 


By Watter B. Forpv, University of Michigan 


“T consider it the most teachable text that has been published for several years. We plan to 
change texts here next year and my present state of mind is a strong urge for Ford.”—C. H. 
RICHARDSON, Bucknell University $3.00 


A BRIEF COURSE IN ANALYTIC GEOMETRY 
AND THE ELEMENTS OF CURVE-FITTING 


By WaALrteR B. Forp, University of Michigan, with the co-operation of 
RAyMOoND W. Barnarp, University of Chicago 


A textbook in plane and solid analytic geometry, adapted to the freshman course in Analytic 
Geometry. Of especial value to students of Engineering and Statistics is the chapter on curve- 
fitting. The ‘phantom figures” are a particular feature of the book. The latest printing includes 
seventeen pages of Supplementary Exercises without answers. 


HENRY HOLT AND COMPANY, Inc. 
ONE PARK AVENUE NEW YORK 


Revised! Revised! Revised! 
THE MATHEMATICS OF INVESTMENT 


(P ROFESSOR Hart’s revision gives a new presenta- 

tion of annuities certain. A minimum course de- 
voted to applications of annuities where the payment 
interval is the same as the interest period. New op- 
tional material enriches the maximum course. Com- 
putation is simplified by a reduction in the number of 
annuity formulas. Answers to odd-numbered problems 
are given in the text. Even-numbered answers are 
supplied if desired. 
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AND COMPANY _ 
Boston New Yo OS cicag Atlanta 
Dallas NG San Francisco 


London 


=Macmillan Texbooks 


=in Algebra and Trigonometry== 


HARDING and MULLINS: 
College Algebra 


One of the special features of this 
new textbook is the abundance of 
review material which has been 
carefully selected and arranged to 
secure the greatest flexibility. 
Graphical representation is empha- 
sized throughout the book. All the 
material usually required for a 
standard course in college algebra 
is included. 324 pp., $2.25 


FORD: A Brief Course in 
College Algebra 
Revised Edition, 1926 


For eight years an outstanding suc- 
cess among college mathematics 
texts. It is brief, yet adequate in 
the space devoted to essentials; 
flexible in arrangement ; rich in re- 
view material, including 167 mis- 
cellaneous exercises. Two chap- 
ters on quadratic equations and 
one on complex numbers are in- 
cluded. 288 pp., $2.25 


PASSANO: Plane and 
Spherical Trigonometry 


Brevity, clarity, simplicity charac- 
terize this text. In both the plane 
and spherical sections, problems 
are numerous and well chosen. 
With tables, 265 pp., $2.10 
Without tables, 141 pp., $1.60 


ROTHROCK: Elements of 
Plane and Spherical 
Trigonometry 


Since 1910, a dependable text, con- 
stantly re-adopted because of its 
outstanding teaching qualities. 
Both with and without tables by 
the same author. 
With tables, 246 pp., $2.20 
Without tables, 147 pp., $1.60 


HARDING and MULLINS: 
Plane Trigonometry 


A simple yet complete treatment, 
emphasizing a review of plane 
geometry, with an abundance of 
exercises and practical problems. 
The authors’ arrangement of topics 
is new and distinctive. 
With tables, 143 pp., $2.00 
Without tubles, 112 pp., $1.25 


Logarithmic and Trigonometric Tables 


MACMILLAN: Logarithmic 
and Trigonometric Tables 
Edited by E. R. Hedrick 


The most widely used college 
tables, revised in 1920 to include 
interest tables, annuities, deprecia- 
tion, etc. Bound separately or with 
Passano’s Trigonometry. 


143 pp., $1.40 


LACROIX AND RAGOT: A 
Graphic Table of Logarithms 


An ingenious graphic scale in 
small compass giving all five place 
logarithms and all five place num- 
bers, either of which can be read 
in terms of the other without in- 
terpolation. 64 pp., $1.40 


Write for our Catalogue of Textbooks in Mathematics 


for use in Colleges and Universities 


THE MACMILLAN COMPANY 
60 Fifth Avenue 


New York 


THE AMERICAN 
MATHEMATICAL MONTHLY 


THE OFFICIAL JOURNAL OF THE 
MATHEMATICAL ASSOCIATION OF AMERICA 


(INCORPORATED ) 


DEVOTED TO THE INTERESTS OF COLLEGIATE MATHEMATICS 


EDITED BY 


WILLIAM HENRY BUSSEY, Editor-in-Chief 
HERBERT ELLSWORTH SLAUGHT 
AUBREY JOHN KEMPNER 


WITH THE CO-OPERATION OF 


ELIZABETH CARLSON H. 8S. EVERETT J. RB. MUSSELMAN 
OTTO DUNKEL B. F. FINKEL H. L. OLSON 
H. J. ETTLINGER R. A. JOHNSON D. E. SMITH 

H. W. KUHN 


THE AMERICAN MATHEMATICAL MONTHLY, FOUNDED IN 1894 BY BENJAMIN 
F.. FINKEL, WAS PUBLISHED BY HIM UNTIL 1913. From 1913 ro 1916 
IT WAS OWNED AND PUBLISHED BY REPRESENTATIVES OF 
FOURTEEN UNIVERSITIES AND COLLEGES IN THE 
MIDDLE WEST 


VOLUME XXXVI, 1980 
NUMBER 2, FEBRUARY 


PUBLISHED BY THE ASSOCIATION 
MENASHA, WIS., anp MINNEAPOLIS, MINN. 


Entered as second class matter at the Postoffice at Menasha, Wis. 
Acceptance for mailing at special rate of postage provided for in the 
Act of February 28, 1925, embodied in Paragraph 4, Section 412, 
P. L. and R., authorized April 1, 1926. 


PUBLISHED TEN TIMES A YEAR 


$4.00 a Year, Single Copies 45 cents, to Members 
$5.00 a Year, Single Copies 60 cents, to Others 


Already in use in 49 colleges in the 

Middle West—The new edition of the 
Granville-Smith-Longley ELEMENTS OF THE 
DIFFERENTIAL AND INTEGRAL CALCULUS 


The subject matter of the new edition, published in 
September, has been rearranged so that the func- 
tions of one independent variable may be completed 
before entering upon partial derivatives. New 
topics have been added and the problems have been 
thoroughly overhauled. The clearness and sim- 
plicity of the text, the numerous illustrative exam- 
ples, the wealth of problems—which were highly 
recommended in the earlier edition—have been re- 


tained. $3.20 


GINN AND COMPANY Boston New York 


Chicago Atlanta Dallas Columbus San Francisco 


McGraw-Hill 
has just published 
THE CALCULUS 


By HANS H. DALAKER 
Professor of Mathematics and Mechanics, University of Minnesota 


and HENRY E. HARTIG 
Electrical Engineering Department, University of Minnesota 
254 pages, 6 x 9, 105 illustrations, $2.25 


A textbook for a first course in calculus, which is characterized by a high 
degree of accuracy of statement, by emphasis on basic principles, and by 
an abundance of carefully selected and graded exercises. 


See this on approval 
McGRAW-HILL BOOK COMPANY, Inc. 
Penn Terminal Building 
370 Seventh Avenue 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


The following twenty-nine persons and one institution have been elected to 
membership in the Association on applications duly certified: 


To Indiwidual Membership 


R. A. Beaver, A.M. (Columbia). 
N. Y. State Coll., Albany, N. Y. 

A. D. BrapLey, A.M. (Teachers Coll., Colum- 
bia). Instr., Hunter Coll., New York, 
N. Y. 

J. F. Butter, A.M. (St. Louis Univ.). Instr., 
Milford Novitiate, Milford, Ohio. 

H. L. Camp, A.M. (Oklahoma). Instr., A. and 
M. Coll. of Texas, College Station, Tex. 

SAVANNAH L. Cross, A.M. (Michigan). Asst. 
Prof., S. F. Austin State Teachers Coll., 
Nacogdoches, Tex. 

HkeLEN DAUENHAUER, A. B. (Hunter). Tutor, 
Hunter Coll., New York, N. Y. 

Mitprep C. W. Dean, Ph.D. (Johns Hopkins). 
609 Kappock St., Spuyten Duyvil, New 
York, N. Y. 


Instr., 


H. P. Evans, Ph.D. (Wisconsin). Univ. of 
Wisconsin, Madison, Wis. 
A. E. Finray, A.M. (Peabody). Instr., 


A. and M. Coll., of Texas, College Station, 
Tex. 

Harriet M. Grirrin, A.M. (Columbia). 
Instr., Hunter Coll., New York, N. Y. 


E. K. Haviranp, A.M. (Harvard). Asst. 
Prof., Chem., Lincoln University, Pa. 
VirciniA I. Hicoins, A.B. (Marquette). 


Grad. Student, Univ. of Chicago, Chicago, 
Ill. 

JEAN A. HUTCHINSON, 
Substitute, Hunter 
N. Y. 

L. W. Jupp, Jr. Engineer, Panama Canal, 
Balboa Heights, Canal Zone. 


A.M. 
Coll., 


(Columbia) 
New York, 


W. J. Kirewam, A.M. (Indiana). 
Oregon State Coll., Corvallis, Ore. 

E. L. Kiincer, A.M. (Illinois). Instr., Purdue 
Univ., W. LaFayette, Ind. 

Jack LrEvineE, A.B. (Univ. of Calif. at L.A.) 
Asst., Univ. of Calif. at Los Angeles, 
Calif. 

HERBERT LisH. Draftsman, Moore Steam 
Turbine Corp., Wellsville, N. Y. 

J. K. Lona, A.B. (Washington and Jefferson). 
Instr., Purdue Univ., W. LaFayette, Ind 

S. R. MaGceg. Kinderhook, N. Y. 

HarrRiET F. Montacut, A.M. (Buffalo) 
Instr., Univ. of Buffalo, Buffalo, N. Y. 

D. E. Myers, A.M. (Columbia).  Prof., 
Math. and Physics, Elizabethtown Coll., 
Elizabethtown, Pa. 

Jowanna L. Prus in, B.S. (New York Univ.). 
Instr., Hunter Coll., New York, N. Y. 

G. L. Reuss, Grad. Student, Univ. of Chicago, 
Chicago, Ill. 


Instr., 


HeLen M. Scuitaucnu, A.M. (Cornell). Instr. 
Hunter Coll., New York, N. Y. 

W. S. Scutaucu. A.M. (Columbia). Asst. 
Prof., Acctg., School of Commerce, 


New York Univ., New York, N. Y. 
ViviaAN E. SPENCER. A.M. (Oberlin) Grad. 

Asst., Univ. of Pittsburgh, Pittsburgh, Pa. 
J. H. Taytor, Ph.D. (Chicago). Prof., George 

Washington Univ., Washington, D. C. 
KAMCHEUNG Woo, 2213 Bancroft Way, 
Berkeley, Calif. 


To Institutional Membershtp 


WILEY CoLLEGE, Marshall, Texas. 


THE THIRTEENTH ANNUAL MEETING OF THE 
MISSOURI SECTION 


The thirteenth annual meeting of the Missouri Section of the Mathematical 
Association of America was held at Washington University, St. Louis, on Satur- 
day morning, November 16, 1929. Professor Byron Ingold presided. The at- 
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tendance was twenty-five, including the following thirteen members of the 
Association: 

Nelson Dunford, Otto Dunkel, Father F. J. Gerst, L. D. Haertter, Byron 
Ingold, Louis Ingold, Arria Murto, W. O. Pennell, P. R. Rider, W. H. Roever, 
Eugene Stephens, Jessica M. Young, E. Kathryn Wyant. 

The officers who were elected for the coming year are: Chairman, LOUIS 
INGOLD, University of Missouri; Vice-Chairman, EUGENE STEPHENS, Washing- 
ton University; Secretary-Treasurer, P. R. RipER, Washington University. 

The following papers were read: 

1. “A symbolic method for solving a system of simultaneous ordinary 
linear differential equations of any order with constant coefficients,” by Pro- 
fessor Eugene Stephens, Washington University. 

2. “Vector methods in analytic geometry,” by Professor Louis Ingold, 
University of Missouri. 

3. “A modification of a proof by Steiner,” by Professor Otto Dunkel, 
Washington University. 

Abstracts of these papers follow: 

1. The paper by Professor Stephens takes up a new symbolic method for 
solving a system of simultaneous ordinary linear differential equations of any 
order with constant coefficients. . 

The differential operators present in the system are given algebraic or quan- 
titative meaning, upon which the system becomes one of linear algebraic equa- 
tions in the variables. The matrix of the operators in the system is used intact 
without the necessity of reduction to an equivalent diagonal system. The 
theorems applying to the solution of systems of linear algebraic equations are 
then used upon it. When the solution is obtained it is in algebraic form, with 
differential and integral operators present. These latter are then interpreted, 
or used, as their original nature warrants, and when the operations are carried 
out the final results are the solution of the original system of linear differential 
equations. 

A new theorem is introduced into differential equation theory concerning 
what is called the “General Complementary Function” from which can be ob- 
tained algebraically the “Complementary Functions” of the general solution. 
For the proof of this theorem some new theorems on “factors of a determinant” 
had to be built up, which are somewhat analogous to “elementary factors,” 
though more easily obtained than the latter. 

2. The paper by Professor Ingold proposes a slight rearrangement of the 
material in the usual analytic geometry course to make room for a vector treat- 
ment of certain topics. 

Illustrations of the vector treatment are given and their application in more 
advanced courses in geometry are indicated. 

3. In Crelle’s Journal, vol. 24(1842), pp. 96-99 Steiner gave a proof of the 
theorem that the equilateral triangle has a greater area than any other triangle 
having the same length of perimeter. In this paper Professor Dunkel gives a 
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slight modification of this proof and shows how the modified form of reason- 
ing may be applied to prove that the equilateral triangle circumscribing a 
given circle has a shorter perimeter and a smaller area than any other 
triangle circumscribing the same circle. These proofs make no use of parallels 
and hence apply without the Euclidean restriction that the sum of the angles 
of a triangle shall be 180.° 

PauL R. RIDER, Secretary. 


THE FOURTH ANNUAL MEETING OF THE PHILADELPHIA 
SECTION 


The fourth annual meeting of the Philadelphia Section of the Mathematical 
Association of America was held in Bennett Hall at the University of Penn- 
sylvania on Saturday, November 30, 1929. There were two sessions, Professor 
A. H. Wilson of Haverford College presiding at both sessions. 

The attendance was fifty-one, including the following thirty-five members 
of the Association: V. W. Adkisson, E. F. Allen, P. A. Caris, G. G. Chambers, 
J. W. Clawson, E. S. Crawley, J. E. Davis, Fletcher Durrell, L. P. Eisenhart, 
Michael Goldberg, O. E. Glenn, J. C. D. Harding, G. A. Harter, Frances H. 
Jackson, R. W. Jones, C. A. Keeler, J. R. Kline, M.S. Knebelman, P. A. Kned- 
ler, K. W. Lamson, W. F. Long, H. M. Lufkin, L. D. McDonough, A. E. Meder 
Jr., H. H. Mitchell, Richard Morris, C. A. Nelson, A. G. Rau, C. J. Rees, 
J. F. Ritt, J. H. Roberts, J. A. Roulton, George Rosengarten, Pincus Schub, 
A. H. Wilson. 

At the business meeting the following officers were chosen for next year: 
Chairman, Professor J. A. MILLER, Swarthmore College; Secretary, P. A. 
Caris, University of Pennsylvania; Program Committee, Professors Miller 
(ex-officio), Fort and Kline. The next meeting of the Section will be held on 
Saturday, November 29, 1930 at the University of Pennsylvania. 

The following papers were presented: 

1. ‘‘Wave mechanics,’’ by Professor K. W. Lamson, Lehigh University. 

2. ‘Group characters,’’ by Professor H. H. MITCHELL, University of Penn- 
sylvania. 

3. ‘Dynamical trajectories and geodesics,’ by Professor L. P. EISENHART, 
Princeton University. 

4, “Integration in finite terms,’’ by Professor J. F. Rirr, Columbia Uni- 
versity. 

Abstracts of the papers follow below, the numbers corresponding to the 
numbers of the titles: 

1. The paper by Professor Lamson mentioned some types of experiments 
which led to the use of the quantum theory. In that theory only integral values 
are allowed for some of the variables, which in ordinary mechanics could take 
on any of a continuous set of values. Schrédinger shows how to replace this 
assumption by a less startling one. He develops a mechanics whose difference 
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from ordinary mechanics is analogous to the difference between wave optics 
and geometrical optics. Corresponding to energy in mechanics is frequency 
in optics. The whole numbers must enter the theory at some point and Schréd- 
inger gets them by the mild postulate that certain functions must be finite 
for all values of the variables. 

2. The theory of group characters, as developed by Frobenius, Schur, 
Burnside, and others, plays a fundamental role in the problem of the representa- 
tion of a given abstract group as a group of linear substitutions. Each such 
representation that is irreducible determines a set of sums of roots of unity, 
the ‘traces’ of the substitutions that correspond to the different conjugate 
sets of operators of the given group. A set of numbers of this sort is termed a 
“character’’ of the group, and the number of distinct characters is equal to the 
number of conjugate sets of operators. A variety of interesting relations hold 
between the numbers that constitute these characters, by use of which much 
light can be thrown on the representations of the given group as a group of 
linear substitutions. An application of the theory to abstract groups is the 
proof, due to Burnside, that no group whose order is divisible by just two different 
primes can be simple. Expositions of the theory are now available in several texts. 

3. Professor Eisenhart’s paper has been published in full in the October 1929 
number of the Annals of Mathematics. 

4. Professor Ritt discussed Liouville’s work on the impossibility of per- 
forming certain integrations, and solving certain differential equations, in 
finite terms. 

P. A. Carts, Secretary. 


THE UNDERGRADUATE MATHEMATICAL CURRICULUM 
OF THE LIBERAL ARTS COLLEGE* 


By F. L. GRIFFIN, Reed College 
1. 


No curriculum can be intelligently planned, in any subject, without careful 
consideration of the human needs, individual and social, which should be met by 
instruction in and study of that subject. Colleges of engineering, commerce, and 
other specialized professions face rather specific demands which largely pre- 
scribe their curricula. Even they, however, may well be influenced by the more 
general considerations which should govern in the college of liberal arts and 
science. Consequently, portions of the following discussion apply in a measure 
even to the specialized schools. 

The general educated public has as yet scarcely any conception of the réle 
which mathematics has played in the development of our present civilization, is 
playing now in the rapid advance of many sciences, including the life sciences and 
some social sciences, and is destined to play further in the creation of a more 


* Read in substantially this form at the summer meeting of the Mathematical Association 
of America at Boulder, Colorado, Aug. 26, 1929. 
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hopeful and rational social order, the enrichment of esthetics and art, and the 
full liberation of the human spirit. 

In all the physical, engineering, and earth sciences, mathematics is an indis- 
pensable tool. We are told by one competent to speak that “chemistry has 
graduated from the class of descriptive sciences into the class of exact sciences 
and has taken its place by the side of physics and engineering as a branch of 
mathematics. All chemical phenomena and many biological phenomena are now 
being interpreted in terms of physical chemistry, and physical chemistry cannot 
be mastered without a foundation in mathematics which extends through cal- 
culus.”! In biology differential equations are used in studying growth and senes- 
cence, digestion, healing and other metabolic activities; elementary calculus, 
graphical and statistical methods in studying biometry, genetic equilibrium, 
surface tensions, energetics, and soon. Insome biological journals calculus is 
becoming conspicuous.” Similar mathematical methods are rapidly coming into 
use in psychology and education’ for the study of foveal vision, the psychology 
of musical ability, mental growth and learning curves, threshold stimuli for sen- 
sations, the Weber-Fechner law, the distribution of mental ability, special types 
of tests, and various other topics in the new science of psychophysics. A recent 
writer’s allusion to differential equations as a suitable means of expressing the 
interaction of individual and environment in determining human conduct and 
social evolution, shows the current trend of thought and the possibility of a 
clarification similar to that introduced into economics by Cournot, Jevons, 
Walras, and others more recently, through mathematical thinking and the for- 
mal use of calculus. The theory of maxima and minima has brought to the 
business world a great economizing of materials. The theory of probability also 
is effecting important economies, besides rendering invaluable service in many 
fields. Some knowledge of the mathematics of finance, and of calculus, is be- 
coming indispensable in handling intricate questions of investment, e.g., long 
leases with varying rentals and adjustments in the event of building; serial bonds 
with split rates of interest; etc. Sociological thinking, too, is not only being 
based increasingly upon statistical methods, but is beginning to be affected 
fundamentally by the conceptions of the calculus.® 


1F, Daniels, Mathematics for students of chemistry, this Monthly, vol. 35 (1928), pp. 3-9. 

20. W. Richards, The mathematics of biology, this Monthly vol. 32 (1925), pp. 30-36. See 
also T. B. Robertson, The chemical basis of growth and senescence (Lippincott, 1923); also his 
Principles of biochemistry; and recent volumes of The Journal of General Biology, The Journal 
of Comparative Neurology, and The Journal of Experimental Medicine. 

3 See recent volumes of The Journal of Experimental Psychology and The Journal of Educa- 
tional Psychology. 

4H. M. Walker, Certain mathematical questions suggested by the true-false test, this Monthly, 
vol. 34 (1927), pp. 503-15. : 

5 T.C. Fry, Probability and its engineering applications. (Van Nostrand, 1928). 

6 Bureau of Census, U. S. Life Tables (1921), pp. 329 ff. See also F. S. Chapin, Cultural 
Change (The Century Co., 1929), pp. 357-384; also R. Pearl, Biology of Population Growth, and 
bibliography (Knopf, 1925). 
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Among the arts we note the architectural and decorative uses of geometry, 
the mathematical basisfor the choice of graceful curves in drawing and painting,’ 
the physico-mathematical basis for the communication of emotion through mu- 
sic, for the criticism of instruments and technique, and for the introduction of 
new scales.’ The improved electric recording of music is a notable advance based 
partly upon the study of differential equations. In games, puzzles and cryptog- 
raphy, mathematics is frequently basic. And now comes a “calculus of variants” 
to the assistance of the student of literary criticism!® May we remark further 
that mathematical manipulation is itself a fine art, requiring skill, judgment, 
and a sense of appropriateness comparable with like qualities requisite for suc- 
cess in the other arts? 

All of this merely hints at what mathematics has contributed thus far 
toward our external or objective progress. It is also basic for the inner life of 
speculative philosophy: both as to the problem of knowledge and as to the 
nature of the universe. Touching the former, it provides a norm of logical 
structure and rigor, shows the unreliability of intuition in even apparently sim- 
ple matters, and discloses the relative character of all knowledge. Touching the 
latter, it exhibits possible varieties of space, generalizes number concepts, 
clarifies the infinite, the nature of law or functionality,and determines invariants. 
It even touches questions of religious attitudes and spiritual values.'° 

This progress has been made despite the fact that only a small part of the 
workers in many fields have had any considerable familiarity with the concepts 
and methods of mathematical analysis. Doubtless the infiltration of mathema- 
tics into some fields will be slower than it has been into fields now saturated 
with our science. But who can confidently delimit the totality of subjects 
susceptible of helpful mathematical treatment? May we not reasonably an- 
ticipate a great surge of explanation and discovery in many fields when the 
knowledge and spirit of mathematics shall have seized upon most of the workers? 


2. 


To most students with other demands upon their time and interest, the 
freshman course presents the last opportunity for formal mathematical study. 
Whatever help we are to give the great mass, who will include many educational 
leaders of the next few decades, must be given in the freshman course. One 
reason for the past and present general ignorance of the possibilities of mathe- 
matics on the part of educated laymen is that there has been scant opportunity to 
acquire the requisite familiarity in the time available. Introductory courses 
have not adequately exhibited the possibilities of our science, nor sufficiently 
covered its major concepts and methods, and the latter have been obscured by 


7 J. Ruskin, The elements of drawing and the elements of perspective, pp. 155 ff. (Dutton, 1907). 
See also this Monthly, vol. 25 (1918), p. 192. 

8 J. M. Barbour, Synthetic musical scales, this Monthly, vol. 36 (1929), pp. 155-160. See also 
references given by R. C. Archibald in this Monthly, vol. 31 (1924), pp. 1-25. 

9 W. W. Greg, The calculus of variants, an essay on textual criticism. (Clarendon Press, 1927). 

10 PD), E. Smith, Religio mathematici, this Monthly, vol. 28 (1921), pp. 339-349. 
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association with topics and technique unnecessary to the proposed objective and 
better postponed to later courses. Professor Whitehead’s warning against re- 
conditeness is much to the point; as is also his statement that “education to be 
living and effective must be directed to informing pupils with those ideas, and to 
creating for them those capacities which will enable them to appreciate the cur- 
rent thought of their epoch.”" 

The freshman course can render the great and important service needed 
only if it includes a thorough treatment of graphs as an instrument of calcula- 
tion, the elements of differential and integral calculus with a considerable 
variety of applications, at least enough trigonometry to solve triangles and 
understand simple periodic oscillations, enough analytic geometry to see its 
power, solve simple locus problems, and encounter the several conics and some 
other curves, enough work in logarithmic calculation and in the approximate 
solution of higher numerical equations to handle these matters effectively, at 
least the basic ideas of statistics and probability, and some work on invest- 
ments. Various other topics are desirable, but less essential. The graphical 
work should stress calculations made by drawing tangents and by measuring 
areas: in chemistry these have “‘brought order out of chaos in the study of 
solutions,”! and in many other fields where functional formulas are unknown, 
they are the sole reliance. The work in calculus should include partial differen- 
tiation, which is basic for the understanding of many subjects, from chemical 
thermodynamics to least squares in educational measurements. Integration 
should be applied in so many fields that its wonderful possibilities and generality 
will be sensed, and the procedure for applying it be grasped. “The ability to 
think in mathematical terms is absolutely essential.” Even the work in differen- 
tiation falls far short of fruition if integration be slighted. 

Such a freshman course can give in a single year a comprehension and work- 
ing knowledge of elementary mathematical analysis sufficient for studies in 
many fields. But to deepen the student’s insight and extend his horizon, the 
student’s work in the course should be supplemented by brief lectures on the sign- 
ficance of important ideas and processes, and of mathematical analysis as a 
mode of thought, historical matters, the nature of mathematics as a logical 
system, its universality and some of its philosophical implications, the logical 
side of algebra, the parallel postulate and possibly some references to relativity. 
By all means, a simple explanation should be given of the zdea of a differential 
equation of the first order: how it expresses the determination of the rate of 
change of one varying quantity by some other variable and perhaps by the first 
quantity itself; what is meant by solving the equation; and so on. (We may 
fairly question whether a fully satisfactory textbook for such a freshman course 
has yet been published; but, with continued experimentation and revised edi- 
tions by various authors, much improvement may doubtless be expected.) 

The sophomore course, while serving a much smaller clientele, should again 
be planned as generally as is feasible. Beyond this the courses will naturally be 


11 A, N. Whitehead, The aims of education and other essays, p. 116 ff. (Macmillan, 1929). 
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more specialized to meet the needs of particular groups. The broad, unified 
freshman course will prove to be a thoroughly adequate foundation for further 
study only if it is followed by a course definitely based upon it, which utilizes its 
gains and fills any gaps left in the freshman year. The greatest need will be drill 
in technique and practice in making still further applications. To learn to em- 
ploy calculus in new situations a student must see it at work, and must put it to 
work, in a variety of fields. Whatever we may think of the doctrine of no-trans- 
fer-of-training, we can be sure that the difficulty of applying a familiar process 
in a field of new ideas will be greatly lessened if it has in the past been applied to 
novel situations involving similar elements. Thus the calculus should be seen at 
work not only in geometry and mechanics but also in other branches of physics, 
in chemistry, in meteorology, in physiology and psychology, in economics and 
actuarial science. There should be extensive practice in setting up integrals 
other than those already analyzed in the text, which the student merely repro- 
duces with new limits and new functional formulas to fit the particular case. 
That is, the student should have actual practice in analyzing ideas and reasoning 
out the type form of the integrand. (He should learn to use the rapid, vigorous, 
abridged statement with “tiny elements,” but should be able to justify his con- 
clusions by a sound limit procedure.) Likewise he should have considerable 
practice in formulating differential equations as well as in solving them. In 
applying integration to geometry, he should handle many combinations of 
elementary surfaces for which no equations are given,— either getting the equa- 
tions for himself or actually seezng the limits of integration from drawings of 
suitable sections. He should be able to test directly the consistency of two 
supposed integrals of a common integrand; should learn when to use tables of 
integrals and when not,—the most efficient procedure always,—and should be- 
come familiar with ordinary tables of probability, elliptic integrals, and the 
gamma function. An introduction to hyperbolic functions is highly important, 
as are also a brief introduction to Fourier series, and a discussion of mean values 
for different independent variables, or over a non-linear region. Partial deriva- 
tives deserve careful treatment; likewise curvature and motion. The purely 
geometrical properties of conics may well be postponed for study in the course 
next to be discussed. (Before leaving the present topic, however, may we ask 
whether the two-year course so far outlined would not be as satisfactory for 
engineering students as in a college of liberal arts and science? The research 
papers by numerous seniors, mentioned later, apparently indicate that unified 
courses give an adequate foundation for specialized work.) 


3. 


In the junior and senior years, at least the following specialized courses are 
needed to serve various particular groups of students. (Some of these will serve 
more than one group.) After each title is suggested a suitable number of “units” 
1.e., year-hours, or the equivalent. 

(a) Modern Geometry, Analytic and Synthetic (4). Elementary courses in 
analytic geometry are generally more “analytic” than they are “geometry”; by 
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the time the student has learned the basic formulas and equations, and has 
sensed the method, there is little time left to use the new instrument for the 
actual investigation of geometric questions. The junior course may well start 
with a brief concise summary of analytic method, and then apply the methods to 
a genuine study of geometry. The conics offer a veritable mine of theorems relat- 
ing to diameters, tangents, polars, etc. Several important higher plane curves 
should be studied, starting from their locus definitions, determining their shapes 
and special properties, and then returning to them presently in a systematic 
treatment of the inversion of conics, and pedals of various curves. Much use 
should be made of construction, accurate or rough, so that the student may see 
the loci develop, point by point. Likewise, in later parts of the course. This 
analytic work which vastly enlarges the student’s conception of geometry, need 
not take more than a third of a year. It may well be followed by a brief intro- 
duction to projective geometry, chiefly synthetic, occupying even less time, but 
opening to the student a whole range of new ideas, including Pascal’s, Brian- 
chon’s and Desargues’ theorems. The remaining portion of the year, from a 
third to a half, can hardly be spent more profitably than upon the type of 
modern geometry now commonly called “college geometry.” This bears far more 
directly upon the problem of high school teaching than do most of the college 
courses. 

(b) Descriptive Geometry (4 or 2) is another subject of great value to general 
students as well as engineers, because of its powerful method of studying spatial 
figures, the training in visualization, and its satisfying logical character. Pro- 
spective teachers of elementary or higher geometry should if possible study this 
subject, at least for a semester. 

(c) Higher Algebra (2). Though the student may have had a brief intro- 
duction to determinants in his earlier work, and have applied them in his 
Modern Geometry, he can now advantageously study the general theory, 
including elimination. This together with work in the theory of equations, 
including simple group concepts and applications to the problem of the regular 
n-gon, trisection of the angle, etc., is important equipment for prospective high 
school and college teachers, and some others. One of my former students, a 
structural engineer, has found the general solution of the cubic to be of great 
value in his practice. 

(d) Advanced Calculus (4) deserves the attention of mathematical and tech- 
nical specialists and some others, throughout the senior year. More work in 
differential equations, ordinary and partial, with applications to vibrating 
strings and membranes, flow of heat, etc., may well receive a large portion of the 
time. This involves a definition and very brief study of the Bessel functions, and 
some further work in Fourier series. Time should also be given to the reduction 
of elliptic integrals, with many numerical examples and applications; and to 
devices for evaluating definite integrals, including differentiation with respect to 
a parameter. (It may be sufficient to state without proof a number of criteria 
as to the legitimacy of this and other processes, giving references to the litera- 
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ture where proofs can be found.) There should be a brief introduction to the 
calculus of variations and to vector analysis, so that students for whom this is 
the last course in analysis may glimpse these fields, and those who go on may 
start the graduate courses more readily. Some attention should be given the 
geometry of surfaces and space curves; also to the complex variable; and to 
Green’s and Stokes’ theorems. 

(e) Probability and Mathematical Statistics (4 or 2). In the junior and senior 
year some students will need a course in the calculus of observations. Besides 
the theory of probability and least squares, finite differences, empirical equa- 
tions, and further statistical theory, it may cover special methods of numerica! 
calculations. 

(f) Mathematics of Finance (2) including insurance, and using the technical 
procedures not employed in the freshman course. 

(g) Spherical Trigonometry and Surveying (2) with introductory work in 
solid geometry. 

(h) Astronomy (4) unless offered in a separate department, should be avail- 
able, at least a descriptive course with some mathematical calculations. 

(4) Analytic Mechanics (4) is an excellent course; but in my opinion should 
be given in the physics department, illuminated by some experimental work. 

(7) History and Foundations (2). At least a brief course of this sort should be 
a prerequisite for teaching elementary algebra and geometry. Many teachers of 
algebra are woefully ignorant of its axioms. (For example, recently, in some 
excellent high schools a number of experienced teachers were unable to supply 
inquiring pupils with a logical proof that (—4) (—3)=12. Instead of reasoning 
from axioms about numbers, they could only mumble about some alleged 
analogies!) 

By the way, the “units” suggested for these courses need not necessarily be 
“hours”; but rather units of total time alloted to the course in class and out. At 
Reed College an elementary three-unit course may meet four times a week with 
short assignments, to allow relatively large supervision of the student’s progress. 
An advanced four-unit course may meet but once a week, the student working 
independently for ten or more hours between. The number of meetings can also 
be varied during the course, or meetings intermitted, at the option of the in- 
structor. The junior and senior work is under the jurisdiction of a “Division” of 
the faculty. All this makes for flexibility and effectiveness. 


4, 


The large college or university can offer a great variety of courses; the small 
institution has difficulty in providing for as much flexibility. A great help in this 
direction is to utilize some of the intellectual reserves of the student himself, 
particularly the advanced student, by offering some of the above courses (e)-(g) 
as Special Topics, for individual reading, practice and report. (Group work in 


122E, J. Moulton, The content of a second course in calculus, this Monthly, vol. 25 (1918), 
pp. 429-34. 
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special topics for freshmen and sophomores may also profitably be given to 
supplement the regular courses, covering for instance special statistical methods, 
use of the slide rule, elements of determinants, some properties of conics, curve 
tracing with the help of calculus and such devices as Newton’s triangle, imagin- 
ary regions, etc.) The more advanced work in special topics is substantially of 
the sort often called honors work, and enjoys the advantage of an engrossing 
interest, particularly when the student selects the topics himself from time to 
time. 

In my judgment the most valuable experience a senior specialist student can 
have is to write a thesis, embodying such research as his capacity permits, on a 
suitably chosen individual problem, and take a final ora! examination in his 
major field. In many institutions this type of work may have to be limited to a 
group of specially selected honors students. At Reed College, all seniors under- 
take this work, but to get senior standing a student must pass an intensive 
Qualifying Examination at the end of the junior year. At that, there is of course 
a wide variation in the ability of our seniors, and in the independence and value 
of their theses. An idea of the sort of topics which we have used as thesis sub- 
jects in mathematics may be obtained from the appended list. 

In some institutions mathematical clubs may be of more value in maintain- 
ing student interest and developing initiative than the special methods I have 
mentioned. But there appears to be no mutual! exclusiveness; both activities 
may be carried on if desired. 

In closing let me again emphasize that one of our major tasks is to educate a 
great multitude in the concepts, modes of procedure, and criteria of mathemati- 
cal analysis. This task recognized, and suitable action taken in organizing our 
freshman courses, mathematics will become the key subject in the curricula of 
the future. We are but at the dawn of the general utilization of mathematics in 
the amelioration of human life. 


A List of Thesis Subjects 


Nearly all of these bachelor theses, written at Reed College, embodied some 
new results of investigation; several broke ground virtually new. Those marked 
by an asterisk were read, in outline, before the San Francisco Section of the 
American Mathematical Society. 


Integrals and Functions: 
On the accuracy of certain approximations to the elliptic integrals. 
On the reduction of quotients of quadratic radicals to elliptic integrals. 
Imaginary substitutions for elliptic integrals of the first type. 
A study of certain functions of a complex variable. 
* Generalized functions of sectorial areas. 
* Further generalization of the circular and hyperbolic functions of sectorial areas. 


Calculus of Variations: 

* Concerning geodesics on certain surfaces of revolution. 
Some geodesic lines on an ellipsoid of revolution. 
Geodesics on a right circular cone. 

Some theorems in maxima and minima. 
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Geometry: 
* Curves functionally conjugate with respect to a given curve and origin: Type I. (Others: 
Types IT, ITI, IV, V, *VI.) 
Some properties of normals to an ellipse. 
* Certain families of curves having a parabola as their envelope. (Another: the cubical 
parabola.) 
Certain properties of poles and polars. 
* Conics through given points. 
Concerning certain basic problems in analytic geometry. (Highly original.) 
Investigations in the trisection of the angle. 
Algebra: 
* An insolvable case of the generalized school-girl problem. 
* Concerning the solution of cubic and quartic equations. 
Equations of higher degree solvable by special artifices and devices. 
The construction of a regular 257-gon. 
Other Fields: 
A mathematical theory of business profits (under special conditions). 
* A study of caustic surfaces and of a certain image formed by reflection and refraction. 
Accurate measurements with a steel tape or wire. 


A new graphical method for determining the positions of a moving body under Newtonian 
attraction. 
The advance of the apsidal lines in central orbits described in the equatorial planes of attract- 
ing ellipsoids of revolution. 
Relation of secondary mathematics to higher mathematics. 
Tentative plan for a course in first year mathematics for secondary schools. 
* Some studies in probability and correlation. 


THE PROBLEM OF TWO BODIES AND A RELATED SEXTIC! 
By W. H. GARRETT, Baker University 


1. Equation of orbit. Given two bodies with masses m, and m:, which attract 
each other with a force which is proportional to the product of the masses and 
inversely proportional to the square of the distance between them, the dif- 
ferential equations of motion of one with respect to the other are: 


(1) d?x/d? = — k?Mx/r* ; d*y/d? = — k?My/r, 
where Af=m,+m., r=the distance between bodies, and k=acceleration at 
unit distance. 

The integration of this system? gives as the polar equation of the orbit, 


(2) r= cek?M-/[1 — (1+ c2csk-4*+M—)!/? cos (6 — ca) |, 
which is the equation of a conic with the origin at one of the foci. 
The ordinary equation of a conic with the pole at the right hand focus is 


(3) r= p/[1+ ecos (6 —a)], 


1 Read before the Kansas Section of the Mathematical Association of America, February 4, 
1928. 

2 For the separate steps in this integration, see F. R. Moulton’s Celestial Mechanics, pp. 147~ 
148. 
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where w is the angle between the polar axis and the major axis of the conic. 
Comparing (2) with (3) it is seen that 
(4) 


p= chk?M!; e@& = 1+ cfec3k4*M~; 0 =c4— 7. 
2. An imporiant property of the orbit. 
p=a(i—e?). 


If e<1, the orbit is an ellipse and 
Hence, combining this relation with the first two of equations 
(4), there is obtained: 


cg=—-RMA-—e)pi= — Ma. 
Now one of the integrals of (1) is 


(dx/dt)? + (dy/dt)? = 2k®?Mr— + cz. 
Hence the velocity V of one body relative to the other is given by the relation, 


V2 = k? M(2r-!—a7!). 
Solving for a, 


a= k'rM/(2k°M — V*r). 


yocus of focus 


~ 


Fic. 1. 


S, common focus of all ellipses; B, point of projection of particle; F, second focus; 
A, aphelion point; P, perihelion point. 
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This establishes the following important property: If a body m at a dis- 
tance 7 from a body mz is projected in different directions with the same velo- 
city V, [V<(2k?Mr-)!”, the parabolic velocity], then the orbits described 
by m, relative to m: will be ellipses with major axes equal in length. 

3. Loci of focus and center. Let B (Fig. 1) be the point of projection of mi, 
and S, the position of mz, the fixed focus. The locus of the other focus F will 
be a circle with center at B and radius 2a—7, since SB+BF=2a and SB=r. 

From this it follows that the locus of centers of all conics will be on a circle 
with center at O, the midpoint of SB, and radius =a—#r. 

4. Loci of Aphelion and Perthelion Points.® In Fig. 1, let A be the aphelion 
point and P the perihelion point. Take the pole at S and let SB be the polar 
axis. Draw the perpendicular OD from O to the line SF. Then the loci of A 
and P in terms of the polar coordinates p and @ may be obtained as follows: 


»=SD+DC+CA. Then, since DC = (CO? — DO*)"”, 
p = 4rcos6 + [(a — 4r)? — (4r sin 6)2]!/2 + a, 
which becomes 


(5) op? + 2ap + ar — r(p + a) cosé = 0, 


Fic. 2. r=8, a=7; S, common focus of all ellipses; B, point of projection; 1, 2,- +--+ , 10, second 
foci; Ai, Ao, - ++, Ao, aphelion points; Pi, Pe, - ++, Pio, perihelion points. 


3 This problem appears in F. R. Moulton’s Celestial Mechanics, page 155. It was however 
originally solved by the writer prior to the appearance of the first edition, while he was a member 
of Dr. Moulton’s class in Celestial Mechanics. 


1930] TWO BODIES AND A RELATED SEXTIC 57 


which is the polar equation of the loci of the aphelion and perihelion points. 
Changing to rectangular coordinates, the following sextic equation of the 
loci is obtained: 


x° — Qrae + (7? + 3y? + 2ar — 4a?) x4 + (402r — Zar? — Ary?) x8 

(6) + (3y4 + 4ary? — 8a?y? + ry?) a? + (4a2ry? — 2ar2y? — Ary) x 
+ y® + (2ar — 4a?) y4 + ay? y? = 0. 

In Figs. 2 and 3, the loci of the aphelion and perihelion points are constructed 
for the two casesa<r, anda>r. (r=8 and a=7 and 9). 

Special case,a=r: If a=r then equations (5) and (6) become 

(ep + r)(p +r — rcosé@) = 0, 
(x? + y? — 7?) (at — Qra® + Qa2y? — 2rxy? + yt — ry?) = 0, 


which represent the circle and the cardioid. These loci are shown in Fig. 4 
and one may easily trace the transition from the loci of aphelion and perihelion 


Fic. 3. r=8, a=9; other points as in Fie. 2. 


58 TWO BODIES AND A RELATED SEXTIC [Feb., 


points in Fig. 2 to the corresponding loci in Fig. 3 by means of this connecting 
link. 

A further consideration of Fig. 4 also shows that here one member of the 
family of ellipses is a circle with radius r and any point on this circle may be 
considered as either a perihelion or aphelion point. 

5. Mechanical Construction of Sextic. Several members of the family of 
sextics are shown in Fig. 5. These curves were constructed mechanically as 
follows: 


Ai 


Fic. 4. r=8, a =8; other points as in FIG. 2. 


Two pencils at A and P were held at a distance of 2a apart by means of two 
narrow strips of wood. Two stove bolts clamped the strips together, holding 
the pencils firmly in proper position. 

A short cross arm pivoted at one end to a fixed nail at O* and at the other 
end to C, the midpoint of AP, allowed C to rotate around O at a distance of 
a— yr. 

The groove between the parallel strips was placed over a fixed nail at S 
at a distance of $7 from O, and kept A, S, and P always on the same straight line, 
the major axis of the ellipse. 

As the point C was revolved around O, the pencils at A and P described the 
locus of the sextic, that is the loci of the aphelion and perihelion points. 


4 See Fig. 1, 
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The different members of the family were obtained by letting the parameter 
a take the values 6, 64, 7, 75, 8, 84, 9, with 7=8. 


Fic. 5. Family of sextics for values r=8, a=6, 6%, 7, 74, 8, 84, 9. In the special case a=8, the 
sextic becomes a circle and a cardioid. 


THE RECTANGULAR HEXAGON 
By PAUL WERNICKE, Washington, D. C. 


The theorems here to be considered concern the figure of a hexagon in 
space (.S3), the consecutive sides of which meet at right angles. It is deter- 
mined by three lines, P, Q, R, not in general all parallel to a plane. Following J. 
Petersen! we call P, Q, R the szdes and the common perpendiculars (shortest 
distances) of the pairs OR, RP, PQ the edges of this “trilateral figure.” The 
sides are determined by the edges as well as vice-versa, so that the hexagon 
may be considered as a trilateral figure in two ways. 

The methods of proof are based on Study’s coordinates of the straight line 


1 L’Intermédiaire des Mathématiciens, vol. 5 (1898) p. 36. 
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(Strahlen-Coordinaten”), the system of which, in turn, is built on Pliicker’s 
homogeneous (and redundant) coordinates of the right line as determined by 
two points, in Cartesian rectangular coordinates: x = (%1/X0, X2/Xo, x3/%x9) and 
x! = (al /xd, x2 [xd , xd /x0): 

VX 4 = LXE _ X40 7X jk = XK —_ XExG 
where 1, j, & are different, 7, 7, R=1, 2, 3, and 7 is a factor of proportionality. 


Departing slightly from Study in order to use vector algebra,we combine 
the first three into the vector of X: 


Xy = 1X01 + JXo2 + kXas 5 
and the last three into its moment (about the origin of coordinates) : 


Xm = 1X3 + 7X31 + eX 12. 


We further write X =X,+¢Xn, where € is a symbol to be defined. 
Since the determinant 


Xo Uy XQ X38 


xo xt x2 XB 


vanishes we find that the scalar product X»-Xm=0. This is Pliicker’s equa- 
tion. If 


= X, Vn +t XmV, = O,7 
Yo Yi Yo 2 


yo wi ye YB 


the lines X, Y intersect. 

Dividing the rows of this determinant by xo, xd, yo, yo, respectively, and 
subtracting the third row from the fourth, then the first from the second and 
third, we obtain the negative volume of the parallelopiped having x, x’, y, y’ for 
summits—negative, because X,, Y,, X»X Yo, Yo form a positive sequence of 
vectors while the three rows referring to them in the determinant occur in the 
order X,, X»X Vo, Yo. The base of this parallelopiped being X, X Y, its altitude 
is the distance of Y from X. 


Xu: Vn + Xm:Vy = — VX8VV2 sin (Xy,¥,) dist (X,Y). 


Now if the components of the two vectors in P=P,+€P» are any six quant- 
ities, not in general satisfying Pliicker’s equation, then, with an indeterminate 


2 Study, Géométrie der Dynamen, Leipzig (1903), p. 201. 
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line X (for which X,-Xm=0), the equation P,-Xn+Pm:+X,=0 is well known 
to represent a nullsystem (a “screw” in R.S. Ball’s terminology). 

Putting U,=P3 and Um=P?Pnt(Py:Pm)P, we have Uy: Un=0. There 
exists, therefore, a line U= U,+eU,. It is the principal axis of the null system, 
and remains unchanged if P be replaced by P’+aP,+¢(aP»+0P,), for Uy = 
aP3 and U,! =a?|P2 Pm —(P»Pm)P,|, and division by a*is permissible. We must 
have a0 but otherwise a, 0} may be any (real) numbers. 

Defining e as a unit in the nature of an infinitesimal, so that ¢ =0 while 
the first power of € must be carried in the work, P’ arises from P through 
multiplication by a+eb, a complex number which we call a scalar dualite while 
P=P,+eP is a vectorial duahte.? 

Multiplying P by any scalar dualite a+ed (where a0), we obtain a null 
system coaxial to P. Study now takes the step of using P, subject to such multi- 
plication, as the representative of the right line which is the axis of P,Xn+ 
Pie Xy=0. 

The dualite components of P, 


Py = Por + ePas, Po = Po + ePsi, P3 = Pos + Pie 
are Study’s coordinates of the right line (Strahlencoordinaten). Multiplication by 
P? +p e( Py: Pm) 


at any time effects a reversion to Pliicker’s coordinates. The scalar product of 
vectorial duahtes P-Q is 


PQ = (Po + €Pm)(Qv + Qm) = Py Qo + (Po Qm + Pm-Qn). 


P-Q=0O carries with it the separate vanishing of the terms P,-Q, (meaning per- 
pendicularity) and P,-Qn+Pm:-Q, (meaning intersection). P and Q, therefore, 
intersect at right angles. The vectorial product, 


PXQ= Py X Qo + Po X On + Pm XQr) 


represents the common normal of P and Q since P,-(PXQ)=Q,-(P:Q) =0, 
as is readily verified. We have PXQ=—QXP, whence OXQ=0. 

For P-(OXR)=Q0:(RXP)=R-(P XQ) we write more briefly (with Study), 
(POR). The vanishing of this scalar product evidently means that P, Q, R 
have a common normal. 


PX(QOX R) = Py X (Qo X Ry) + €| Pv X (Qo X Rm) + Po X (Om X Rv) 
+ Pm X (Ov X Ry) | = O.(Re Py») — Ry(Pv:Ov) + €[0.(Rm- Ps) 
— Rm(Po'Qv) + Om( Ro Pv) — Ro(Po:Qm) + Qo( Ro: Pm) 
— Ri(Pm-Qv)| = Qo(R-P) — R(P-Q) + €lQn(Ro- Pm) 
— Rn(P»-Q»)], 


3 Study speaks of “dual numbers” and uses the terms “scalar” and “vectorial” in a different 
meaning. 
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whence by the addition of e?[Qn(Ry-Pm+Rm: Pv) —Rm(P»:Qn+PmQ»v) =0 we get 
PX(OXR)=OQO(R-P)—R(P-Q), the common normal of P and OXR. 

The sides of our rectangular hexagon or “trilateral” being P, Q, R, its 
edges become OXR, RXP, PXQ. The theorem that the three normals be- 
tween side and opposite edge have a common normal was proved by F. Morley* 
in 1898 and announced by J. Petersen® in the same year, to be proved later.*® 

The vector product of two of these normals is 


IQ x (RX P)] xX [RX (PX Q] = @X RR -P)(P-Q) 
+(R X P)P-Q)(Q:R) + (PX QQ R(R-P), 

an expression obtained by Study for the common normal of the three which he 
calls Morley’s line. Its invariance under transpositions of P, Q, R shows that 
it is the normal of any two of the lines PX(OXR), OX(RXP), RX(PXQ). 

A theorem on a type of perspective of two rectangular hexagons is given by 
J. Petersen in the same volume of L’Intermédiaire: 

When tn two trilaterals the three normals of corresponding sides have a common 
normal, those of the corresponding edges have one likewtse. 

For a proof let the sides of the first hexagon be P, Q, R, its edges, OXR, 
RXP, PXR, while the sides of the other are denoted by Q’XR’, R'’XP’, 
P’X(Q’ and its edges by P’, QO’, R’. Normals of corresponding sides are: 


PX (O'’X R’), OX (R' X P!), RX (PX) 
and of corresponding edges: 
P’X(QXR), OX (RX P), RX (P XQ). 
The scalar products: 
(P x [Q’ x R'],Qx [Rx P’'], RX [PX O) 
= (P/Q'R’)[(Q’- R)(R’ P)(P'-Q) — (Q-R)(R P')(P-0)] 
(P’x [OX RJ, O' x [RX P], RX’ x [P x Q]) 
= (POR) [(Q-R')(R-P!)(P-Q’) — (Q’-R)(R’ P)(P"-Q) | 


evidently vanish together. This proves the proposition. 

The cosine of the angle between two vectors Q», Ry is given by the expression 
O,:R,/4/02+/R2). We correspondingly form Q-R/(\/Q:Q\/R:R) where the 
denominator may be written /Q0?.\/R?. 


Q-R = cos (Q,,R,) — sin (Q,,R,) dist (Q,R). 
Accordingly, Study defines a dualite angle: 
ang (Q;,R) = ang (Q.,R.) + edist (Q,R) 


4 Proceedings of the London Mathematical Society vol. 29 (1898), p. 670. 
5 L’Intermédiaire des Mathématiciens vol. 5 (1898), p. 36. 
6 Nyt Tijdskrift for Mathematiker vol, 2 (1899). 
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of which O0-R—1/Q-Q\/R-R is thecosine. Its sine can either be found directly 
or by the usual formula sin x=4/(1—cos?x). It is 


VICQXR) (OXR) + [V(2-Q)V(K-R)]. 
A “transversal” line U divides the angle ang (Q, R) in the sine-ratio: 
sin ang (OQ, U)/sin ang (U, R) 
= VI(@ X U)-@ X U)|V(R-R)/V IU X RYU X R)Q-Q)] 
= — sin ang (0, U)/sin ang (R,U). 


Evidently the three sine-ratios in which the angles ang (Q, R), ang (R, P), ang 
(P, Q) are divided by U have negative unity for their product. This corresponds 
to the theorem of Ceva for plane triangles and, when stated for the dualite 
angles between the edges instead of the sides, to the theorem of Menelaus. 

We have, thus, a system of perspective based on that of plane geometry, 
in which intersections of lines are replaced by their common normals and the 
rectangular hexagon (trilateral figure) takes the place of the triangle. As 
Petersen suggests, a projective geometry may be based thereon. 


A PROBLEM IN THE CALCULUS OF VARIATIONS 
By C. E. RHODES, University of Cincinnati 


In presenting the calculus of variations for the first time to a student, it 
is customary to give the well known classical examples of the minimum dis- 
tance, the brachistochrone, and the minimum surface of revolution. Such prob- 
lems can not be multiplied too much to give to the beginner a thorough under- 
standing of certain ideas which are later generalized. It should therefore be 
of interest to present an additional problem which not only has a concrete 
setting, but which also brings out certain properties of the fields used in the 
sufficiency proofs. 

A statement of the problem: Given a stream with straight parallel banks, 
such that the direction of flow is everywhere parallel to the banks. The velocity 
of the current is assumed to be an even function of the distance from mid- 
stream, having an absolute maximum, wo, at midstream, and an absolute 
minimum, w;, along either bank. A boat is to go from a fixed point on one 
bank to a fixed point on the opposite bank. If the speed of the boat relative 
to the water is a positive constant, u, determine the course of the boat so that 
the crossing can be made in the minimum time. 

To set up the problem analytically, let us suppose the river to be 2 units 
wide. Let the distance between the projections of the end points of the course 
on the center line of the river be 2a. (If the general direction of the course is 
downstream, a is positive; if upstream, a is negative. See Fig. 2.) If we take 
co-ordinate axes as shown in Fig. 2, the course will be symmetric with respect 
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to the origin, since the current, w, is an even function of x. We shall therefore 
consider only half the path, viz., from O to A. Let v denote the resultant of 
u and w, y the ordinate of any point on the course, s the distance along the 
course measured from O, 6 the angle between v and the X-axis, and T the time 
required to go from O to A along the course. Projecting w and u onto v as 


Fic. 2 


shown in Fig. 1, we see that v=w-sin 06++/(u?—w? cos? 6). Since the resultant 
velocity, v, is the direction of the tangent to the course, tan =dy/dx=y’. Using 
this, we see that v may be put in the form 


[wy + S(u? — w? + u2y!?) | 


From this it follows that 
8 ds ] 
(1) T = — = { eS 
0 7 0 wy + V (uw? — w? + u2y!?) 
f wy — J(u — w? + u2y"2) 
0 


TT a0 


Since by hypothesis uw is a constant and w is a function of x alone, the integrand 
function in (1) is a function of x alone, and the Euler equation which deter- 
mines our extremal curves becomes 


w— [ury'//(u? — w® + uy’) | = c(w? — w%), 


1930] THE CALCULUS OF VARIATIONS 65 


where c is a constant of integration. Solving this equation for y’, and integrat- 
ing again, we can express our two parameter family of extremals in the form 


1 2 
y= f (1+ cw)w + cu dx 4b. 
u 


V1 cw)? — eu?] 


b and c being the parameters. From our choice of axes, all members of this family 
must pass through the origin. This condition reduces the family of extremals 
to a one parameter family which can be written 


Vv. 


-{" (1— cw)w + cv? 
1” » ur [(1— cw)?— cu] 


To insure a real integrand function, we must have 
(1 — cw)? — cw? = (1 —cw4+ cu)(1 — cw — cu) 2 0, 
whence, if w>w, either 
cs 1i/f(wt+u) < 1/(w — nu) or c2i/(w-u)>i/(wt+y). 


If w<u, as would usually be the case, either 
i/(w-—u ScSi/(w+ un) or cSif(w-—u, c2i/(wt+y). 


This last is impossible, and hence, considering the range of the variable, w, 
we have for w <u, 


(3) 1/(w, —u) ScSi/(w+ ux). 


For values of c within these limits, the integrand function is real, and equation 
(2) represents a real curve. 

The second partial derivative with respect to y’ of the integrand function 
in (1) turns out to be w?/(u?—w?+u?y")3/2 which is greater than zero for all 
values of x, y, y’.. Hence both the Legendre and Weierstrass conditions are 
satisfied. For the Jacobi condition, there must be no point on the extremal 
between O and A that is conjugate to O, or, in other words, the particular 
extremal must not touch the envelope of the family (2) between O and A. 


From (2) we obtain 
dy in Ud x 
dc 0 [(1 — cw)? —c?u?]3/? 


Since this integrand function is always positive, 0y/dc never vanishes, save 
at x=0, there is no envelope, and hence no conjugate point. Furthermore, 
since 0y/dc is always positive, there can not be more than one member of the 
family (2) passing through any point, save at the origin. Hence there is a region 
of the plane simply covered by the family (2), and we have a direct proof of 
the existence of a field of extremals. Solving the equation, 
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f (1 —cw)w+ cv? 
a= dx, 
0 ur/[(1 — cw)? — cu? | 


for c, our solution must then be unique. Substituting this value of c in equation 
(2), we obtain the extremal curve which actually furnishes a strong relative 
minimum. 

It is interesting to note that this field of extremals (2) may or may not 
cover the entire plane. The critical points occur when c is equal to one of its 
limits (3) for then the denominator in (2) vanishes. The field will have an 
upper bound if, and only if, the integral 


f (1 — cw)w + cu? 
—________—____--——_( x 
0 ur/[(1 — cw)? — c2u?| 


exists with c=1/(wo+u), and a lower bound provided this same integral exists 
with c=1/(w,—u). In the latter case the above integral takes the form 


f (wi — www ur dx 
0 


- arJ/(w — w, + 2u) /(w — Ww) 


Hence a necessary and sufficient condition for the field to have a lower bound 
is that the integral J-dx//(w—w) exist. In like manner, it follows that a 
necessary and sufficient condition for the field to have an upper bound is that 
the integral [; dx/./(w)—w) exist. Experimental measurements! give for the 
current function of a straight stream the empirical form w=wi+(wo—wi) 
\/(1—«x?). With this function, our field of extremals would have a lower bound, 
but no upper bound. 
By making the substitution §=(1 oe in (2), we obtain the form 


(4) y= sen(0)| — f To 7m oo f ventas |. 


For the current function, w=2—x, dx=udé, and (4) is readily integrated into 


Uu 2 E 
y = sgn(o) | cosh¥e n (— _ ) Ve 1 | 
2 Cu ty 


From this, the curves in Fig. 2 were drawn for the values u=3, and c between 
the limits —}ScS%. This gives the extremal curves only for positive values 
of x, the other half being drawn from symmetry. Other interesting sets of 
curves can be obtained by taking u so that wo>u>wy. 

This problem suggests at once the extension to the case of a curved stream 
in which both the magnitude and direction of the current would be a function 
of the two variables x and y. Here we could also consider the problem with a 
variable end point, viz., starting from a fixed point on one bank, to determine 


1M. Merriman, Treatise on Hydraulics, 10th edition, p. 321. 
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the course of the boat so that the opposite bank could be reached in minimum 
time, with no specified landing point. Going into three dimensions, we could 
consider the course of minimum time for an airplane between two points. 
The Euler equations for the extremal curves would be more difficult to handle 
in general, but might be simplified for certain special current functions. The 
vector calculus should prove useful in this connection. 


SOME CURIOUS GEOMETRIC PROPERTIES CONNECTED 
WITH POLYGENIC FUNCTIONS 


By FREDERIC H, MILLER, Columbia University 


In this note we consider some geometric relations among certain direction 
angles in the z-, y- and o-planes belonging to polygenic functions! and their 
first and second derivatives. By a polygenic function (in contrast with a mono- 
genic function) of the complex variable z=x+7y is meant any function of the 
form 


(1) w= $(x,y) + (x,y) 


for which the Cauchy-Riemann equations are not obeyed. Here we assume that 
for some region the components @ and yw of w and their first and second deriva- 
tives are continuous real functions of the real variables x and y. The derivative 
dw/dz then depends not only on the value of z but also on the slope y’ =dy/dx; 
thus, we have :? 
dw We + Wyy 
(2) —=y=a+ if = ———_. 
dz t+ 
The quantity y therefore has infinitely many complex values at a point. Differ- 
entiation of (2) leads to the second total derivative of w with respect to 2:3 
d?w Wee t+ 2Wayy + Wy"? Wy, — 1W; 
(3) —— so = Ef ig = yyy) y * 
dz? (1 + iy’)? (1 + ty’)3 
Evidently o is a function of z and of the differential element (y’, y’’) of the 
second order along which the point is approached; that is, it depends on both 
the direction of approach and the curvature, as well as on the point in the 


Z 


Vt 


y . 


‘So named and extensively studied by Edward Kasner in a series of papers, among which 
the following are hereinafter referred to by number: I. A new theory of polygenic (or non-mono- 
genic) functions, Science, vol. 66 (1927), pp. 581-582; II. General theory of polygenic or non- 
monogenic functions. The derivative congruence of circles, Proceedings of the National Academy 
of Science, vol. 14 (1928), pp. 75-82; III. The second derivative of a polygenic function, Trans- 
actions of the American Mathematical Society, vol. 30 (1928), pp. 803-818. 

2 TI, p. 77. 

5 JIT, p. 804. 
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z-plane. Hence d*w/dz? takes on ©? values for each value of z, the derivatives 
y’ and y’’ varying simultaneously. But since the expression for ¢ is an integral 
linear function of y’’, it is seen that for a fixed value of y’ the locus in the 
g-plane will be a straight line. 

If we replace the partial derivatives of w in equations (2) and (3) by their 
values from (1) and separate into real and imaginary components, we obtain 
equations for a and 8 involving y’ and equations for £ and 7 containing both 
y’ and y’’. Elimination of y’ from the former pair of equations leads to the 
equation of the derivative circle,* 


(4) (a- H)’?’+ (8— K)? = + kh? = R’, 
the locus of points y corresponding to a given point z. Here 


2H =¢o,+ vy, 2K = — dy +z, 


(5) 
2h = bz — Wy, 2k = dy + vz. 


Letting 6, denote the direction angle of the element in the plane of z=x-+7y, so 
that tan 6,=y’=™m, it is easily found that the inclination 6, of the vector from 
the center (H, K) of the derivative circle to a point on it is given by 

B-—- K km?+ 2hm—k 


a—-H hm? —2km — h 


(6) tan 0, = 


Likewise, elimination of y’’ from the equations for & and 7 secures us the 
equation of the o-line,> whose slope is 


km + 3hm? — 3km — h 


(7) tan dé, = nn 
hm’ — 3km*? — 3hm + k 


Now it may be readily verified that a simple relation connects these three 
direction angles; we have, in fact, 


(8) tan (6, — 67) = cot 6. 


Assigning merely direction but not a sense to the three elements in their re- 
spective planes, we may restrict the direction angles to values 0°S@<180°. 
With this understanding, it is clear that 


(9) 6. +0, = Oy + (2n + 1)90°, 


where ” must have one of the values —1, 0, 1. It is of particular interest to 
note that this interdependence among the three angles is not affected by the 
function w or the values assumed by zg. 

We proceed to the implications of equation (9). For better comparison of 


41, p. 581. 
5 III, p. 812. 
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angular relations, let us suppose the three planes superimposed; then the follow- 
ing geometric properties are evinced: 

(a) If the z-element is horizontal, the y-radius will be perpendicular to the 
g-line. The y-vector then assumes the position of the phase vector® h-+7k; thus, 
if we denote by tan 6, the ratio k/h (the slope of the phase vector), we now have 
for 0,=0°, 0,=0, and 0,=6,+(2n+1)90°. 

(b) If the z-element is in a vertical position, equation (9) tells us that the 
y-radius and o-line are parallel. Since the vector in the y-plane moves through 
twice the angle traversed by the z-element and in the opposite direction,’ we 
have 0,=6,=0, when 6,=90°. 

(c) If the element in the z-plane is parallel to the radius in the y-plane, the 
g-line is vertical. 

(d) If the z-element and the y-radius are at right angles, the o-line is 
horizontal.- 

(e) Suppose now that 6, is increased from any particular value by an amount 
6. Then 6, will decrease by 26, and equation (9) shows’ immediately that 6, 
must be lessened by 36. Thus the three inclinations change in the ratio 
1:—2:—3. 

(f) Due to this ratio of rotation, the z-element and o-line will be parallel 
when 6,=6,= [6.+(2m+1)90°|/4, where m is some integer. Combining this 
with (9), we find 


(10) (2m — 4n — 1)90° — 6, = 6, — & ; 


hence, when the z-element and o-line are parallel, the y-radius will bisect one 
of the angles between the phase vector h+7k and the vertical. 

(g) By rotating the z-element an odd-numbered multiple of 22.5° from the 
position of (f), it will become perpendicular to the o-line. Then, for » some 
integer, we get from (9) and (10), 6,—0,=(26+1)90° and 


(11) (m — 2n — p — 1)180° — 6, = 0, — 6s, 


whence we see that the y-radius now bisects one of the angles between the phase 
vector and the horizontal. 

(h) When the y-vector is in a horizontal position, the z-element and o-line 
are symmetrically situated with respect to the 45° line. 

(i) Finally, if the y-radius is vertical, the element in the z-plane and the 
g-line are symmetrically situated with respect to the vertical. 


61, p. 582. 
7TI, p. 80. 
8 For this result, otherwise obtained, see also III, p. 812. 
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DOUBLY HOMOGENEOUS FUNCTIONAL EQUATIONS! 
By JOSEPH D. GRANT, James Millikin University 


An algebraic addition theorem? is defined as a polynomial relation between 
F(x), F(y), and F(x+y). This may be generalized to a polynomial relation 
between the functions of various linear homogeneous arguments which we shall 
call a homogeneous functional equation. The purpose of this paper is to show 
that, if such equations have constant coefficients and may be normalized, 
the solution may be made to depend upon the solution of an ordinary differential 
equation. 

Theorems III and IV of the first paper hold and Theorem II becomes: 
A solution F(x) implies a solution F(mx). Theorem I takes the following form 
for this generalized situation: 


Theorem V. A necessary condition that a homogeneous functional equation 
have a solution which 1s analytic at zero 

(a) except for a pole of order v>Q is that the terms of highest degree form an 
equation having the solution A_,x~?. 

(b) and has there a zero of order v>0 1s that the terms of lowest degree form an 
equation having the solution A,x”. 

(c) and has there the finite value k¥0 is that k be a root in the equation in F(0) 
formed by making all the variables zero, and that the linear terms resulting from the 
substitution F(x) =k+G(x) form an equation having a solution A,x’, v>0. 


In part (c), 2 is a solution in any case, but will be trivial if it stands alone 
without a second term in the series. The test for a second term given in part 
(c) applies equally well to parts (a) and (b) except that it leads to the considera- 
tion of equations whose coefficients are not constants. 

As examples we may consider, in order, the usual equations for cotangent, 
tangent, and cosine 


V(a) : F(x)F(y) — F(x)F(«e + y) — F(y)F(«@ + y) = 1 


for which 
F(x)F(y) — Fla)F(«% + y) — F(y) F(a + 9) = 0 


has the solution A_ix71. 
V(b) : F(x + y) — F(x) — Fly) = F(a)F(y)F (a + y) 


for which 
F(x + y) — F(x) — Fly) = 0 


has the solution A ,x. 


1 This is the author’s second paper with this title. The first one was published in this Monthly; 
vol. 36 (1929), pp. 267-273. 

2 Forsyth’s Theory of Functions (1918), Chapter 13; also Hancock’s Theory of Elliptic Func- 
tions (1910), chapter 2. 
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V(c) : F(x + y) + F(« — y) = 2F(«)F(y) 
for which 
v=y=0, F(O)=kA#O, 2k? —k) =0, R= 1 
and 


G(x + y) +G(«% — y) — 2G(%) — 2G(y) = 0 


has the solution A 9x”. 

As for Theorem I, the proof follows from a consideration of the identities 
which arise upon the substitution of a power series with undetermined coeffi- 
cients. 

That the homogeneous equations define the same range of functions as 
those which are doubly homogeneous is given by 


Theorem VI. For every homogeneous functional equation there exists a doubly 
homogeneous equation which includes among tts solutions all those of the homo- 
geneous equation. 

To prove this it will suffice to show an example of the method of formation 
of the doubly homogeneous equation and to note that the method is general. 
The following equation is satisfied by the Weierstrass “P” function 33 


[F(a + y) + F(« — y)|[F(«) — F(y) |? 
— 2F(x)F(y) F(x) + F(y)| + 4g2[F (x) + F(y)] + gs = 0. 


From this equation form two more having the same solutions by replacing 
x by x+y and by x—y. The condition that these three equations be con- 
sistent in $g and g3 is the vanishing of the following determinant: 


[F(x) + F(x — 29) |[F(@ — 9) — Fy)? — 2F@ — 9) Fy) [Fe — 9) + FO), Fe — 9) + FO), 1 
[F(x + y) + F(x — y)|[F@) — FQ)? — 2F(x) Fy) [F(x) + FO], F(x) + F(y), 1 
[F(x + 2y) + F(x) ][F@ + 9) — FO)? — 2F@e4+ 9) Fy) [F@+y) + FO)], F@ +9) + FQ), 1 


The result is clearly doubly homogeneous and is satisfied by any solution 
of the original. In general, one groups together terms of like degree, writes 
by repeated substitutions as many equations as there are different degrees 
for the terms, and eliminates the coefficients of the groups of terms to obtain 
the required doubly homogeneous equation. 

If some variable, say x, enters each of the arguments with the same coeffi- 
cient which may be taken as unity the equation will be said to be in normal form. 
It is possible to normalize some equations as is shown by the following example: 
F(a+5y) F(2x) — F(a@—3y)F(2x+4y) =0 has solution e”**. 

Form a second equation by replacing x by x+2y and a third by replacing 
y by 2y. The condition that these three equations be consistent in F(2x), 
F(2x+4y), and — F(2x+8y) is 


’ Whittaker and Watson’s Modern Analysis, 3rd edition, p. 442. 
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F(x+5y) , —F(x — 3y), 0 
0 ; F(x+i7y), Flw-y) | =0. 


The resulting equation is clearly in normal form and has the solution 
ke™@e"2?_ In general if the function of arguments requiring elimination enter 
linearly the above process will suffice. The remarkable simplicity of normal form 
equations is accounted for, in part at least, by the following theorem. 


Theorem VII. For normal form equations, a solution F(x) implies a solution 


F(«x+a). 


To prove this one may replace x by x+a and then F(z+a) by G(z). G(x) 
is seen to satisfy the same equation as F(x), which proves the theorem. 

Several interesting corollaries appear when this theorem is considered in 
connection with theorem one which stated that the first term of an ascending 
power series representing a solution must be a monomial solution. If F(«-+a) 
be expanded in Taylor’s series in powers of x, the first term will be F(a). Since 
F(a) will not in general be zero or infinite, an equation having a solution will 
have an arbitrary constant solution. If F(x) has a zero or pole of order », in 
the finite plane there will be some value of “a” which will place it at zeroso 
that the first term of the power series, and hence a monomial solution, will be 
x” or x~*. Since a doubly periodic function must have poles in the finite plane,’ 
a necessary condition for the existence of doubly periodic solutions is that 
there be a solution x~*(v>0). One also notes that complementary trigono- 
metric functions will appear as solutions of the same equations. 

It will be convenient to give the method of solution in detail for the general 
second degree equation in normal form in two variables which is 


(1) Dek (a + b:y)F(a + diy) = 0. 


The solution is effected by means of related differential equations. Expand 
each function in equation (1) by Taylor’s series in powers of y and arrange the 
result in ascending powers of y to obtain 


k=0 
wherein 
t ZZ i-1) 
(3) bo = (0,0)2%, d1 = (0,1)22', & = LG,i-) >, 
j=0 j!Gi — 7)! 
(4) (p,q) = DicidPbe+ bed), (pp) = Licibrdy. 
t=1 t==1 


Z% = F(x), tis 4k+1 if k is even and $(k+1) if & is odd. 


4 Whittaker and Watson’s Modern Analysis, 3rd edition, p. 432. 
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Theorem VIII. A necessary and sufficient condition that F(x) satisfy equation 
(1) ts that tt satisfy each of the differential equations $;,=0. 


The proof of this follows from the equivalence of the series (2) and the equa- 
tion (1) and the fact that both must be satisfied identically in y by a solution. 

To obtain the solution of the functional equation it is not (of course) neces- 
sary to solve the infinite set of equations ¢,=0. In any particular case one 
finds 6, =0, R=0, 1,---, m—1 and ¢,¥40, that is, some coefficient in dm is 
not zero. Differential equations of this type have been shown always to possess 
solutions analytic at zero which involve as many arbitrary parameters as the 
order of the highest derivative which appears in the equation.’ The solutions 
of dm =0 must then be substituted in the functional equation as they will not 
in general satisfy all the equations ¢;, =0. 

The essential properties of normal form equations, such as solutions and 
form, are invariant under the transformation 


x= a! + oy; y = By’, 


Before carrying out the computations for any particular example, it is desirable 
to have the equation in as simple a form as possible. 


Theorem IX. For every normal form equation, there exists one of the same 
degree having the same dm which is invariant under the transformation y= —y’. 


To prove this change y to —y in equation (1) and add the result to equation 
(1) if m is even or subtract if m is odd. The resulting equation will then satisfy 
the conditions of the theorem. 

The normal form equations in two variables thus separate into two types 
which may be designated as even and odd from their analogy to the equations 
F(y) —- F(—y) =0 and F(y)+F(—y) =0, respectively. The general even equa- 
tion of second degree is 


I 
>) 


ae + b;y)F(« + diy) — F(a — biy) F(x — d;y) | 


(bq) = Deesfbede+ ded — (— 6)°(— a) — (— b)(— dd?}, (,p) = 0. 


One notices that ¢2,=0 for all 7’s. 
Similarly for the general odd equation of second degree, 


0. 


Deel Pa + b;y)F(a + diy) + F(x — biy)F(a — d;y) | 


i=1 


One notices that ¢2,41=0 for all r’s. As a special subclass of the odd equa- 
tions one has those in which every term is invariant. 
To illustrate the method we shall solve the following even equation: 


6 Forsyth’s Differential Equations (1900), vol. 2, p. 26. 
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F(x — y)F?(x)F(x + y)F(a + 2y) — F(x — 2y)Fla — y)F2(x)F (a + 9) 

+ F(x — 2y)F(a — y)\F(x + y) — Fla — y)F8(x + y)\F (a + 29) 

+ F(x — 2y)F(x)FPr(e + y)F(a + 29) — Fla — 2y)F*(ax — y)F(x)F(a + 2y) 
+ F(a — y)F(a)F(« + 9) — Fla — y)F(x)F (ax + 9) 

+ F2(x)F'(a + y)F(ax + 2y) — F(x — 2y)F*(x — y)F(x) 

+ F(x + 2y)F?(x — y)F*(x + y) — F(x — y)F'(a + y)F(« + 2y) = 0. 


One sees that a solution F(x) implies a solution [F(x)]-'. For, if one re- 
places F(x) by 1/G(x) and multiplies throughout by G(x«—2y)G?(x—-¥y)G?(x) 
G3(x+y)G(x+2y), G(x) is seen to satisfy the same equation as F(x). 


dm = 2AL2ALZY — LLL — 3LZLP2L"" 4- 3BZ"7Z"") = 0. 


By three quadratures this is reduced to Z%=By+B.Z?+ BZ! whose general 
solution® is c-sn(ax-+b, k). There are also a number of degenerate solutions, 
some of which are 


c:sin(ax-+ 6), By = 0; c-tan (ax + 0), Bo? = 4By)Bs; c-esc (ax + 6), Bo = 0; 
c:e%, Bo = Bg = 0; (ax + b), B, = By = 0; (ax + 6)-}, Bo = Bo = 0. 


To complete the solution we must show that s(x, k) is a solution of equation (2). 
Pierce’s integral tables give, as number 725, 


sn (x + y) sn («x — y)f1— k? sn? x sn? y} = sn’? x — sn? y. 


From this form two equations by replacing x by x+y and by x—y. The 
quantities k?sn*y and sn’y enter linearly into the three equations and their 


elimination results in equation (5). 
As an example of an odd equation we shall solve 


F(a + y)F(a — 2y) + P(x — y)F(« + 29) 
+ F(x) — F(x +2y) F(a) P(e — 2y) — 2F(e + y)F(x)F(@ — y) = 0. 
A solution F(x) implies a solution e"*F (x), by Theorem IIT: 
dm = LZLZ"ZY — ZPLZY — ZZ"? 4 IZ" — Z'8 = 0. 
Two quadratures will put this in the form 
LZ" — 2nZ' + (w+ a®)Z = O, 


whose general solution is c-e"*sin(ax+6). One easily checks the solution sin x. 

However, it is not always true that every solution of dm=0 is a solution 
of the functional equation.. To see this we may consider the following odd equa- 
tion which is symmetric term by term: 


6 sn(x+0, k) is defined as the solution of g’ =(1—z?) (1 —kz?). 
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(6) F(a + 2y)F(« — 2y) — 4F(a + y)F(a — y) + 33F2() =0. 


bm = ZZ — 42/7!" + 3Z'2 = 0, 


which may be written 


zn} —( 2) +6] <a Z) = 0 
ax4 88 ax? 88 |}- 


whose general solution is seen to be c-e"*a(x-+0, 0, g3). To check the solution 
a(x, 0, gs), one would need to know properties in addition to its differential 
equation. If it is not a solution, it may be easier to find one of the ¢, =0 which 
it does not satisfy. In this case o(x, 0, g3) is not a solution of 


og = ZZ 8) — 67'7 (5) + 15Z"Z4) — 107/72 = 0. 


The general solution of (6) will then be seen to be the degenerate solution of 
odm=0, namely e"*(ax+)). 

It will be of interest as a further illustration to determine all the odd second 
degree normal form equations in three arguments which can exist. The general 
equation is 


col*?(x)-b oF (a+ y)F (a— y) +02 [F2( x+y) +F2(2—y) | 
+¢3F (x) [F(«+y)+F(«—y)]=0. 


A necessary condition that there be any solution analytic at zero is (0, 0) = 
Cote1+2co+2c3=0. The other coefficients one needs to consider are 


(7) 


(0,2) = 2c, + 4c. + 2c; ; (1,3) = 2(1,1) ; (1,5) = 2(1,1) ; 
(1,1) = — C1 + 2Ce ; (2,2) = €1 + 2¢2 ; (2,4) = 2(2,2) ; 
(0,4) = (0,2) ; (0,6) = (0,2) ; (3,3) = (1,1). 


If the equation (7) have factors rational in F, the problem is not one of 
second degree equations and may be omitted from consideration. The con- 
dition for such factors is 


262 Ci Cz 
A= Cy 26. Csi =O. 
C3 C3 20 
Substituting the value of co from (0, 0) =0, one finds 
A = (¢1 — 2¢2)(¢1 + 2c. + cs)? = 0. 
A = (1,1)(0,2)? = 0. 
From this one sees that the necessary and sufficient condition that the equa- 


tion (7) shall not have factors rational in F is that neither (0, 2) nor (1, 1) be 
zero, 
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Let us write, then, (0, 2)=a+0; 2(1, 1) =b+40; 6(2, 2) =n. 
The differential equations having the coefficients are 
do = aZZ"" + bZ" = 0, 
(8) ds = aZZ) + 40Z/Z'" + nZ'? = 0, 
ds = aZZ® + 40Z'Z® + SnZ"Z + 1002" = 0. 


Since any solution of equation (7) is a solution of each of the equations (8), 
it is necessary that the equations (8) be consistent. 
The consistency condition for d2=0, 67 =0, dz’ =0, d4=0 Is 


(9) nb = (2a — b)(a + 26). 


The consistency condition for ¢2:=0, ¢:’=0, 62’ =0, o2’’ =0, gd. =0, 
és=O0, after writing for m its value from (9), is 


(a — b)(a + b)(a + 26)(2a + 6) = 


Hence there can not be more than four odd second degree normal form 
equations in three arguments which do not have rational factors in F. The 
four equations exist and are unique. The following list then comprises all 
possibilities. 


I. a-b=0, Zi" +2" =0, = (px + gq)”. 
F(a + y) + F(x — y) — 2F%(x) = 0. 
Il. a+6=0, ZZ" —Z'* =0, = ger", 
F(a + y)F(x — y) — F?(x) = 0. 
Ill. 2a +b=0, ZZ" — 2Z" = 0, = (px +q)7. 
2F (a + y)F(a — y) — F(a)F(« + y) — F(a)F(@ — y) = 
IV. a+20=0, ZZ" — Z'? = 0, Z = (px+9)?. 


F(x + 9) + F(a — y) — 2a + y)F(a% — 9) 
— 16F2(«) + 8F(x)F(% — y) + 8F(«)F(x + 9) = 0. 
The problem of exponential multipliers for solutions of normal form equa- 
tions is easily handled. Before stating the theorem it will be desirable to show 
the existence of an equation for which a solution F(x) implies a solution e”* " F(x) 


for each positive integer v. For equations in one variable this is seen from 
F(2x) = F? (x). The two term normal form equation 


TF + ay) = [FG + 6) 
al q==1 
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will have this property if’ ai=)0; A few sets of such numbers will be of interest 


—1, +1400, 
—~1,-1,+22+41,41,-2 
~3,-4,4+3,+42-—5,45.00, 
—~1,-5,-9,4+5,+8=5—7, —8,1,5,9, 
5 


—~5,—-6,—11, +5, +6, +11 2-1, —9, —10, +1, +9, + 10 


That sets will exist for all positive integers v is shown by a theorem due to E. B. 
Escott.® 


a;~b;, R~0 implies a,, b;+kttZa;+kh, dy. 
For the two term equation 


o+l1 
On = Zr hOB Z) = 0. 


Theorem X: The necessary and sufficient condition that for the equation 


Does []F(« + diy) = 0 
j=l t=1 
a solution F(x) imply a solution e*’*F(x) is that) b= M. (independent of j) 
j=1 
for each wv. | 
The proof follows by direct substitution. 


Two corollaries follow at once. Since the conditions are symmetric functions 
of the b;;,v+1sr. Also a multiplier e” implies a multiplier e?°7, 


The following equation for the sigma function will further illustrate the 
theorem 


F(a + 3y)F(a + y)F4(x — y) + F(a + Qy)F (a + y)F3(x) F(x — 3y) 
+ Fla + 2y)F'(a + y)F(a)F(a — 2y) — Fla — 3x)F(a — y)F4(x + y) 
— F(x — 2y)F(a — y)F3(«)F(a + 3y) — F(a — 2y)F?(% — y)F(a)F2(x + 2y) 
=, 


The sum of 0;; is zero for each term and the sum of 03, for each term is 14. 
The solution is ke™*e"™* o(x-+, go, gs). 


7 L. E. Dickson’s History of the Theory of Numbers, vol. 2, chapter 24. The symbol 2 means 


that the sums of all positive powers of the two sets of integers are equal up to and including the 
power Jv. 


8 Quarterly Journal of Pure and Applied Mathematics, vol. 41 (1910), p. 144. 
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GENERALIZATIONS OF PASCAL’S AND 
BRIANCHON’S THEOREMS 


By GLENN JAMES, University of California at Los Angeles 


For convenience we first consider the converse of Pascal’s theorem and state 
it in the following form: Jf the intersections of opposite sides of a hexagon are 
always collinear any vertex describes the conic determined by the other five. We 
shall consider five of the vertices, hence four of the sides, as fixed. One pair 
of opposite sides will then be fixed and their intersection will be the base of a 
pencil described by the line on the intersections of the other two pairs of 
opposite sides. The base of this pencil will, of course, be the center of per- 
spectivity of the two ranges cut off by the pencil on the other two fixed sides. 
We shall speak of this pencil and any ranges on these fixed sides, whether or 
not they are perspective, as the Pascal pencil and the Pascal ranges. The 
varying vertex of the hexagon will be said to be opposite the line joining corre- 
sponding points on the Pascal ranges. The object of this paper is to determine 
the loci of the varying vertex when the intersections of opposite sides of the 
hexagon are not necessarily collinear but certain restrictions have been placed 
upon the triangle which they form. Obviously, the Pascal ranges may then be 
projective and not perspective and all six vertices of the hexagon may not lie 
on the same conic. The conic determined by the five fixed vertices and the 
triangle formed by the intersections of opposite sides of the hexagon will be 
termed respectively the base conic and the defining triangle. 


Theorem I: Jf the line on corresponding points of the Pascal ranges envelopes 
a conic tangent to the bases of the ranges, the opposite vertex of the hexagon de- 
scribes a conic which has the two nerghboring vertices in common with the base conic, 
and conversely. 


Proof: Denote the fixed vertices of the hexagon by Ai, Az, As, Aa, As, 


1930] PASCAL’S AND BRIANCHON’S THEOREMS 79 


the varying vertex by A, and the Pascal ranges on the sides opposite AiA¢ 
and A;A¢, respectively by P,; and P;. Then the pencils A,;As and A;A¢ are 
projective whenever the ranges P; and P, are since the ranges are sections 
of the pencils. 

This simple theorem includes the Pascal theorem and its converse; for when 
the ranges P,; and P, are perspective As is a self-corresponding point and 
A,A,—A,As; is the center of perspectivity. The dual of this theorem bears a 
similar relation to Brianchon’s theorem. 


Theorem II: If the determinant |X,, Yo, 1|, where X;Y; are the cartesian 
coordinates of the intersections of opposite sides of a hexagon 1s equal toaconstant 
then any vertex describes a conic which cuts its base conic in four real points, two 
on each of the moving sides when these are parallel to their opposite sides, and 
conversely. 


Proof: Since the coordinates of the moving point enter linearly! in the 
coefficients of the equations of the moving sides, the equation of the locus of the 
moving point is of the form 


(1) A = KD,D2Ds, 


where K is some constant, A=0 1s the equation of the base conic, D; is the de- 
terminant of the equations of the pair of fixed opposite sides and Dz and D3 
are respectively the same functions of the other two pairs of opposite sides. 
The determinants D, and D3 are linear in the coordinates of the moving point. 
Since (1) is quadratic, its locus obviously passes through all points on the base 
conic whose coordinates make either D2, or D3 zero. When the moving vertex 
coincides with a neighboring vertex of the hexagon, one of the moving sides 
is indeterminate. Hence D2 or D3, as the case may be, is zero. Each of these 
determinants is also zero when the varying line, whose equation enters into it, 
is parallel to its opposite side. To prove the converse, it suffices to note that 
any fifth point on the given conic, other than the four given points, will deter- 
mine a real value of K. 

It is of interest to note that when the moving point is on an intersection 
of the two conics the defining triangle, with an area not necessarily zero, re- 
duces to an infinite segment of a straight line. In other words the area has taken 
the form 0- ©, which is defined to have the value chosen for the area of the 
triangle. In stating the above theorem, it has been assumed that the vertices 
of the defining triangle would be taken in a given order. If, however, we merely 
take the numerical value of the area of this triangle, (1) becomes a quartic 
whose locus is two conics, both of which are given by the following construction. 

To construct points on the conic defined by (1), which we shall call a 
principal conic, we proceed as follows: Using the notation of Theorem I, 


1 Because of this relation, it is evident that one can impose many different conditions upon 
the defining triangle which will restrict Ags to lie upon a conic. However, the one used in this 
theorem is typical and seems to be the most interesting. 
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draw through one of the fixed vertices, say As, an arbitrary line. Join the inter- 
section of this line and A2A3 to the point 4d243;—A4A;. Divide this line segment 
into twice the constant given for the area of the defining triangle. Then con- 
struct parallels to the line on the line segment at distances numerically equal 
to this quotient. The points where these parallels intersect A3A4, taken in 
turn with A, determine lines which intersect the arbitrary line through A; in 
two points, one on each of the principal conics defined by taking the vertices 
of the defining triangle in different orders. 

It follows from equation (1) that the configuration of twelve conics (or 
twenty-four if we disregard algebraic sign) defined by Theorem 2 reduces to 
a single conic when the area of the defining triangle is zero. The dual of this 
theorem, that is the corresponding generalization of Brianchon’s Theorem, 
is as follows: 


Theorem 2. If the determinant |A 1, Bo, 1 , where A;xX+B;Y+1=0 are the 
equations of the lines joining opposite vertices of a hexagon 1s equal to a constant, 
any side of the hexagon envelopes a conic which has four real tangents 1n common 
with its base conic, two on each of the moving points when these are tdeal pornts, 
and conversely. 


QUESTIONS AND DISCUSSIONS 


The department of Questions and Discussions in the Monthly is open to all forms of activity in 
collegiate mathematics, including the teaching of mathematics, except for specific problems, especiaily 
new problems, which are reserved for the department of Problems and Solutions. 


DISCUSSION 


A Note on HoRNER’S METHOD OF SOLVING AN ALGEBRAIC EQUATION 
By C. W. Bruce, Wesleyan College, Macon, Ga. 


In the determination of incommensurable roots of an algebraic equation by 
Horner’s method after the roots have been isolated by some one of the various 
methods, the procedure as given in text books is as follows: Suppose one root 
lies between 2 and 3. First, the roots of the equation are diminished by the 
whole number 2. The resulting equation will have a root between 0 and 1. 
An approximate value of this root is found by neglecting the terms of second 
degree and higher, and setting the first degree term equal to the negative of 
the known term. The question arises: will this approximate value of the 
variable be an approximation to the desired root, or to some other root of the 
equation? There is no obvious reason why this should give one root rather than 
another. In answer to the above question let us consider the cubic «3+ ax?-+ bx 
+¢=0, which has incommensurable roots. 


Case I. All the roots positive. Let the roots be 7, 7’, and 7’’ where r<r’<7r’’ 
and ry is not integral. Neglecting the first two terms of the equation we get 
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v= — 6/b = rrr / (rr + rr! + a'r"), 
If x is to be an approximation to 7 rather than to 7’ or r’’, then must 
ry y!! rye! 


a /} ven i aren /} / ott 
ry trr +rr yo otrr'+yrr 


Clearing of fractions and omitting terms which cancel gives —?7?r’—rr’’<rr”? 
+7"r'" which is evidently true, showing that when all the roots are positive 
the method gives an approximation to the smallest root. 

Case II. One root negative, two positive. Let the roots be 7, r’, and r’’, where 
r<r’<r"’ and r’ is not integral. 

As in case I x=rr'r’’/(rr'+rr''+r'r'’), The numerator is here negative. 
The two terms rr’ and rr”’ in the denominator are negative. The sign of x will 
be positive if ler! err! | >r'r'’, This may or may not be the case. Hence the 
usual process may or may not lead to the desired result in this case. 

Case III. Two roots negative, one positive. Let the roots be 7, 7’, and r’’ 
where r<r’<r’’ and r”’ is not integral. 

Again x=rr’r''/(rr’+rr''+r'r''). The numerator here is positive. In the 
denominator rr’ is positive, 7/r’’+rr’’ is negative. x will be positive if rr’> 
ele bre! . 

If this inequality is not true the method again fails. 

The method will always work for the smallest root provided the first trans- 
formation of the equation makes all the roots positive. The method may or 
may not work for the remaining roots. Since the numerical value of the root 
looked for is made small in the first transformation of the equation, the method 
works more often than it fails. 


RECENT PUBLICATIONS 
EDITED BY RoGER A. JoHNson, Hunter College of the City of the New York. 


All books for review should be sent directly to the editor of this department and not to any of the 
other editors or officers of the Association. 


The Pastures of Wonder. By Cassius Jackson Keyser. Columbia University 
Press, New York, 1929. xii+208 pages. $2.75. 


In this book the author has carried to the extreme the tendencies shown in 
his previous writings concerning mathematics, and has attached here also his 
views of science. He has departed widely from his view, once expressed, that 
science is “a sublimated form of play, the austere and lofty analogue of the 
kitten playing with the entangled skein or of the eaglet sporting with the 
mountain winds.” 

He discusses two “realms”: that of mathematics, and that of science. 
That of mathematics, in brief, he asserts is nothing more than deductive logic. 
That of science he proposes to limit to the establishment of categorical pro- 
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positions. Mathematics is an edifice of hypotheticals, science an edifice of 
categoricals. With the first idea many will take issue. The proposal many will 
reject. That some mathematicians and some others have wished to limit mathe- 
matics to its purely logical aspect is of course true, but mathematicians generally 
refuse to agree that what is thus excluded is not mathematics. That the de- 
ductive reasonings from hypotheses in science do not constitute a legitimate 
part of science few will agree with. There are of course scientists who would 
limit science to accurate and ordered accounts of phenomena. But this limita- 
tion appeals to few. The author undertakes to meet certain challenges to his 
definitions, and of course disposes of them to his own satisfaction. The book is 
a natural outcome of the notions of the “logistic” development by Russell 
and others. The antidotes for this disease to be found in the writings of Poincaré 
and others need to be more widely spread. One of the most serious challenges to 
logistic is the simple question: What constructive mathematics has it ever 
produced? To confine mathematics to logistic is worse than to confine it to 
“the study of integers and what can be got out of them, and nothing else.” 

To quote an example which the author himself gives, the proposition that 
“the square on the hypotenuse of a right-angled triangle is equal to the 
sum of the squares on the other two sides” is a categorical proposition, and is 
not therefore mathematical. This is,according to the author, the conclusion from 
a set of unstated “Euclidean” postulates, and a conclusion by itself is nota 
mathematical proposition. The mathematical proposition is the statement 
that this conclusion follows from the original postulates. On this basis all 
conclusions in mathematics would seem to be in science, not mathematics. 
The only thing left to mathematics is the barren statement that the conclusion 
has been “proved.” The premises may be false, they may be mere empty 
symbols, and the conclusion may be nowhere applicable, but if the logic is 
correct (and this is a big assumption)then we have a mathematical statement. 
It is the old and absurd statement of Russell, that in mathematics we do not 
know what we are talking about nor if our conclusions are true. But one needs 
only to notice that we have struck here an endless sequence from which we can- 
not escape. For we should say above; if the process of logic used in demonstrating 
Pythagoras’ theorem 1s valid, then the conclusion is a consequence of the postulates. 
Now this is itself a hypothetical proposition, and zts conclusion 1s a categorical 
proposition. Thus the original statement that the theorem of Pythagoras 
follows from the postulates of Euclid is categorical and so not mathematical. 
This can be extended ad libitum. In fact, every hypothetical proposition 1s 
also a categorical proposition, and the distinction the author desires to make 
breaks down. 

The statement of Benjamin Peirce, made years before Russell’s work, that 
mathematics is the science that draws necessary conclusions, is the basis for 
these logistic arguments. But the other statement of Peirce is almost invariably 
omitted. It is that the processes of logic cannot be applied without being trans- 
muted into various forms, and this transmutation is the mathematical process 
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in the inquiry. This is very important, for a large part of mathematical investi- 
gation does not consist in drawing conclusions, but in building structures of 
thinking. Most of mathematics consists in the development of ideal structures. 
The brilliant son of Benjamin Peirce, Charles Saunders Peirce, gave as the 
definition of mathematics, in the Century Dictionary, “the study of ideal 
constructions (often applicable to real problems), and the discovery thereby of 
relations between the parts of these constructions, before unknown.” He adds, 
“The observations being upon objects of imagination merely, the discoveries 
of mathematics are susceptible of being rendered quite certain.” Such observa- 
tions are categorical assertions. 

The author of the book under review makes much of the forms of proposi- 
tions and elaborates this with various examples of syllogism. But he evidently 
fails to see that forms themselves are objects, and assertions about them are 
categorical assertions. It was Kempe who wished to define mathematics as 
the science of pure form, but he was quite clear in his vision of forms as ideal 
objects, in practically the same sense as C. S. Peirce. As the author says on 
page 99, mathematical verities are eternally true, but not because they are 
mere logic. Mere logic itself is an ideal creation of the human mind, and may be 
utterly changed. Witness the work of Brouwer on the law of excluded middle. 
They are true because the human mind has the ability to see the universal 
characters in its own creations. 

As for the proposed definition of science, we may leave the scientist to 
accept or reject it. The discussion of the proposal with imaginary scientists, 
of course frames answers for the objections already set. The proposal seems to 
have as one aim to exclude mathematics from science. This has already been 
done if we accept the common modern view that science is based on the observa- 
tion of the natural world. Also he tries to exclude the mathematical ideals of 
methodology and thought from science. This is being rapidly accomplished by 
modern physics in some directions, but is being equally rapidly shown to be 
impossible in others. The reviewer is referring to Bridgman’s Logic of Modern 
Physics, and to all the present exposition of atoms as matrices. The author of 
course admits the necessity for the scientist to use mathematics, and probably 
would not deny the fact that many advances in mathematics have originated in 
scientific problems. 

The title, “Pastures of Wonder,” is ascribed in the preface to the existence 
of two great realms, the categorical and the possible (equivalent to hypothetical?) 
and the wonder these two create. But the two worlds are also called proposi- 
tional, and one may well ask if the universe consists merely of propositions, for 
human experience would certainly deny this statement. And propositions 
later are defined to be only those statements which can be tagged as true or 
false. Are there no others of use? And the old, old question, which Russell 
gave up, still remains: What does true or false mean, and why choose one rather 
than the other? 

The universe is indeed filled with pastures of wonder. One of these is the 
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pasture of beauty. One can defend the play of the mathematician as the loiter- 
ing of an enchanted spirit in this pasture. And this pasture is not the rarefied 
ether, empty of all content. Mathematics would have died of inanition long 
ago were it that. For all creative mathematicians are chiefly concerned in 
making categorical assertions about the ideal world in which they live. This 
is what the “educated layman” to whom the author addresses his essay should 
understand as the meaning of the term mathematics. If the layman will pick 
up almost any book on mathematics he will find that the writer is chiefly con- 
cerned with the properties, the characters, the structure, the relations of the 
mathematical objects he is considering. And he should not be misled into 
thinking that the only feature of the book which is mathematical is the empty as- 
sertion that the conclusions follow from the premisses. He will find indeed that 
the greater part of the book is derived from direct intuition and not from logic 
at all. If he succeeds in seeing the structures discussed as the writer sees them 
he will be filled with wonder at their beauty. 
JaMEs BYRNIE SHAW 


Elementary Differential Equations. By Thornton C. Fry. D. Van Nostrand Co., 
New York, 1929. x+255 pages. 


A textbook on elementary differential equations consisting of 250 generously 
sized pages, written by one who is prominently connected with the mathematical 
research side of electrical engineering is sufficient to pique one’s curiosity and 
justify the expectations that a book particularly suited to introducing engineers 
and engineering students to the desirability and fascination of differential 
equations has appeared. The book, as stated in the introduction, is actually 
based on out-of-hour courses of the Bell Telephone Laboratories. This fact 
is, of course, responsible for some of the idiosyncrasies of the book, more 
detailed explanation of some of the elementary processes, slighting of some 
topics, and overemphasis on others, especially linear differential equations with 
constant coefficients, and many fascinating side remarks, which enliven the 
text and the footnotes. 

The amount of actual material in differential equations covered in the book 
is a little disappointing in its meagerness, when one considers the size of the 
book. Analysis shows that the book covers little more than one frequently finds 
in the closing chapters of a good first book on calculus: i.e., the standard 
methods for solving ordinary differential equations of the first order, a passing 
mention of the solvable cases of the second order, where dependent or inde- 
pendent variable are absent (treated as a parting shot in the chapter on differ- 
ential equations of the first order), and linear differential equations with con- 
stant coefficients. The material not usually found in a book on calculus is a 
treatment of singular solutions of first order differential equations (why im- 
portant for the engineer?) a rather extensive group of applications, the exposi- 
tion of the symbolic method of solving linear differential equations with con- 
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avoid confusion, if entirely different letters were used for the two concepts. After 
all, what is the matter with D as a symbol for derivative, as contrasted with p? 
The book should prove stimulating and helpful to the engineering student 
of differential equations, provided he is warned in advance that not all differ- 
ential equations are linear with constant coefficients. 
T. H. HILDEBRANDT 


Seven Place Natural Trigonometric Functions, together with many mis- 
cellaneous tables and appendices on the adjustment of the engineer’s transit and 
level, area computation, vertical curves, simple curves, and determination 
of latitude, longitude and azimuth. By Howard C. Ives. John Wiley and Sons, 
New York, 1929. vi+222 pages. $2.50. 


The major part of this book consists of seven-place tables of the natural 
trigonometric functions. It is pointed out in the preface that the widespread 
adoption of calculating machines is having the effect of rendering logarithms 
to some extent obsolete, and necessitates the use of tables of natural functions. 

Tables I-V give the six trigonometric functions, versed sines and exsecants, 
chords and co-chords, for angles differing by one minute. Table VI is the inevit- 
able table of lengths of circular arcs with unit radius, that is to say a mere 
multiplication table for 7; and table VII, transforming degrees to radians, merely 
repeats a part of VI. There is a table of powers, root, and reciprocals; and the 
remaining tables are chiefly of interest to the engineer. 

An excellent syllabus of trigonometry, mensuration, and other topics 
needed by the engineer, together with a section on adjustments of instruments, 
should render this a most useful little volume. 

To the mathematician the most obvious fault of the book is the lack of 
any suggestion for interpolation except by the usual method of first differences. 
In fact, in the explanation of the tables there are explicit directions for the use 
of this method. When we are dealing with seven places of decimals there is 
evidently danger that simple interpolation will not be accurate; the possible 
error is of course of the order of one-eighth of the second differences. It turns 
out that simple interpolation is accurate for all sines and cosines; and perhaps 
for all trigonometric functions less than unity. For tangents and secants of 
angles greater than 45°, however, correct results can be obtained only by using 
second differences, and directions for this process should accompany the tables. 


R.A. J. 


Plane Trigonometry (With Tables). By Ernest Jackson Oglesby and Hollis 
Raymond Cooley. Prentice-Hall, Inc., New York, 1929. xii+226 pages. 


In the construction of this text the authors seem to have not only carefully 
considered the subject matter that should be included but also the best method of 
presenting and developing this subject matter that it might be attractive and 
interesting to the student as well as teachable for the teacher. One of the very 
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striking features of the book is the introduction of each new chapter with 
preliminary leading questions in order to put the student on the alert for the 
discussion which is to follow. The good effect of this scheme is enhanced by 
means of the occasional appearance of significant questions throughout the 
body of each chapter. 

Additional features which the authors “think merit the special consider- 
ation of teachers of mathematics” are the introduction of “the trigonometric 
functions of the general angle before proceeding with the special application 
to the acute angle,” the treatment of the general triangle, and the two last 
chapters of the book which are devoted to polar coordinates and complex num- 
bers respectively. In the discussion of the general triangle the law of sines has 
been introduced and then the far-reaching application of this law and the need 
for other formulae are shown in the discussion of the four cases that arise in the 
solution of the general triangle. The addition formulae are introduced as a 
means by which the law of tangents may be derived, the purpose being to illus- 
trate at least one practical application of these formulae. 

The introduction to the use of logarithmic tables is very well developed and 
seems to present the necessary instruction in a carefully planned manner. 
The book also contains a rather complete and usable set of logarithmic and trigo- 
nometric tables. 

Last, but by no means least, the printers have done an excellent job in the 
printing of this text. The type is such that the reading will not be a strain on 
one’s eyes, the figures and tables are clear and well constructed, and a good 
grade of paper has been used. 

In general, the text impresses one as being a book that deserves the careful 
examination of those teachers who desire texts that will not only contribute to 
the information of their students but also tend to develop their interest in 
mathematics as well as to cultivate an appreciation of mathematics. 


F. L. WREN 


Statistical Mechanics. By R. H. Fowler. Cambridge University Press, 1929. 
The Macmillan Company, New York. vili+570 pp. 35 shillings. 


So long as a dynamical system has a reasonably small number of degrees of 
freedom, it is practical to study the evolution of the system by an examination 
or actual solution of the equations of motion. For dynamical systems of very 
many degrees of freedom, such as a gas, this detailed study is out of the 
question, and one utilizes the methods of statistical mechanics. If the number of 
degrees of freedom is, for example, 2, a complexion of the system is completely 
specified by giving the location of a point in a so-called “phase space” of 2” 
dimensions, ” of the variables corresponding to the positional coordinates 
G1 * °° Qn of the dynamical system, while the remaining » variables correspond 
to the associated momental coordinates p,--- py, Asingle pointin the phase 
space thus represents a system, and the trajectory of this single point gives 
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the successive configurations through which the system passes. It is, more- 
over, an essential part of the technique of statistical mechanics to consider 
not this representative point of a single system, but a whole dust of points 
in the phase space corresponding to a very large number or “ensemble” of 
systems, alike in their constitutions but differing in their phases. 

Having assumed a certain distribution of such representative points in 
the phase space, one then seeks to determine what physical properties are 
enjoyed by an overwhelming majority of the dynamical systems which the 
various points represent. If a certain property is characteristic of all but an 
infinitesimal! fraction of the systems, one then concludes that this property 
will be possessed by one actual system during all but a negligibly small fraction 
of the time. There are two subtle difficulties here, neither of which has ever 
been satisfactorily analyzed; viz., there is no really satisfactory basis for the 
choice of density of the representative points in the phase space, and there is 
no satisfactory justification for the identification of the number average over 
the ensemble with the time average for one system. 

From a mathematical point of view, the two matters just mentioned are 
among the most interesting aspects of statistical mechanics. The treatise 
under review is not concerned with these difficulties; although the author, in 
a clear and illuminating preliminary statement, calls attention to them. The 
volume is, in fact, not a critical study of the foundations of statistical mechanics, 
but rather a rich and varied development of the applications of statistical 
mechanics to problems of modern physics. Some idea of the scope and import- 
ance of these applications is gained from the following partial list of subjects 
treated, taken from the table of contents: assemblies of permanent systems; 
specific heats of simple gases; partition functions for temperature radiations 
and for crystals; dissociation and evaporation; the relationship of the equilib- 
rium theory to classical thermodynamics; Nernst’s heat theorem and the chem- 
ical constants; the theory of imperfect gases; interatomic forces; applications 
of the equilibrium theory to thermoionics; the dielectric, dia- and paramagnetic 
constants of gases; the properties of dilute solutions; atmospheric problems; 
applications to stellar interiors; chemical kinetics in gaseous systems; fluctua- 
tions. Any discussion here of the five hundred sixty pages of detailed analysis 
applied to these problems is both impossible and inappropriate. It must 
suffice to say that the problems treated are of first rate importance, and that 
the exposition is clear and accurate, although it naturally demands a con- 
siderable amount of physical and mathematical sophistication on the part of 
the reader. The treatise is a brilliant and monumental piece of work which 
is certain to rank, for many years, as one of the most useful, complete, and 
scholarly books ever written in this field. 

Although the reviewer does not feel it wise to discuss at this place the more 
purely physical aspects of this book, there is, nevertheless, one such matter 


1Infinitesimal, in the accurate sense, as the number of dynamical systems becomes infinite. 
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of principal importance which should be at least mentioned. It is one of the dis- 
tinguishing features of this treatise that the quantum aspects of the statistical 
problems are introduced ab inztzo so that classical statistics appears as a natural 
limiting case of the more general quantum statistics, rather than that quantum 
statistics appears as a bizarre departure from classical statistics. 

It was mentioned above that Professor Fowler had been interested in this 
book in applying statistical mechanics, rather than studying statistical me- 
chanics as such. In the process of application, however, he has made a great 
improvement in technique and has added materially to the elegance, logical 
accuracy, and ease with which the calculations may be carried out. This matter 
is of particular mathematical interest and deserves discussion here. To simplify 
the discussion, suppose that the type of dynamical system under consideration 
is a gas of given volume, etc., and that one is investigating the law for the 
distribution of velocities of the various molecules forming one of the systems. 
Given a distribution of representative points in the phase space, one calculated, 
according to the older procedure, the most probable distribution of velocities; 
meaning the distribution of velocities which would most probably be found to 
obtain in a gas sample picked at random from the ensemble of samples. One 
then argued that this most probable law for the distribution of velocities was 
not only the most probable but that it (or one differing negligibly from it) 
was characteristic of all but an infinitesimal fraction of the systems forming 
the ensemble. When these two points had both been argued, one called (follow- 
ing Jeans) the property in question a “normal” property. 

Of the two steps just noted, the latter offers considerably more diff- 
culty, and it has become not infrequent for authors to omit this portion of the 
argument entirely, partly because it is hard to make it accurate and partly 
because of the general optimistic belief, based on experience, that a most 
probable property is likely to be also a normal property. Professor Fowler, 
using the new procedure inaugurated by Darwin and himself, considers the 
normal properties of an ensemble to be the average properties rather than the 
properties of maximum frequency of occurrence; and in the calculation of these 
average properties, Darwin and Fowler have introduced a most clever and con- 
venient method of calculation. The calculation of these averages, in fact, 
requires the calculation of complicated sums of factorials. In the older pro- 
cedure, such factorials were approximated by the Stirling formula, and the 
disagreeable task of determining the degree of approximation in the final results 
was usually neglected. <A typical, although simple, example of the sort of 
factorial sums which enter is 


C= )) -——— 


a,b do'a,! soos by !b,! sore 


summed for positive or zero integral values of a and 0, subject to 


Ya =M, 2 =N, Dirae+ disben = E, 
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where M, N, €, 7, and E are constants whose physical meaning need not con- 
cern us here. Darwin and Fowler noticed that C is equal to the coefficient 
of 2” in 

(1 — 26)-™(1 — 27)-%, 


which coefficient, in turn, may be written as 


1 dz 1 


___ 


2rid gkttl (1 — 2)!@(1 — gn)N 


the path of integration circulating once counter-clockwise around z=0. So 
far the calculation is exact; but in the actual physical cases one is interested 
in the asymptotic value of this integral as M, N, and £ tend toward infinity 
in fixed ratios. This asymptotic value can be readily computed by the so-called 
method of steepest descent.2. This method which first came into prominence 
when used by Debye in 1909 to obtain asymptotic expressions for certain 
cylinder functions, depends upon the fact that the integrand above has, along 
the real axis, a minimum at a point z=6 between z=0 and z=1; this same 
point being, however, the location of a sharp maximum as one traverses the 
circle, with center at the origin, which passes through z=6. If one uses this 
circle as the contour along which the above integral is to be extended, then the 
value of the integral arises, sensibly entirely, from the immediate neighbor- 
hood of z=6. The asymptotic value of the integral, and hence the original 
factorial sum, can thus be computed with great simplicity and with complete 
rigor. This elegant method is used with great skill and effectiveness throughout 
the volume. 
WARREN WEAVER 


Statistics. By William Vernon Lovitt and Henry F. Holtzclaw. Prentice-Hall, 
Inc., New York, 1929. 304 Pages. $4.00 


Mathematics Preparatory to Statistics and Finance. By George N. Bauer. The 
Macmillan Co. New York, 1929. 337 Pages. 


The Lovitt and Holtzclaw text is rather unique in that it could be used 
either in a first course in mathematical statistics or in a course in statistics in 
business schools. In the latter case, the author’s claim that “some of the more 
difficult mathematical passages may be omitted without destroying the con- 
tinuity of the course” would probably be accepted fairly often, while in the 
former case, much of the first six chapters would have to be served in concen- 
trated doses. 

The text includes the. usual treatment of averages and dispersion and not 
only an unusually full treatment of the theory of correlation itself but also 
references to the various modifications of the Pearsonian coefficient. 


2 Called, in German, “die Sattelpunktmethode”; and, in French, “méthode du col.” 
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Index numbers and the standard treatment of time series are given an un- 
usual amount of attention. The text includes also appropriate parts of college 
algebra and simple curve fitting including the normal probability curve and 
its bearing upon the meaning and use of various types of probable errors. The 
book has been carefully prepared; only a few errors, of a trivial character, 
were noted. 

The Bauer text is essentially a very acceptable elementary text covering both 
analytic geometry and college algebra but draws fairly consistently upon the 
general field of finance and statistics for its applications and exercises. While 
a little of the theory of finance and of statistics is included it is admittedly of 
a very elementary character. 

Some topics of a more advanced character, such as least squares, are taken 
up in a very mechanical or rule-of-thumb way but even though the treatment 
is not complete in such cases this fact is frankly admitted and the work is 
evidently included mainly for the sake of a much desired drill and not as an 
essential part of the fundamental theory. 

Logarithms are treated in great detail and, in general, the whole text is 
well adapted and seems to have been prepared much for those who are a little 
“slow” in their mathematics. 

While the reviewer is not entirely in sympathy with the use of terms like 
“the straight line law,” “the law of the parabola,” “accumulated amount” 
(for the amount of an annuity), or with the definition of the coefficient of cor- 
relation which “is not the usual definition,” etc., the purpose back of them is 
recognized and, for the most part, good and by the time a student finishes 
this text he will not only be well “prepared” for a regular course in finance or 
in statistics but also probably very much interested. 


C. H. ForsytTH 


An Iniroduction to Mechanics. By J. W. Campbell. Houghton Mifflin Company, 
Boston, 1929. XIV+384 pages. $3.50. 


This is an admirable text on the subject. Its appeal will probably be more 
direct to the young student of mathematics, although the young engineering 
student would profit immensely if the opportunity were offered to him to elect 
it after his first course in the calculus. 

The author begins his preface thus: “The statement has been made and does 
not seem to have been challenged, that the elementary principles of mechanics 
are more poorly understood by students than the elementary principles of any 
other subject.” Later he observes: “In my opinion a fundamental principle 
when presented should be in such form that, although a student will probably on 
a first study of it get only a few of its important features, he will when occasion 
later arises find that the treatment stands analysis. His appreciation of it 
will grow and he will have nothing to unlearn.” The author does not lose sight 
of these ideas in the development of his text. 
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The calculus is freely and naturally used throughout. Topics recur instead 
of being “exhausted” upon their first presentation. Relative motion, for 
example, is introduced in the first chapter and further developed as late as 
chapter XIII. So with other topics. The catenary types receive especial at- 
tention and are presented in an unusually attractive manner. The author 
happily elected to solve the problem of the freely hanging pulley which is itself 
in motion, being attached to a fixed pulley—a problem illustrating so well the 
fundamental relation between force and motion. There are many excellent 
features—large, clear type, well drawn figures, more than six hundred well 
selected problems and, best of all, the delightful manner of the author’s pre- 
sentation of his subject. 

At the end there are eight appendices: principles of computation, definite 
integrals, “force”, Simpson’s rule and other topics, closing with interesting 
remarks on the growth and conception of mechanics. 

One cannot predict how a new book will work out with a class until he has 
used it at least once, but this book bids fair to succeed if one may judge from 
its content and manner of presentation. 


G. H. Hunt 


Numerical Tables of Hyperbolic and Other Functions. By J W. Campbell. 
Houghton Mifflin Company, Boston, 1929. 76 pages. $1.25. 


The tables by Professor Campbell are fourteen in number and include 
hyperbolic functions (four decimal places and five significant figures), (sinh x) / 
x, (cosh x—1)/x, (cosh x) /x, trigonometric functions for both radian and degree 
values of the angle, logiox, log.x, x?, x°, 1/x, together with notes on the tables and 
a useful tabulation of catenary and transmission line formulae, also formulae 
for solving cubic equations, with remarks on each. These tables would naturally 
accompany the author’s text on Mechanics, but are valuable in themselves. 
The type is good. 

G. H. Hunt 


Elementary Mechanics. By Joseph B. Reynolds. Prentice-Hall, Inc., New 
York, 1928. VIII+250 pages. $2.50. 


In this text the leading topics of the elements of mechanics are developed 
without the aid of the calculus. The text, therefore, is especially adapted to 
classes of students who have not studied ‘the calculus. It is, however, not a 
shop book or in any sense a handbook of rules. The mathematical principles 
are remarkably well presented. Algebra, trigonometry and geometry are freely 
used and, to replace the calculus, the principles of limits. The selection 
of problems and in general! the discussion of the subject emphasizes the engineer- 
ing side of mechanics. 

The chapters: resolution and composition of forces, equilibrium of rigid 
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bodies, center of gravity, friction, work, kinematics, kinetics, energy, impact 
and simple harmonic motion, indicate the order of treatment. 

The author says in his preface: “This text in elementary mechanics is 
intended particularly for students who desire a working knowledge of the easier 
applications of mechanics” ..... “An attempt has been made to avoid prob- 
lems involving complicated arithmetic because of the data given.” How many 
students have lost all sense of principle involved when in beginning a new sub- 
ject problems were too frequently introduced which served merely to bewilder 
them in a maze of complicated numerical calculations. 

This book is superior to most texts which have substituted the language of 
the theory of limits for the symbols of the calculus. In that the author has evi- 
dently conscientiously striven to present his theory rigorously the question arises 
as to whether it will prove successful with the classes for which it is intended. 
There is every reason to suppose that this will be the case. 


G. H. Hunt 


Plane Trigonometry. By J. B. Rosenbach and E. A. Whitman. John Wiley & 
Sons, New York, 1929. 216 pages. $2.00 


The advertising circulars of this book emphasize that it is a thoroughly 
teachable book. The teachable and teaching qualities are those which have 
impressed the reader as being the most outstanding of its good features. It 
is easily seen that the text is the result of long classroom experience. Detailed 
proofs and explanations are given for theorems and illustrative examples and 
there are many diagrams with more than the usual number of significant 
details. The exercises, with answers at the back for the odd numbered ones, are 
numerous, varied, and well arranged. Thus, during the course of a chapter there 
are examples for drill and written work, and at the end of the chapter a set of 
general exercises. 

Besides the topics usually found in a text on trigonometry, there are sections 
on the periodicity of trigonometric functions; various types of trigonometric 
and inverse trigonometric equations; drawing graphs by the composition of 
ordinates, and graphic solutions of equations involving trigonometric functions 
of one angle. There is a chapter on the theory and use of logarithms, but com- 
plete logarithmic tables are not included. 

In the first chapter the trigonometric ratios are defined for the general angle. 
Later these definitions are restated, for the acute angle, in terms of the sides of 
a right triangle. Radian measure follows directly after the definition of the 
(general) angle. At the end of the book tables are given converting degrees, 
minutes, and seconds to radians, and inversely,—also a table of sines, cosines, 
and tangents for angles expressed in radians. 

The only objection which has occurred to the reader is that important 
facts and theorems do not stand out with sufficient emphasis among the great 
number of illustrative examples and the variety of types of cases given. The 
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text would not be recommended for use in a general course which contains 
a unit of trigonometry, but it should prove most satisfactory for colleges and 
schools at which a full course in trigonometry is offered. 


LAURA GUGGENBUHL 


PROBLEMS AND SOLUTIONS 


EpITeD BY B. F. FINKEL, Otto DUNKEL, AND H. L. OLson 


Send all communications about Problems and Solutions to B, F. Finkel, Springfield, Mo. All 
manuscripts should be typewritten, with double spacing and with a margin at least one inch wide on the 
left. 

PROBLEMS FOR SOLUTION 

N. B. Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well-known textbooks or results found in readily accessible sources, will not 
be proposed as problems for solution in the Monthly. In so far as possible, however, the editors 
will be glad to assist members of the Association with their difficulties in the solution of such prob- 
lems. 


3409. Proposed by Norman Anning, University of Michigan. 


When 30? >8ac, the curve, y =ax'+ 62° -+cx?+dx-+e, has two real inflectional 
tangents. Prove that they cut off equal areas. 


3410. Proposed by Nathan Altshiller-Court, University of Oklahoma. 


Construct a triangle given the base, the difference of the base angles, and the 
bisector of the vertical angle. 


3411. Proposed by J. Rosenbaum, Milford, Conn. 


A particle within a closed plane curve is attracted by every point of the 
curve with a force proportional to the distance from the particle to the point. 
Find the position of equilibrium of the particle. 


UNSOLVED PROBLEMS 
2954 [1922, 81]. Proposed by C. N. Mills. 


A machine-gun is placed on an armored train which is moving with a veloc- 
ity v feet per second along a straight horizontal track. The muzzle velocity of 
the bullets is v feet per second. Find the greatest range, (1) in front and (2) 
behind the train. 


3034[1923, 276|. Proposed by J. L. Riley, Stephenville, Texas. 


If every root of the equation f’(«) =0 be subtracted from every root of the 
equation f(x) =0, find the sum of the reciprocals of the differences. 
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3124[1925, 138]. Proposed by M. B. Porter, University of Texas. 

f(x) and $(x) are polynomials and all the zeros of ¢(x) are real. Let P(x) = 
b(x) [ f(x) |" where f stands for the ith derivative of f(x). 

Prove that [P’(0) |?<P’’(0)P(0) (1) is a sufficient condition that f(x) has 
imaginary zeros. Newton’s test! C?=C;_1Ci,, where C; is the coefficient of 
x* in f(x) is a special case of (1). 

SOLUTIONS 


3045[1923, 449|. Proposed by S. A. Corey, Des Moines, Iowa. 
If in the equation 


| —— +7 rr on a $F | a0 (1) 
(sti)! 4's — 1)! 6's — 3)! 8's — 5)! (s + 1)!2! 


C3, C5, C7, °° * Cs be given and retain such constant values that (1) is satisfied 
for all positive odd integral values of s, (s>1), prove that if s be decreased by 
unity (so that s=2n), then the left member will become equal to + B,, accord- 
ing as ” is odd or even, B, being Bernoulli’s nth number. Also show how any 
one of the constants c may be found without first finding all the preceding con- 
stants. 


Solution by Otto Dunkel, Washington University. 


The Bernoulli numbers, B,, occur in the coefficients of a number of expan- 
sions of functions, and we shall use the following expansion for the derivation 
of the required relations 


(1) 1 et Be pe (= 1) 1B, 4 
=——— = 1-—a2+Bi— +--+ +(- 1) 1B; +... . 
oe — I 2 "9! (21)! 
Writing y(e*—1) = and differentiating both sides m times, we obtain 
(2) e®[y + mCry! Fe + mC mayor? | + (et — 1)y™ = 0, me 2, 


=1, m=1, 


x 


where y? =d+y/dx? and mC; is the binomial coefficient. Setting x«=0, yo=1, 
yo’ = — 3, yo?) =0, and yo? =(—1)*"1B;, we shall make use of three equa- 
tions obtained by setting m=2n, 2n+1, 2n+2. The first of these equations is 


(3) 1 — SonC 1 + onC oP + so ++ (— 1)*14,.C iB; ++ sc ++ (— 1)" nCon—2Bn—1 =0, 


while the second and third are similar but contain a final term in B,. Multiply 
the first equation by 2n-+1, the second by —2n, and add the results; divide this 
result by (2n+1)!, and split the last term into two terms by writing the 2” 
in its coefficient as (2n—1)+1. There results: 


1 See Netto’s Vorlesungen tiber Algebra (1896), vol. 1, p. 234, for an account of Sylvester’s 
paper. 
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1 By, 3B 


(Qn+1)! (2n — 1)!2! Yon — 314! 
(2n — 1)B, Ba 


+ (- Dam) + (- DO = 0 


(4) 


Now multiply the second equation by 2n+2, the third by —(2n+1), add the 
results, and divide the resulting equation by (2n-+2)!. We shall thus obtain a 
second equation which may be written down from the above by omitting the 
last term and by increasing by unity the numbers in the first factorial factors 
of the denominators. By comparing these results with the equations of the 
problem we see that ¢2.41=(—1)*(2a—1) (27-+1) (27+2)B;, and it follows that 
any method of calculating the B’s gives by a very slight modification a method 
of calculating the c’s, and conversely. One method is obviously given by solving 
a set of the linear equations in the B’s or the c’s by the use of determinants. 
Or we may proceed thus. Write (1) in the form y=log, [1+ (e*—1)|/(e*—1), 
and then develop in powers of (e7—1). We have then 


(e* _— 1)” 


(5) y= py — ne , 


We may now write the expansion of (e?—1) in powers of x, obtain the mth 
power of the series, and collect the terms. The coefficient of x2" will then be 
(—1)""B,/(2n)!. Or we may obtain a result which is easier to write by first 
expanding by the binomial theorem (e*— 1)” and then developing into series each 
term of the result, noting that the last term to be so treated is given by m=2n. 
The result may be written 


Asn Aon An, 
a 
2 3 2n + 1 


where 


m 


Amn = (= 1)™7,.C yy”. 


y=1 


It is clear from the method that A,,=1, As = (2n)!. If we form the first differ- 
ence (x-++1)?"—x?" and then set x=0, we shall obtain A2,; then forming the 
second difference («+2)?"—2(”x-+1)2"+2%2" and setting x=0, we shall obtain 
A? ,; and finally Aj, is the value of the difference of the kth order of x2” after 
setting x=0. We may obtain a homogeneous equation in the B’s by multiplying 
the second equation corresponding to (4) by —(2n+2) and adding the result 
to the equation written. We then obtain 


By = onCoBo+ onCyB3— --- + (— 1) on on—4DBn—1 + (~ 1)"™*1(2n + 1)(n— 1)B,, =0. 
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3362 [1929, 105]. Proposed by R. E. Gaines, University of Richmond. 

A triangle ABC circumscribes an ellipse of axes 2a and 20 so that A lies on 
one directrix and B on the other, while AB, BC, CA touch the ellipse at P, Q, 
R. Show that the envelope of QR and the locus of C are ellipses with 2a as the 
major axis of one and the minor axis of the other, while 20 is the mean propor- 
tional between the other axes. 


Solution by Wiliam Hoover, Columbus, Ohio. 


Let the equation of the given ellipse be 6?x?-++a*y?—a?b*=0, and the equa- 
tion of the line AB be lx-+my—n=0; then for tangency of AB we must have 
n’? =a7]?-+6b?m*,. A line through the intersection of AB and the directrix «—ae™ 
= (0 has the equation lx-+my—n—k(x—ae) =0. Applying to this line the con- 
dition for tangency above, we find that ka(1 —e?) = 2e(n —ael) ; and inserting this 
value of k in the equation above, we obtain for AC the equation, 


[al(1 + e%) — 2ne|x + ma(1 — e®)y + an(1 + e?) — 2a%e] = 0. 


The equation for BC is obtained by replacing in this equation e by —e. Solving 
the two equations thus obtained, we find 


I/n = —x/a*, m/n = — (1 — e)y/(1 + e?)0? ; 


and, inserting the values of these two ratios in the equation of condition above, 
we obtain for the locus of C, 


(1) x?/a® + [(1 — €%)/(1 + €”) [(y?/b2) = 1. 


This is the equation of an ellipse having for its minor axis the major axis 2a 
of the given ellipse. 

Since the envelope of QR is the polar reciprocal of this ellipse (1) with res- 
pect to the given ellipse, it must also be a conic, which is evidently an ellipse 
within the given ellipse and tangent to it at the extremities of its major axis. 
Denote an extremity of the major axis of (1) by (0, y1); then the polar of this 
point with respect to the given ellipse is yy,—b?=0. Then if (0, +e) are the 
extremities of the minor axis of the envelope, we have yoy, =0?; and this com- 
pletes the proof. 

This problem is a special case of more general theorems which have inter- 
ested British geometers such as Salmon, Cayley, and Casey. See Salmon’s 
Conic Sections, 6th ed. (1879), pp. 250, 257, 319, 349, 350. In the last place 
referred to the theory of invariants is used, and there is reference to the Quar- 
terly Journal of Mathematics, vol. 1 (1857). 


Also solved by Lawrence Hampton and the proposer. 


3367 [1929, 169]. Proposed by Harry Langman, Arverne, L. I., N. Y. 

Given any triangle. On.each side construct an equilateral triangle externally. 
The centers of these triangles determine another equilateral triangle A. Sim- 
ilarly an equilateral triangle B is determined by constructing the equilateral 
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triangle internally. Show that the difference between the areas of the triangles 
A and B is equal to the area of the given triangle. 
Solution by J. W. Peters, University of Illinots. 


Let x1, x2, %3, representing any three points in the complex plane, be the 
coordinates of the vertices of the given triangle. Let y, be the point forming 
with x. and x3 the equilateral triangle drawn externally on the side xex3. Since 
the triangle 1, x2, x3 is equilateral, 


where w and wo are the complex cube roots of unity. From this relation, we 
find yj = —w(xs+wx,.). Similarly, if yeand y3are the vertices of the equilateral 
triangles drawn on the sides x3x, and x,x2, respectively, we have: 


Yo= —w(x1+wx3) and y3= —w(x,+wx1). 
If ai, d2, a3 are the centroids of the three equilateral triangles, then 
a, = 3(1 — w)(%3 — wae), 
dy = 3(1 — w)(%1 — wes), 
a3 = 3(1 — w)(%, — we). 


These are the vertices of triangle A. By finding the quotients like 


(a1 —d2)/ (a3 — a2) 
we see that the angles of A are all equal. Hence, A is equilateral. The area 
is given by 


ay ay 1 
~4iA =|ad1|=|m & 11], 
a3 a3 1 


where the bars denote the conjugate quantities. 

If 21, 22, 23 are the vertices of the equilateral triangles drawn internally, 
we have 21= —w(x2+wx3), 2= —w(x3 +x), and 23= —w(x+wx). If bi, be, d3 
are the centroids of these three equilateral triangles, then 


by = 3(1 — w) (42 — ws), 
bo = 4(1 —_ w) (x3 —_ w*x1), 


b3 4(1 — w) (44 — w* Xo) , 


These are the vertices of triangle B. It is easily verified that B is equilateral. 
The area of B is given by 42B = [bb1 . 
If in the equations giving the areas of the triangles A and B, we replace 
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the a’s and 0’s by their values in terms of the x’s, and expand the determinants, 
we find on subtracting that 
— 4i(A — B) =| «#1]. 

The determinant on the right is —47C, where C is the area of the given triangle. 

Dr. H. W. Bailey, my colleague, suspected some further interesting facts 
akout this configuration, which we have verified. The triangles A and B have 
the same centroid and it is the centroid of the given triangle. Furthermore the 
angle of intersection of the triangles A and B is invariant under homologies, 
i.e., transformations of the type y=ax+0. The proof follows: The angle of in- 
tersection is given by the amplitude of (b2—63)/(a2—a3) or — (41 + wx2.+wxs3)/ (x1 
+w'x.+wx3). The quantities x, +ax.+wx3 and «1+wx.-+wx; are the Lagrange 
resolvents of the cubic equation which has x1, xe, «3 for its roots. The quotient 
of these two resolvents is invariant under homologies. Hence the angle is in- 
variant. 

Also solved by W. E. Buker, J. W. Clawson, P. J. Federico, W. W. Johnson, 
J. H. Neelley, and A. Pelletier. 


3368 [1929, 169]. Proposed by Nathan Alishiller-Court, University of Okla- 
homa. 

About a given quadrilateral to circumscribe a rhombus similar to a given 
rhombus. 


Solution by L. W. Johnson, The Universtty of Oklahoma. 


Let ABCD be the given quadrilateral and KLMWN the given rhombus. 
On AB and CD construct segments of circles external to ABCD in which the 
equal angles K and M of the given rhombus may be inscribed. Let £ and F, 
respectively, be the mid-points of these arcs and E’ and F”, respectively, 
the mid-points of the arcs which complete the circles of which the arcs already 
constructed area part. Let the join of E’ and F’ intersect the arcs upon which 
Eand Fliein the points G’ and H’, respectively. Join G’ to A and B, and H' 
to C and D, calling R the intersection of G’A with H’D and S the intersection 
of G'B with H’C. G'H'RS is the required rhombus. 

Proof: G'H'RS isa parallelogram since its opposite sides make equal angles 
with G’H’. It is a rhombus since the triangle G’H’S is isosceles. 

Discussion: The join of £ and F determines two points G and H analogous 
to the points G’ and 1’ used above which may therefore be joined, respectively, 
to A and B and to C and D to determine another rhombus satisfying the cond1- 
tions of the problem. Since what has been said of one pair of opposite sides of 
the given quadrilateral applies to the other pair, there are in general! four 
solutions to this problem. If G’ and H’ coincide the number of solutions will 
be infinite. 

Also solved by A. Pelletier. 


3370 [1929, 169]. Proposed by Paul Wernicke, Washington, D. C. 
Write down an orthogonal transformation from rectangular Cartesian 
coordinates X, Y, Z to x, y, z having the same origin such that the z-axis be- 
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comes the line X=Y=Z and that the y-axis lies in the plane through the 
Y and 2 axes. 


Solution by J. H. Neelley, Carnegie Institute of Technology. 

Let ai, 81, Y1, G2, Be, Y2, 3, 83, Ys be, respectively, the direction angles of the 
three mutually perpendicular lines ox, oy, oz. Then the six conditions on these 
nine angles together with the special conditions given in the problem make 
a3 =B3=Y3 and a2 =Y2 with 2. =5a+63 and a.=r—%1, B1=47. So the possible 


transformations are 
X = ax+ by+ ez, 


Y= — 2by + ¢2, 
Z=—ax+ by + cz, 
where a= +274?, b= +67? and c=+3-/2, All groupings of the signs are 


possible. 
Also solved by A. Pelletier. 


3371 [1929, 169]. Proposed by Harry Langman, New Vork City. 

Let ABCD be any simple quadrilateral (convex or cross) inscribed in the 
circle whose center is O. Let AB and DC meet in F, BC and AD in E. Let M 
be the midpoint of the third diagonal, EF, and MU and MV tangents at U 
and V. Let EU and FV meet in P; EV and FU meet in Q. Take the point 
Gon EF so that ZDGF= Z DAF, and let AC cut OG in the point R. Let the 
secants GA, GB, GC, GD, cut the circle again in the points A’, B’, C’, D’, 
respectively. Take OA =r. Then prove the following: 

(a) G is the Clifford point of the quadrilateral ABCD—i.e., the common 
intersection of the circles about the four possible triangles formed by the sides 
of the quadrilateral. 

(b) The square of EF is equal to the sum of the squares of the tangents to 
O from EF and F (Casey: Sequel to Euclid). 

(c) The circle on EF as diameter cuts the circle O orthogonally (Casey). 

(d) AC’//BD'//A'C//B'D//EF LOG, proving the theorem that the 
Clifford point of an inscribed quadrilateral is the foot of the perpendicular from 
the center to the third diagonal. 

(e) P and Q are the intersections of OG and the circle O. 

(f) BD and UV pass through R, proving the theorem that the perpendicular 
from the center on the third diagonal of an inscribed quadrilateral passes 
through the intersection of the other two diagonals. 

(g) If a quadrilateral be circumscribed about a circle at the vertices of an 
inscribed quadrilateral, the two pairs of diagonals intersect in a common 
point. 

(h) Any obtuse-angled triangle may be the self-conjugate triangle of an 
inscribed quadrilateral. If the triangle be given, the center and radius of the 
circle are determined; but, when one side of the triangle has been chosen as 
the third diagonal of an inscribed quadrilateral, the quadrilateral is not thereby 
determined, there being one degree of freedom. 
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Solution by J. W. Clawson, Ursinus College. 

(a) Assume ZDCBE= ZDAB. ZLEGD= ZBAD=ZECD. Hence D, 
E, G, C are concyclic. Similarly it may be shown that the other groups of four 
points are concyclic. Hence G is the. “Clifford” or “Miquel” or “focal” point 
of the quadrilateral ABCD. 

(b) This theorem applies only to the case of a convex quadrilateral. ED-EA = 
EG-EF, since A, D, G, F are concyclic. FB: FA=FG-FE, since A, B, G, E 
are concyclic. Hence, the square of the tangent from E to the given circle plus 
the square of the tangent from F to the given circle =HG-EF+ FG. FE=EF*". 

(c) Draw OF and let K be the foot of the perpendicular from F to OF. 
Then FK is the polar of E, since E and F are conjugate points with respect to 
(O). Hence OF:OK=r?. Let the circle (M) on EF as a diameter cut (O) in 
Uand V. Since it passes through K, OK -OEF is also the square of the tangent 
from O to (M). Hence OU=OV=r are tangents to (M). This shows that any 
circle having two conjugate points of the circle (O) as extremities of a diameter 
is orthogonal to (0). 

(d) From the inscribed quadrilateral DCBD’ we have ZBD’D= ZBCD(= 
Z DCE); and since £, G, C, D are concyclic Z DCE= Z DGE. Hence BD’ | EF. 
Similar proofs apply to AC’, DB’, CA’. Since BD’ and DB’ are parallel chords 
of (O) and DD’ and BB’ meet in G, the triangles GBD’ and GB’D are isosceles. 
Hence the perpendicular from G to these chords bisects them and passes through 
O. Therefore GO is perpendicular to EF. 

(e) A circle can be passed through U, V, P, 0; and from the complete quadri- 
lateral we see that E and F are conjugate with respect to it. Therefore the 
circle (M) is cut orthogonally by it at U and V; this circle must therefore be 
(O), and PQ is a diameter. In the triangle EFP, the altitudes FU and EV 
meet in its orthocenter Q; hence POQ is the third altitude perpendicular to 
EF. From (d) we see that it cuts EF in G. 

(f) The pole of EF is determined by the original quadrilateral as the inter- 
section R of BD and AC. From the quadrilateral UV PQ, it follows that the 
pole R must also be the intersection of PO and UV. 

(¢) If tangents at A and B intersect in J, at B and C in J, at C and Din 
K,at D and A in L, the polars of K and J pass through F, hence the polar of 
Fis KI. But, since the polar of R passes through F, the polar of F passes 
through R. Hence KI passes through R. Similarly LJ passes through R. 

(h) EFR is a self-conjugate triangle. O is the orthocenter of the triangle. 
OR: OG=r?. 

Hence, starting with any obtuse-angled triangle E FR, locate the orthocenter 
O. Let OR cut EF at G. Find the mean proportional between OR and OG. 
This gives 7, the radius of the circle. Now draw any line through EF cutting the 
circle at D and A. Join DF, AF cutting circle at C and B. Let ER cut DC, 
ABin Hand N. Then (ANBF) and (DHCF) are harmonic ranges. Therefore 
AD, NH, BC are concurrent. Hence BC passes through E. 

Also solved by A. Pelletier. 
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3372 [1929, 232]. Proposed by Nathan Alishiller-Court, University of 
Oklahoma. 


Given a point of a conic, the tangent at this point, an axis, and the center 
(at a finite, or infinite distance), the following two lines are constructed: 
(1) the symmetric of the given tangent with respect to the parallel to the given 
axis through the given point, and (2) the diameter through the symmetric of 
the given point with respect to the axis. Prove that if at the point of intersection 
of these two lines the perpendicular is erected to the first line, it will meet the 
normal to the conic at the given point in the center of curvature of the conic at 
this point. 


Solution by Margaret M. Young, Hunter College of the City of New York. 

Consider the ellipse 02x?+-a?y? = ab? and one of its points (xo, yo); then the 
center of curvature for this point has the codrdinates X =x9-—m(1-+m?)/m'‘, 
Y=yot(1+m?)/m', where m=yo', m’=yo'’. Here b?'xo+a?yom =0, and by the 
elimination of b we find m(x.2—a?)=xoyo. Solving this last equation for a’ 
and differentiating the result we find xovom’=m(yo—mxo). Inserting this value 
of m’ we obtain 


(mxo — yo)X = mxo(xo + myo), mmx — yo)VY = — yolx%o + myo). 


The equation of line (1) is y—yo=—m(x—4X0); while that of line (2) is 
xqy=—xyo. Their point of intersection (x, yi) is given by x(mxo9—yo) = 
xo(yomxo), vi(mx0—Vo) = —Vo(votmxo). The equation of the line perpendic- 
ular to (1) at (%1, y1) is 


m(mxo — voy + myo(yo + mx) = (mx — yo)x — xo(¥o + mx). 


The values of X and Y given above satisfy this equation and the proof of the 
construction is complete. The proof is similar for the other two forms of the 
conic. 


Also solved by A. Pelletier. 


Note by the Editors. This construction easily follows from the theorem: 
The angle between the common tangent and the common chord of a conic and tts 
osculating circle is bisected by the perpendicular from the point of contact to an axis 
of the conic. A proof is given in a Note [1924, 51] following the solution of 2990 
[1922, 356]. If Pis the given point on the conic and PT is the tangent at this 
point cutting in T the axis AO of the conic, and if P’ is the point of the conic 
symmetric to AO with respect to this axis, then P’T is tangent at P’, and the 
diameter P’O bisects all chords parallel to P’T. Hence if we draw the chord 
PC of the conic parallel to P’T, this chord will also be the chord of the oscu- 
lating circle by the above theorem, and it will be cut in its middle point M by 
P'O. Therefore the perpendicular to PC at M cuts the normal at P in the 
center of curvature J of the conic. 
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THE INFORMATION BUREAU FOR APPOINTMENTS 


Members of the Association are reminded that the Association maintains 
an office for supplying information with regard to men and women available 
for appointment to college positions in mathematics. This office does not handle 
detailed recommendations, after the manner of a teacher’s agency, but supplies 
certain essential facts with regard to each candidate, together with the name of 
a sponsor from whom further information about him can be obtained. The 
aim is to keep the files as complete and up-to-date as possible. To this end, 
candidates for appointment, especially candidates for a first appointment, 
are invited to put their names on record with the office and departments in 
search of instructors are urged to avail themselves of its facilities. There is 
no charge for itsservices, either to department or to candidates. Registration 
blanks and information may be obtained from Professor H. W. Kuhn, Ohio 
State University, Columbus Ohio. 


NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending items to 
Professor H. W. Kuhn, Ohio State University, Columbus, Ohic. 


At the thirty-sixth annual meeting of the American Mathematical Society, 
which opened at Lehigh University on December 26, Professor W. C. Grau- 
stein, of Harvard University, and Professor E. P. Lane, of the University of 
Chicago, were elected Vice-presidents. 


Princeton University announces the appointment of Dr. J. Von Neumann, 
of the University of Berlin, and Dr. E. Wigner, of the Kaiser Wilhelm Institut 
fiir Physikalische Chemie, as visiting lecturers in Mathematical Physics for 
the second semester of the present academic year. 


The one thousand dollar prize offered annually by the American Association 
for the Advancement of Science for a noteworthy contribution to science pre- 
sented at a meeting was awarded at Des Moines to Professor Arthur J. Demp- 
ster, of the University of Chicago, for work on wave characteristics of the 
proton. 


Professor Arthur Haas, of the University of Vienna, and F. G. Donnan, of 
the University of London have been invited by the Gibbs Committee (repre- 
senting the Departments of Physics and Chemistry of Yale University) to be 
editors of a commentary on ‘the works of J. Willard Gibbs. 


On account of the large sale of Cajori’s “History of Mathematical Nota- 
tions,” both in Europe and America, The Open Court Publishing Co. expects 
to publish a new edition next summer. 
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At Syracuse University Professor Alan D. Campbell has been made head 
of the department of mathematics in the College of Liberal Arts. 


Professor E. F. Cox, of West Virginia Collegiate Institute, has been ap- 
pointed to an associate professorship at Howard University. 


Assistant Professor E. B. Lytle has been promoted to an Associate Pro- 
fessorship of the teaching of mathematics at the University of Illinois. 


Dr. G. M. Merriman has been appointed assistant professor of mathematics 
at the University of Cincinnati. 


Mr. C. A. Spicer has been appointed professor of mathematics at Western 
Maryland College. 


Professor J. C. Tinner, of Wilberforce University, has been appointed to a 
Professorship at Bishop College. 


The following appointments to instructorships are announced: 

Cornell University, Mr. J. M. Clarkson 

Crane Junior College, Miss Edna M. Feltges 

Houston Junior College, Mr. W. A. Rees 

Union College, Mr. A. H. Fox and Mr. F. W. Lerch 

State College of Washington, Mr. John Biggerstaff and Mr. L. G. Butler 

Yale University, Dr. A. K. Mitchell 

Hunter College of the City of New York, Mr. A. D. Bradley and Miss Harriet 
Griffin 

South Dakota State College, Mr. H. B. MacDougal, Mr. Gordon Fuller, and 
Miss Ruth Rasmusen 


Dr. Edward Drake Roe, Jr., head of the mathematics department of the 
College of Liberal Arts of Syracuse University, died suddenly from a heart 
attack, on December 11, at the age of 70. Dr. Roe was graduated from Syracuse 
University, received an A.M. degree at Harvard and a Ph.D. degree at Erlangen 
(doing much of his work there under Gordan). He taught at Harvard, Boston 
University, and Oberlin College before coming to Syracuse. He was a professor at 
Syracuse from 1900 until his death; since 1919 he was also director of the astro- 
nomical observatory and head of the mathematics department. He founded the 
mathematical fraternity of Pi Mu Epsilon in 1914. He published many papers 
on mathematical research (principally in algebra), several papers on astronomy 
and on philosophy, also a text-book in trigonometry and one in algebra. He 
always stood for high scholarship. He was a very thorough teacher, leaving a 
lasting impression on the students who took his courses and inspiring in them 
his own deep love for mathematics and for astronomy. 


The Rhind 
Mathematical Papyrus is Published 


Individual and institutional members may procure copies at 
$15.00 per set through Secretary Cairns at Oberlin, Ohio. 
All others must order through the Open Court Publishing 


Company, 339 E. Chicago Avenue, Chicago, IIl., at $20.00 
per set. 


IT Is A MAGNIFICENT WORK and should be in every college 
library. The edition is absolutely limited. Nearly one- 
third of the sets are already sold, and no more will be avail- 
able when this edition is exhausted. 


The Chauvenet Prize 


In the year 1925, the AssocraTIon established a prize of one hundred dollars for the best 


expository paper published in English during successive periods of five years by a member 
of the Association. 


The purpose of the prize is to stimulate expository contributions in mathematical journals. 
The award does not apply to books, although the Carus MonocrarHs are expository in 
character and on this score might be included. They carry their own reward in the form 
of a liberal cash honorarium to each author. 


It is believed that clear expositions of mathematical subjects are greatly needed in this 
country and that the CHAUVENET PrizE will tend to stimulate such production. 


The prize will be awarded hereafter every three years. The last award was in December, 
1929, to Professor T. H. Hildebrandt. The next award will be in December, 1932, for the 
period 1929-1931. 


Note that the prize is to be awarded only to a member of the AssocIATION—one more of 
the many good reasons for membership. 
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EDITORIAL CORRESPONDENCE should be addressed to the Eprror-1n-Culer, W. H. 


Bussey, 106 Folwell Hall, University of Minnesota, Minneapolis, Minn. 


BOOKS FOR REVIEW should be sent to R. A. JoHNson, Hunter College, New York, 
N. Y 


BUSINESS CORRESPONDENCE should be addressed to the SECRETARY-TREASURER of 


the Association, W. D. Cairns, Oberlin, Ohio. 
MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 


Fourteenth Summer Meeting of the Association, Providence, Rhode Island, Sept. 8-9, 1930. 
The following is a list of the sections of the Association, with dates of those section 


meetings which have been scheduled for 1930. 


Int1no1s, Lake Forest, Ill, May 2-3. MIssourRl. 
INDIANA, Earlham College, May 2-3. NEBRASKA, Peru, Neb., May 9. 
Iowa. Onto, Columbus, Ohio, April 3. 
KANSAS. PHILADELPHIA. 
KENTUCKY. 
Louis1Ana-Mississipri1, Cleveland, Miss., Rocky MounTain. 
_ April. 
SOUTHEASTERN, 


MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA. 


SOUTHERN CALIFoRIA, Los Angeles, Calif., 


March 8. 
TEXAS. 


MICHIGAN. 
MINNESOTA. 


AFFILIATED ORGANIZATIONS: THE NEw ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS. 


THe NATIONAL CoUNCIL oF TEACHERS OF MATHEMATICS. 
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What are their Chances of Passing? 


B’ the tremendous popularity of Hart’s Geometry Tests and 

Diagnostic Test and Remedial Drills in First Course Algebra, 
we have good evidence that tens of thousands of pupils are being 
thoroughly taught, tested, and re-taught in first year algebra and 
plane geometry. 


College Board, Comprehensive, or State can hold no terrors for 
pupils who have had the advantage of these tests. They are cal- 
culated to make the failure of even a weak student practically an 
impossibility. 


D. C. HEATH AND COMPANY 


Boston New York Chicago Atlanta San Francisco Dallas London 


ANALYTIC GEOMETRY 


The two outstanding features of this book are: 


Emphasis is placed, where it belongs, upon the 
importance of logical analysis as distinguished from 
the ability to juggle formule. Throughout the 
book logic and method are accentuated. 


The book contains an abundance of exercises 
and problems. Problems which call for the exer- 
cise of the student’s originality are especially 
® numefous. 
12mo, 274 pages, 148 figures, $2.25 


You are invited to write for further particulars 
regarding this textbook 


K & E Slide Rule in College Mathematics 


The Slide Rule as a check in Trigonometry is now reg- 
ularly taught in colleges and high schools. Our manual 
makes self-instruction easy for teacher and student. 
Write for descriptive circular of our slide rules and 
for information about our large Demonstrating Slide 
Rule for use in the Class Room. 


KEUFFEL & ESSER CO. 


NEW YORK, 127 Fulton Street General Offices and Factories, HOBOKEN, N. J. 


CHICAGO ST. LOUIS SAN FRANCISCO MONTRBAL 
516-20 S. Dearborn St. 817 Locust St. 30-34 Second St. 5 Notre Dame St. W. 


Drawing Materials, Mathematical and Surveying Instruments, Measuring Tapes 


66 99 INTERNATIONAL REVIEW OF SCIENTIFIC SYNTHESIS 
SCIENTI A Published exery month (each number containing 100 to 120 pages) 


Editor: EUGENIO RIGNANO 


IS THE ONLY REVIEW the contributors to which are really international. 
IS THE ONLY REVIEW that has a really world-wide circulation. 


IS THE ONLY REVIEW of scientific synthesis and unification that deals with the fundamental 
questions of all sciences: the history of the sciences, mathematics, astronomy, geology, physics, 
chemistry, biology, psychology and sociology. 


IS THE ONLY REVIEW therefore which, while immediately interesting students of mathematics, 
astronomy, astrophysics and physics by its numerous and important articles and reports relating 
to these sciences, presents them also the means of knowing, in a summary and synthetic form, 
the chief problems of all the other branches of knowledge. 


IS THE ONLY REVIEW that among its contributors can boast of the most illustrious men of 
science in the whole world. A list of more than 350 of these is given in each number, 


The articles are published in the language of their authors, and every number has a supplement con- 
taining the French translation of all the articles that are not French. The review is thus 
completely accessible to those who know only French. Write for a free copy to the General 
Secretary of “Scientia,” Milan, sending 12 cents in stamps of your country, merely to cover 
packing and postage. 


SUBSCRIPTION: $10, post free OFFICE: Via A. DeTogni-Milan (116), Italy 
General Secretary: Dr. Paoto Bonetti 


Publishers: G. E. STECHERT & CO., New York; DAVID NUTT, London; FELIX ALCAN, Paris; 
AKAD, VERLAGEGESELLSCHAFT, Leipzig; NICOLA ZANICHELLI, Bologna; RUIZ HER- 
MANOS, Madrid; RENASCENCA PORTUGUESA, Porto; THE MARUZEN COMPANY, 
Tokyo. 


THE INFORMATION BUREAU FOR APPOINTMENTS 


Members of the Association are reminded that the Association maintains 
an office for supplying information with regard to men and women available 
for appointment to college positions in mathematics. This office does not handle 
detailed recommendations, after the manner of a teacher’s agency, but supplies 
certain essential facts with regard to each candidate, together with the name of 
a sponsor from whom further information about him can be obtained. The 
aim is to keep the files as complete and up-to-date as possible. To this end, 
candidates for appointment, especially candidates for a first appointment, 
are invited to put their names on record with the office and departments in 
search of instructors are urged to avail themselves of its facilities. There 1s 
no charge for its services, either to department or to candidates. Registration 
blanks and information may be obtained from Professor H. W. Kuhn, Ohio 
State University, Columbus Ohio. 


THE FOURTEENTH ANNUAL MEETING OF THE ASSOCIATION 


The fourteenth annual meeting of the Mathematical Association of America 
was held at Des Moines, Iowa, on Tuesday and Wednesday, December 31, 
1929, and January 1, 1930, in affiliation with the American Association for the 
Advancement of Science and the American Mathematical Society. One hundred 
forty were in attendance at the meetings, including the following one hundred 
four members of the Association: 


HARRIET ANDERSON, Grand Island College 

R. C. ARCHIBALD, Brown University 

C. H. Asuton, University of Kansas 

C. S. ATcu1son, Washington and Jefferson Col- 
lege 


R. W. Bascock, DePauw University 

FRANCES E. BAKER, Creston (Iowa) Junior Col- 
lege 

R. P. BAKEr, University of Iowa 

A. K. BETTINGER, Creighton University 

A. H. BLuge, Western Union College 

F, A. BRANDNER, Louisiana State College 

W. C. BRENKE, University of Nebraska 

M. Sue Burney, St. Joseph (Mo.) Junior Col- 
lege 

W. H. Bussey, University of Minnesota 


W. D. Cairns, Oberlin College 

E. H. Carus, La Salle, Illinois 

E. W. CHITTENDEN, University of lowa 
L. M. CorFin, Coe College 

Juu1a T. Coupritts, Iowa State College 


C. E. Comstock, Bradley Polytechnic Institute 
I. S. Conpit, Iowa State Teachers College 
Byron Cossy, Missouri State Teachers College 
D. R. Curtiss, Northwestern University 


MarRIAN E. DANIELLS, Iowa State Teachers 
College 

R. D. DauGHErTY, University of lowa 

L. L. Dings, University of Saskatchewan 


C. W. Emmons, Michigan State College 
H. P. Evans, University of Wisconsin 
H. S. Everett, University of Chicago 


B. F. FINKEt, Drury College 

IRVING FISHER, Yale University 

ANNIE W. FLEMING, Iowa State College 
M. M. Fioop, University of Nebraska 


M. G. GaBa, University of Nebraska 
J. S. Go.tp, Bucknell University 

G. W. GorrRELL, University of Denver 
C. GouwEns, Iowa State College 


105 


106 


LAURENCE Hampton, Alabama Polytechnic In- 
stitute 

W. L. Hart, University of Minnesota 

J. O. HassLer, University of Oklahoma 

E. R. HEprRIck, University of California at Los 
Angeles 

Mary E. HEtwic, Kansas City (Kans.) High 
School 

GERTRUDE A. HERR, Iowa State College 

H. M. HosForp, University of Arkansas 

J. M. Howie, Nebraska Wesleyan University 

JEWELL C. HuGues, University of Arkansas 


Byron INGOLD, Culver-Stockton College 
Louis INGoLp, University of Missouri 
Mark H. INGRAHAM, University of Wisconsin 


DuNHAM JACKSON, University of Minnesota 
G. H. Jamison, Missouri State Teachers Col- 
lege 


Dora E. KEARNEY, Iowa State Teachers Col- 
lege 

O. D. KELLoae, Harvard University 

A. E. KENNELLY, Harvard University 

A. F. Kovarik, Yale University 


E. P. LANE, University of Chicago 
R. E. LANGER, University of Wisconsin 
E. B. Lyte, University of Illinois 


S. L. MacponaLp, Colorado State Agricultural 
College 

W. D. MacMitran, University of Chicago 

R. B. McCLEnon, Grinnell College 

F, M. McGaw, Cornell College 

J. V. McKELveEy, Iowa State College 

Mrs. J. V. McKELvEy, Iowa State College 

A. D. Micuatr, California Institute of Tech- 
nology 

U. G. MITCHELL, University of Kansas 

F. R. Mouton, Utilities Power & Light Cor- 
poration, Chicago 

C. N. Moore, University of Cincinnati 

Pau, MuEHLMAN, St. Louis University 

SIGURD MuUNDHJELD, Waldorf College 
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J. F. Nerr, Drake University 


E. A. PATTENGILL, Iowa State College 
E. W. PEHRSON, University of Utah 
H. P. Pettit, Marquette University 


G. E. Raynor, University of Oklahoma 

J. F. REmtty, University of Iowa 

B. L. Remick, Kansas State Agricultural Col- 
lege 

H. L. Rretz, University of Iowa 

B. D. RoBErRTS, Parsons College 

G. EpNA RoBINSON, Osark Wesleyan College 

W.H. RoEver, Washington University 

C. F. Roos, Cornell University 


G. T. SELLEW, Knox College 

W. A. SHEWHART, Bell Telephone Laboratories, 
New York 

J. A. G. Suirk, Kansas State Teachers College 

H. E. SuauGut, University of Chicago 

E. R. Smitu, Iowa State College 

G. W. Situ, University of Kansas 

G. W. SNEDECOR, Iowa State College 

EUGENE STEPHENS, Washington University 

E. B. STOUFFER, University of Kansas 


A. HELEN TAPPAN, Western College for Women 
J. S. Turner, Iowa State College 


L. E. Warp, University of Iowa 

WARREN WEAVER, University of Wisconsin 

MariE J. WEIss, National Research Fellow, 
University of Chicago 

J. J. WHEELER, University of Kansas 

A. E. WuiTE, Kansas State Agricultural College 

K. P. Witiias, Indiana University 

F. E. Woop, Northwestern University 

RoscoE Woops, University of Iowa 

KATHRYN Wyant, University of Missouri 


Jessica M. Younc, Washington University 
J. W. Youne, Dartmouth College 


JouN ZIMMERMAN, University of Dubuque 


The sessions of the A.A.A.S. began on Friday evening with an address in 
Shrine Temple Auditorium by the retiring president, Professor Henry Fairfield 


Osborn, on “The discovery of tertiary man,’ 


’ and the general reception which 


is held regularly on the opening evening. Among other addresses of a general 
character were a number which had mathematical bearings, for example, 
“Earthquakes and what they tell us” by J. B. Macelwane of St. Louis Univer- 
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sity; “The relation between the size of the energy atom and its physiological 
effect” by W. T. Bovie; “Some aspects of celestial evolution” by Professor 
E. B. Frost of Yerkes Observatory; “The laws of racing fatigue in men and 
horses” by Professor A. E. Kennelly of Harvard University; “The alleged 
sins of science” by Dr. R. A. Millikan, president of the American Association 
for 1929; and a stereopticon lecture on the new “Max Adler Planetarium of 
Chicago” by Professor Philip Fox, recently of Northwestern University and 
now Director of the Planetarium. On Tuesday afternoon the seventh Josiah 
Willard Gibbs lecture was given by Professor Irving Fisher of Yale University 
on “The application of mathematics to the social sciences.” This address was 
given under the joint auspices of the American Association and the American 
Mathematical Society; an audience of over four hundred indicated the general 
interest in the subject and the speaker. 

The scientific exhibition was held in the large registration hall of the Shrine 
Temple and included the exhibits of numerous publishers of college and uni- 
versity texts and of makers of scientific apparatus. Of especial interest to 
mathematicians was an exhibit of old books and incunabula on mathematics, 
astronomy and physics from the library of Professor J. S. Turner of Iowa State 
College shown at Des Moines Public Library; this was made possible through 
the generosity of Professor Turner and the cooperation of the department of 
mathematics of Iowa State College. 

The groups of mathematicians stayed for the most part in Hotel Fort Des 
Moines, and the mathematics meetings were all held in suitable rooms in this 
hotel. As a consequence there was unusual opportunity for the informal 
social aspects of the meetings. About one hundred thirty attended the joint 
dinner on Tuesday evening in the Oak Room, Professor W. H. Bussey, editor of 
the MONTHLY, acting as toastmaster and calling on various representatives 
of the two organizations. Professor Rietz welcomed the guests to Iowa and 
spoke of the importance of the meetings for that region. Professor J. W. 
Young, coming from New England, spoke as president of the Association and 
mentioned the difficulty experienced by mathematicians in keeping in touch 
with each other in our country-wide dispersion and the necessity, in view of 
our extensive and ever-increasing literature, of obtaining publication funds 
on a large scale. Miss Jewell Hughes, in a speech replete with wit, depicted 
some of the lighter, even if logical, experiences of those mathematically in- 
clined. Professor Hedrick, coming from the Pacific Coast, spoke as president 
of the Society, agreeing with Professor Young in the hope that sooner or later 
we may be free from the present burden of seeking adequate finances for the 
Society. He expanded his remarks made at the close of the Gibbs lecture by 
saying that we must not limit ourselves, in our definition of the scope of mathe- 
matics, to purely formal matters but must include all those fields which can 
be treated by the instrumentalities of mathematics, and we must include 
such men as Gibbs, who was primarily a physicist, in the list of those doing 
essentially mathematical work. 
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The Des Moines meetings are noteworthy by reason of the hospitality 
shown by the citizens of Des Moines and that region. A cordial welcome was 
evident on every hand, the Des Moines Club entertained groups of scientists 
each noonday, and the authorities of the State University of Iowa and of Iowa 
State College made it possible for the visitors to see the grounds, buildings 
and laboratory facilities of these institutions. These and similar services 
were recognized in a resolution, adopted at the joint dinner by a rising vote, 
expressing the appreciation of the visitors for the admirable efficiency of the 
arrangements and the generosity of the entertainment, in particular expressing 
to Mr. Hunter of the Equitable Life Insurance Company of Iowa, to President 
Morehouse and Professor Neff of Drake University, to Iowa State College and 
the State University of Iowa, our cordial thanks and the assurance that the 
meetings will long be a cherished memory. 

The American Mathematical Society held sessions in Hotel Fort Des 
Moines on Monday and Tuesday mornings, partly in the form of simultaneous 
sections, for the reading of papers, one section Tuesday morning being a joint 
session with Section K (Economics and Social Sciences). It held a joint session 
Monday afternoon with Section A (Mathematics) of the American Association, 
at which Professor R. C. Archibald gave his retiring address as Vice-President 
of Section A on “Mathematics before the Greeks” and Professor O. D. Kellogg 
gave an address on “An unsolved problem of uniqueness in potential theory” 
on invitation of the Society and Section A. The Gibbs lecture for 1929 de- 
livered by Professor Irving Fisher, on invitation of the Society, has already 
been mentioned. 

The program of the Mathematical Association consisted of a joint session 
with the Society on Tuesday afternoon and two sessions on Wednesday. The 
program was prepared by a committee consisting of Professors Arnold Dresden, 
L. M. Graves, W. L. Hart, H. W. Kuhn, and E. W. Chittenden, Chairman. 


JornT SESSION OF THE ASSOCIATION WITH THE SOCIETY 


“Linear inequalities and some related properties of functions” by Professor 
L. L. DiIngEs, University of Saskatchewan, by invitation of the two organiza- 
tions. 

This interesting and instructive address will appear in the Bulletin of the 
American Mathematical Society, since it is somewhat more suited to that 
publication. 


FIRST SESSION OF THE ASSOCIATION 


1. “The geometric representation of groups” by Professor R. P. BAKER, 
University of Iowa. 

2. “Aspects of the theory of linear associative algebras of infinite order” 
by Professor M. H. INGRAHAM, University of Wisconsin. 

3. “The fourth Carus monograph” by Professor J. W. YouNG, Dartmouth 
College. 
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1. The paper gave a description of five classes of representations of a group 
with illustrations on lantern slides. These are (1) Schraffirte diagrams, (2) 
Cayley diagrams with independent generators, (3) General Cayley diagrams, 
(4) Geometric configurations with a group of transformations, (5) Representa- 
tions of the substitution letters by geometric objects. 

In field (2) Maschke (American Journal, vol. 18) enumerated the Cayley 
diagrams on the sphere; these are all half regular. 

In carrying on this work to the projective plane and anchor ring it is prac- 
tically necessary to postulate half-regularity to prevent being overwhelmed 
with examples mostly bizarre. For the projective plane only three such diagrams 
are possible, for Giz.., Gr4.4, Geos. For the anchor ring 68 sets exist. Four of these 
are unique groups of order 16. The others have one, two, or three arbitrary 
integers in the order. They are based on 7 nets of the half-regular type. Three 
other nets are possible but lead to an extra generator and the situation ex- 
plored by Dyck for groups of genus one. These groups can be described as 
having an Abelian self conjugate subgroup with two independent generators. 
The quotient group, which is cyclic for groups of genus one, may be E, Cs, Cs, C4, 
G4, Gs, Cs, Gs.4, Gip.s. 

Looking at the repeated development of the anchor ring in the plane as a 
homogeneous assemblage the elements may be called ‘atoms’ and the sets 
connected by generators of the quotient group ‘molecules.’ 

The generators of the Abelian subgroup can be called ‘translations’ but 
‘rotations’ is hardly applicable to the operations of the quotient group. 

Incidentally the work led to a complete solution of the space-filling problem 
for the plane, ten types dual to the ten nets of this problem. 

2. The usual postulates for a linear associative algebra may be generalized 
in several directions. Interesting results have been obtained by omitting the 
associative law. This paper deals with associative algebras which do not have 
a finite base in terms of which all elements can be expressed as linear combina- 
tions with scalar coefficients. Wedderburn, in an article! entitled Algebras which 
do not possess a finite base, has developed a theory which considers not only 
finite sums but such sums as sums of series and integrals. J. W. Young has 
given a very interesting point of departure for the theory of algebras from the 
group standpoint in two papers On the partitions of a group and the resultant 
classifications (Bulletin American Mathematical Society, vol. 33, pp. 453-461), 
A new foundation for general algebra (Annals of Mathematics, vol. 29, pp. 147- 
60. This paper chiefly discusses generalizations which arise from assuming 
that aggregates can be well ordered, and in certain portions that the cardinal 
number of the algebra is an “aleph” number. The generalizations of the theory 
of linear sets, reducibility, matrix representations and nilpotent algebras are 
discussed. 


1 Transactions of the American Mathematical Society, vol. 26 (1924), pp. 395-426. 
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3. Dr. J. S. Georges who was to have given a paper on “Some social aspects 
of mathematics” was unable to be present because of illness in the family. 
Professor Young was therefore asked by the program committee to give a 
description of the forthcoming Carus monograph. 

The subject matter of projective geometry can be studied with only a 
small amount of previous mathematical knowledge and hence this monograph 
can be thought of as adapted to gaining recruits for mathematics. Approxt- 
mately the first half is of rather simple character and is purely synthetic. 
The development of projective geometry out of elementary geometry through 
metric considerations has its drawbacks, for it does not show how projective 
properties can be established without using metric geometry. 

On the other hand such a monograph as this should show the relation of 
projective to metric geometry; hence after giving the general properties of 
conic sections, there is a study of the specializations necessary for exhibiting 
the various special geometries. 


Professor Young has depended on an intuitive rather than a postulational 
basis; for example, he has tacitly assumed the postulates of alignment. 

In the latter half he lays the foundation for an analytic treatment on a 
purely projective basis, and he brings out the definitions of the various geome- 
tries in terms of groups of transformations. 


Professor Slaught emphasized the importance of having the Association 
members suggest in written form desirable subjects for future monographs and 
spoke of the ideals which have always been kept in the minds of the committee 
in carrying on the development of the monographs. He announced that the 
Young monograph was then in page proof and might be expected to be out late 
in March. 


SECOND SESSION OF THE ASSOCIATION 


1. “Appreciation of form as an index of mathematical ability” by Professor 
E. B. Lyte, University of Illinois. 


2. “The laws of rolling motion and the complete elimination of sliding 
friction in roller bearings” by Professor W. H. RoEVER, Washington University. 


3. “Mathematics and the problem of ore location” by Professor WARREN 
WEAVER, University of Wisconsin. 

1. An analysis of reflective thinking shows at least three stages: first, there 
is a problem, a question, or a difficulty; secondly, there must be suggested 
possible answers, possible methods of procedure, or possible investigations to 
make; and thirdly, all suggestions produced must be carefully tested to deter- 
mine the best one. Often the second stage is not sufficiently emphasized, for how 
to get suggestions when perplexed is a common difficulty in reflective thinking. 
When thinking with students or before students, teachers might be more helpful 
if they were more careful to exhibit what are the sources of their ideas, what are 
their cues to action, what suggests the transformation or operation they carry 
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out. One very fertile suggestor in mathematics is the notion of algebraic form. 
Transformations are suggested by the desire to get certain forms which are 
rich in meanings; such transformations generally seem to be mere symbol 
juggling to one unappreciative of forms. Ability to get information and cues to 
action from forms is so necessary in mathematical work that this ability may be 
taken as an index of mathematical ability. 

2. The paper was introduced with a statement of the Poncelet theorem 
that the instantaneous state of velocities of a rigid body in motion is that 
due to a certain ruled surface of the body moving on a ruled surface fixed 
in space in such a way that the former surface is tangent to the latter all 
along a common generator, on which the body rolls and slides. It was then 
shown that two rigid bodies in contact with each other may slide, roll, or pivot 
at the contact. If, in particular, the sliding is nil, the rolling and pivoting 
are tangential and normal components of the instantaneous velocity vector, 
which now passes through the contact. Owing to the fact that sliding friction 
is greater than rolling friction, journal bearings have been replaced by roller 
(including ball) bearings. In early forms of the latter no provision was made 
for separating consecutive rollers, and therefore sliding occurred at the contacts 
of such rollers, thus counteracting to some extent the advantage of rolling at 
other points of the bearing. To obviate this defect, devices called “cages” 
were used to separate rollers, but these introduced sliding friction at the points 
where they came into contact with the rollers which they separated. Pictures 
were shown of several types of such devices. However, it was shown by simple 
apparatus that it is possible to separate rollers without having sliding motion 
at any of the contacts. Pictures were shown of a bearing in which use was made 
of this principle. Since balls must travel in channels to be properly guided, 
pivoting, as well as rolling, occurs where balls are used, but sliding friction can 
be entirely eliminated. 

3. This paper opens with introductory remarks concerning earth physics, 
and the relations of this subject to atomic and astro-physics. It is then pointed 
out that any geo-physical prospecting method consists essentially of a sending 
device which dispatches messengers down into the earth, and a receiving de- 
vice which decodes the messages when part of the messengers return to the sur- 
face. The magnetic, electrical, electro-magnetic, gravitational, and seismic 
methods are then very briefly discussed. The second main division of the paper 
considers the mathematical problems presented by these five methods. The 
central unity of the problems, from a mathematical point of view, is emphasized 
by pointing out that all of the methods are governed by the same general differ- 
ential equation, and are subject to boundary conditions of the same type. 
Seven general reasons are advanced to indicate why the problems of geo- 
physical prospecting are new problems, even though they involve the applica- 
tion of classical physical theories, and classical mathematical methods. Various 
problems which have been satisfactorily treated are mentioned, as well as a 
considerable number of problems which have not been solved. Indication is 
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given of some investigations of pure mathematics, whose successful treatment 
would contribute greatly to advances in this new art. 
This paper will appear in full in the April issue of this MONTHLY. 


MEETINGS OF THE BOARD OF TRUSTEES 


Eleven members of the Board of Trustees were present at the sessions. 
The following fourteen persons and one institution were elected to member- 


ship on applications duly certified: 


To Individual Membership 


F, R. BAMFoRTH, PH.D. (Chicago). Asst. Prof., 
Cornell Univ., Ithaca, N. Y. 


R. H. Cameron, A.B. (Cornell). 
nell Univ., Ithaca, N. Y. 


José Isaac CorRAL, Ing. de Minas. Director, 
Montes y Minas, Republic of Cuba, 
Havana, Cuba. 


Instr., Cor- 


Nat Epmonson, Jr., PH.D. (Rice). Acting 
Asst. Prof., Texas Tech. Coll., Lubbock, 
Tex. 


ARTHUR Haas, A.B. (C.C.N.Y.), B.S. (C.U.), 
LL.B (N.Y.U). Chairman, Dept. of Math., 
Thomas Jefferson High School, Brooklyn, 


N. Y. 
ELIzABETH L. Harris, A.B. (Washington 
Univ.). Computer, Southwestern Bell 


Telephone Co., Kirkwood, Mo. 


F. T. H’Dousier, M.D., Px#.D. (Wisconsin). 
Springfield, Mo. 

G.H. Murray, B.S. in Bus. Admin. (Missouri). 
2934 Victor St., Kansas City, Mo. 

F. P. Nasu, Jr., A.M. (Columbia). Head of 
Dept., Groton School, Groton, Mass. 

H. T. H. Pracaro, M.A., D.Sc. Prof., Head of 
Dept., University College, Nottingham, 
England. 

H. A. Poot, A.M. (Minnesota). Instr., State 
School of Mines, Rapid City, S. D. 


Mary B. Rumsey, A.M. (Illinois). Instr., 
Knox Coll., Galesburg, Ill. 
W. O. SHRINER, Pu.D. (Michigan). Head of 


Dept., State Teachers Coll., Terre Haute, 
Ind. 

R. F. Wick, B.S. in E.E. (A.&M. Coll. of 
Texas). Asst., E.E. Dept., A.&M. Coll. 
of Texas, College Station, Tex. 


To Institutional Membership 
ST. BONAVENTURE’S COLLEGE, St. Bonaventure, N. Y. 


The financial statement for the year 1929 was presented by the Secretary- 
Treasurer. It was accepted and approved by the Trustees, subject to an 
inspection by a committee of the Trustees; this examination was made on 
Wednesday by Professors Archibald, Slaught and Young and the report ap- 
proved. 

It was voted to authorize the Finance Committee to invest further current 
funds for the General Endowment as the surplus funds warrant. (As a con- 
sequence of this action, three thousand dollars have been invested in trust funds 
in January 1930.) 

It was voted to approve the printing of a catalog of the library of the 
Association; to thank Professor Slaught for his effective work in connection 
with the Carus monographs, and the Carus family for their continued gener- 
osity; to express our interest in a proposed summer school for those who teach 
mathematics to engineering students to be held under the auspices of the 
Society for the Promotion of Engineering Education in connection with the 
Minnesota Summer Meeting in 1931; to express our interest and promise 
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our cooperation in the reestablished International Commission on the Teaching 
of Mathematics; and to express our interest in the plans for the possible estab- 
lishment of a journal in applied mathematics. 

The Trustees ratified the action of President Young in appointing H. S. 
Vandiver and Mrs. Anna Pell Wheeler as representatives of the Association 
on the Editorial Board of the Annals of Mathematics for a three-year term 
beginning January 1930. Because the work of the standing Committee on Re- 
lations with the Annals had been completed, this committee was discontinued. 

Expressions of hearty thanks to Doctor A. B. Chace for his generous gift 
of several hundred sets of the Rhind Mathematical Papyrus to the Association, 
and to Professor Archibald for his great service involved in his manifold work 
on the Papyrus were adopted, these expressions of appreciation to be presented 
to them personally in suitable form. 

After extensive consideration by correspondence and at the meetings at 
Boulder and Des Moines, the Trustees voted to approve and to put into operation 
a plan for the nomination of officers whereby a nominating committee will 
suggest five names of persons eligible and suitable for President, ten for Vice- 
President, and twenty for Trustees, when the blanks for the preliminary 
ballots are sent out, it being understood that this is purely advisory and is 
given in the interest of avoiding a scattering of ineffective votes, and not to 
limit the free choice of members. This plan involves no change in the By-Laws, 


THE CHAUVENET PRIZE 


The committee on the second award of the Chauvenet Prize recommended 
that the award be made to Professor T. H. Hildebrandt of the University of 
Michigan for his paper on “The Borel theorem and its generalizations” pub- 
lished in the Bulletin of the American Mathematical Society, volume 32(1926), 
pages 423-474. Professors A. J. Kempner and D. R. Curtiss for the committee 
stated that “the paper presents in clear and elementary fashion, and with 
adequate references to literature, the development of a rather broad range 
of ideas and results connected with the Borel theorem. It gives the reader a 
compact picture not easily obtained by independent reading of the scattered 
literature on the subject.” The Trustees adopted the recommendation and 
the award was announced at the annual business meeting. The prize, $100 
in cash, has since been conferred. 


ANNUAL BUSINESS MEETING OF THE ASSOCIATION 
The Secretary-Treasurer announced the names of those elected to member- 
ship. He reported also the deaths of the following members: 
J. A. ANKEBRANDT, Professor of mathematics, Western State College, (May 
25, 1929). 
C. A. Epperson, Teacher'of mathematics, Kansas City, Mo., (November 5, 
1928). 
SISTER BLANCHE MARIE MASKELL, Teacher, College of St. Elizabeth, (Decem- 
ber 1928). 
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R. M. MATHEWS, Associate professor of mathematics, West Virginia Univer- 

sity, (October 20, 1929). 

A. W. PRATER, Assistant, University of California at Los Angeles, (April 16, 

1929). 

FRED REUSSER, Head of department of mathematics, Buena Vista College, 

(October 11, 1929). 

E. D. Rok, Jr., Professor of mathematics, Syracuse University, (December 11, 

1929). 

W.H.SuHERK, Professor of mathematics, University of Buffalo, (January 1929). 
SARAH E. Situ, Professor of mathematics, Mount Holyoke College, (Novem- 

ber 18, 1929). 

The election of officers for the year 1930 resulted in the following, as re- 
ported by the tellers, Professors U. G. Mitchell and W. J. Risley: 

For Vice-Presidents: E. T. Bell, 348 votes; Tomlinson Fort, 195 votes; 
W. C. Graustein, 245 votes; E. B. Stouffer, 210 votes. 

For additional members of the Board of Trustees, to serve until January 
1933: A. A. Bennett, 340 votes; H. T. Davis, 179 votes; B. F. Finkel, 257 votes; 
W. L. Hart, 310 votes; Miss Jewell C. Hughes, 149 votes; D. N. Lehmer, 293 
votes; C. C. MacDuffee, 225 votes; E. R. Smith, 180 votes. 

The following were accordingly declared elected: Vice-Presidents: E. T. 
BELL, California Institute of Technology; W.C.GRAUSTEIN, Harvard University. 

Additional members of the Board of Trustees: A. A. BENNETT, Brown 
University; B. F. FINKEL, Drury College; W. L. Hart, University of Minne- 
sota; D. N. LEHMER, University of California. 


REPORT OF THE SECRETARY-TREASURER AS TREASURER, DEC. 16, 1929 


RECEIPTS EXPENDITURES 
Balance Dec. 17, 1928....... $9,876.02  Publisher’s bills (Nov. ’28—-Oct.’29) $5,030.47 
1928 indiv. dues............. 730.95 President’s office. ............... 34.09 
1928 instit. dues............. 23.10 Manager’s office............0005. 31.42 
1929 indiv. dues ............ 6,826.45 Editor-in-Chief’s office........... 453.49 
1929 instit. dues............. 811.10 Committee on Geometry......... 124.95 
1929 subscriptions........... 943.84 Register occ ccc ccc cece nes 115.00 
Initiation fees............... 226.00 Secretary-Treasurer’s office: 
Advertising............00005 583.32 Postage... .... 0. eee es $309 .56 
Sale copies of MONTHLY...... 46.15 Bond. ..... cee ee eee eee 5.00 
Sale First Carus Mon........ 13.75 Safety deposit............. 4.00 
Sale Second Carus Mon.,... _ 17.50 Office supplies. ............ 125.17 
Sale Third Carus Mon........ 28.75 Express, tel., etc. .......... 58.59 
Sale Fourth Carus Mon...... 51.25 Ins. back copies of MONTHLY 17.40 
Sale reprints... .. pres 8.87 Clerical work. ............. 851.34 
For Annals subscription...... 3.50 . 
. Printing............00.008. 279.80 

Sale Rhind Papyrus......... 151.00 ; 
Contributions A.B. Chace... .4,000.00 Library expense............ 30.50 
Refund New York meeting Paid copies MoONTHLY....... 97.40 

EXPENSE... .. cece eee eee 25.25 New York Meeting......... 95.00 
Int. Oberlin Savgs. Bk....... 157.56 Boulder Meeting........... 100.00 
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Int. Peoples Bkg. Co. ....... 115.74 Refund 1929 dues.......... 7.00 
Int. Liberty Bonds.......... 85 .00 Refund subscription........ 3.15 
Int. Hardy Fund............ 120.00 Refund Papyrus............ 15.00 
Int. certifs. of deposit........ 64.33 Forwarded for members’ 
Int. from Genl. Endowment Anndls..... 00.0 ccc eee 5.00 
Fund Bonds.............. 155.00 Paid members’ Annals...... 12.00 
Int. Chace Fund............ 50.00 Forwarded for reprints...... 8.87 
Int. Chauvenet Fund........ 25.00 
Int. from investment of cur- | 2,024.78 
rent funds................ 150.00 Annals subvention............... 375.00 
a Paid to sections from initiation fees 112.68 
15,413.41 Transferred to Genl. Endowment.. 750.00 
—————— Cost above par of new bonds for 
Total 1929 receipts.............. $25 ,289 .43 Genl. Endowment Fund........ 122.09 
Pd. Drury College int. Hardy Fund, 
credit B. F. Finkel. ........... 120.00 
Sustaining memb. in Amer. Math. 
SOC... cece eee 160.00 
Printing Rhind Papyrus.......... 4,000.00 
Expense acct. Bibl. Math......... 118.75 
Expense acct. Carus Mons........ 13.78 
Bought bond for Chace Fund..... 1,000.00 
Transfer to Chace Fund.......... 416.00 
Transfer to Carus Mon. Fund..... 122.05 
Total expenditures.............. $15,064.55 Total expenditures.............. 15,064.55 
—————  Cashonhand................... 13.28 
Balance to the end of 1929 business.$10,224.88 Checking account............... 140.64 
Oberlin Savgs. Bk. acct........... 2,845.77 
Peoples Bkg. Co. acct............ 2,981.37 
Liberty Bonds ................... 1,000.00 
5% Bonds, Harris Trust Co. ...... 3,000 .00 
Received on 1930 business........ 996.50 Certif. of deposit................ 1,240.32 
Book balance Dec. 16, 1929.......$11,221.38 Bank balance Dec. 16, 1929...... $11,221.38 
EXHIBIT OF THE FUNDS OF THE ASSOCIATION 
Carus MonoGRapH FunpD 
Balance Dec. 17, 1928.00.00... cc cece eee eee eens $4,292.19 
Receipts: Sales... 0.0... 0c teen ene ens $111.25 
Interest... 00. ce eee eee ees 171.23 282.48 
$4,574.67 
Expenditures... 0.00 eee eet t eee een eee nee 13.78 
$4 , 560.89 
Certificates of deposit...... 0.0... cece eee eee $4,510.89 
Cash in bank... 0. cee teens 50.00 


Balance Dec. 16, 1929. 0. net e tenet n tent ennes $4,560. 
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ARNOLD BUFFUM CHACE FUND 


Balance Dec. 17, 1928... 0.00... ec en Do ee beeen ee $1,230.00 
Receipts: From advance sales......... oe eee . . . . $151.00 
Interest........000 0000.0 cece be eens . .... 50.00 201.00 
$1,431.00 
Refund... ence eee ee eben beeen ene ee beees 15.00 
$1,416.00 
Iowa Rwy & Light Co. 5% Bond............ 2.0.0... eee $1 ,000 .00 
Certificate of deposit............. Ce een ... 416.00 
Balance Dec. 16, 1929.0... 0... as eee e nes $1,416.00 
CHAUVENET PRIZE FUND 
Balance Dec. 17, 1928.0... 0.0 eee ee een eens $560 .00 
Interest........... ..... De bebe ee ents bebe ee beeen . $25.00 
Amount set aside for 1929........ 0. Jo... eee, . .., 20.00 45.00 
$605 .00 
Iowa Rwy & Light Co. 5% Bond........ 0.0.0.0... cece. $500 .00 
Cash in bank...................... Cee e been nena . .. 105.00 
Balance Dec. 16, 1929... 0.000 Fo cece eee ees $605 .00 
Lir—E MEMBERSHIP FUND 
Liability on life memberships Dec. 17, 1928...........0 0.0... $472 .04 
To be transferred to current funds, surplus............0.0 0000000 0c cece eee . ow... 12.84 
Liability on life memberships as of Jan. 1, 1930... 0.0.0.0... 0.0... eens $459.20 
GENERAL ENDOWMENT FUND 
Balance Dec. 17, 1928... 00 e ene nnn een ees $4,250.00 
Transferred from current funds in 1929.00... 0000 ce eee 750.00 
$5,000.00 
Liberty Bond... 0.0... cc eect eee ene es $1,000.00 
Land Trust Certificate........ 0.0... eee ee .. 1,600.00 
Cleveland Trust Securities Co. Gold Bond... ........... .... 1,000.00 
Idaho Power Co. 5% Bonds......... 0.00.00 ce eee ees 2,000 .00 
Balance Dec. 16, 1929.00.00 0.00 (lo nent e ee oo . $5 ,000 .00 


Of the funds on hand, indicated in the first division of the financial report, 
$50.00 belongs to the Carus Monograph Fund (not yet transferred); $105.00 
belongs to the Chauvenet Prize Fund; and $459.20 is held as a Life Membership 
Fund, representing the liability on life memberships already paid for, as of 
date Jan. 1, 1930. Aside from these amounts, the Carus Monograph Fund, 
to the amount of $4,510.89 is carried as a separate fund in the form of two certifi- 
cates of deposit which bear 4%, compounded quarterly; $1,000.00 of the Arnold 
Buffum Chace Fund is carried in securities as listed above, and $416.00 more 
in the form of a certificate of deposit; the contribution of Professor W. B. Ford 
to the Chauvenet Fund is carried as a 5% Gold Bond; and the sum of $5,000.00 
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is held in reserve as the General Endowment Fund, in securities as listed above. 
When the accounts were closed Dec. 16, 1929, there remained on the total 
business for the year 1929 the following items: 


BILLs RECEIVABLE BILLs PAYABLE 

(partly estimated) (partly estimated) 
1929 individual dues............ . .$150.00  Publisher’s bills (Nov., Dec. 1929) . $1,150.00 
Advertising................. ce. 100.CO + President’s office................. 30.00 
Manager’s office.................. 40.00 
$250.00 Editor-in-chief’s office............. 100.00 
Other editors’ postage............. 50.00 
Register........... ....... ... 900.00 
Secretary-Treasurer’s office........ 300 .00 
Annals subvention................ 150.00 
Initiation fees due to sections...... 750.00 
Carus Monograph Fund........... 50.00 
Chauvenet Prize Fund............ 105 .00 
Life Membership Fund............ 459.20 
Typewriter............ 0.0.00 200 70.00 
Printing catalog of library......... 400 .00 


$4,079.20 


If to the balance on 1929 business shown in this report, $10,224.88, there be 
added the bills receivable, $250.00, and there be subtracted the estimated bills 
payable, $4,079.20, there results an estimated final balance on 1929 business 
of approximately $6,400, which represents the accumulated surplus in current 
funds, as compared with the corresponding figure of $5,190 of a year ago. This 
shows a healthy condition of the Association for which we may be gratified at a 
time when many banks and other organizations are in financial difficulties. 

W. D. Cairns, Secretary-Treasurer 


THE FOUNDATIONS OF THE IDEAL THEORY OF ZOLOTAREV! 
By N. TcHEBOTAREV 


Let us recall some definitions and theorems on algebraic integers. Suppose 
that the algebraic number w is a root of the irreducible equation 


(1) f(«) = e+ ayer +---+a, = 0 


with rational coefficients. 

Definition 1: Tf the coefficients in (1) are rational integers then w is called an 
algebraic integer. 
_ The following theorems follow directly. Proofs may be found in any book on 
algebraic numbers. 


1 Translated from the Russian by S. Skolnik; edited and revised by H. T. Engstrom. This 
version is not a literal translation, but has been adapted to English-speaking readers. E. T. BELL. 
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I. Every algebraic integer which is rational is a rational integer. 

II. Every algebraic number satisfying an equation with integral rational 
coefficients and leading coefficient unity is an algebraic integer. (Theorem of 
Gauss). 

III. Every algebraic number satisfying an equation with integral algebraic 
coefficients and leading coefficient unity is an algebraic integer. 

IV. The integers of an algebraic field form a ring. 

Definition 2: The product of the conjugates of an algebraic number w is called 
its norm, NV(w);1.e. 


(2) N(w) = we@) - wD, 
It follows immediately that 

(3) N(w1-w2) = N(w1)N (we). 
Furthermore if w satisfies (1) and ¢is a rational number 
(4) N(E— ow) = + fl). 


Definition 3: A system of n integers a, 1, - + + , Wn—-1 of an algebraic field K 
of n-th degree is called an integral base of K if every integer of the field can be 
represented in the form 


(5) Como + C1m1 Ft Hb Cn-1@__-1 


with rational integral coefficients Co, C1, « * + , Cn—t. 
V. There exists an integral base in every algebraic field. 


2. 


The theory of algebraic integers cannot be immediately developed as in 
rational number theory since the uniqueness of prime decomposition is not valid. 
To remedy this difficulty we introduce the notion of divisibility for a rational 
prime modulus p. 

Definition 4: One algebraic integer, a;, is divisible by another, we, for the 
modulus p if there exists a rational integer c, prime to ~, such that ca/we is 
an algebraic integer. 

If N(w) is prime to p, then all integers of the field are divisible (mod p) by 
w. For, since V(w) w/w is an integer, we may choose c= N(w). 

If w: is divisible (mod p) by we, the power of p contained in N(@1) is not less 
than the power contained in N(w2). For there exists a c such that (c, p) =l and 
cw /We is an integer. Hence its norm c”N(a)/ N(w2) is an integer, and the theorem 
follows. 

If w; and we are each divisible by the other (mod p) we shall call them 
associate (mod p) and we shall regard them as identical in questions of divisibil- 
ity (mod p). 

Definition 5: The algebraic integer 7 is a prime (mod ) if a can divide a 
product ww. only when it divides at least one of the factors 1, we. 
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We shall determine the decomposition of p in the field in the form 


(6) C Dp = 11°T2 °° * Te, 

where (c, p) =1 and 7;(i=1, 2, - +--+, ) is prime (mod p). Let usconsider the 
expression 

(7) Coo + C1W1 te + Cn—1Wn—1) 

where a, @1, °° * , @nz—-1 1S an integral base of the field. By giving to each of the 
coordinates Co, (1, ° °°, €n1 the values 0,1, 2,---,—1 (mod p) we obtain 
o = p” different numbers a=0, a1, M2, °° +, Mo_1. 


If N(a@;) is prime to # for allz + 0 then p is a prime in the field. To prove this 
let us note that every integer of the field can be written in the form a;+ pw’, 
where w’ is an integer. Hence 


(8) N(w) = N(ai) + 72, 
where 2 is an integer, 1.e., 
(9) N(w) = N(a;) (mod f). 


Therefore N(w) is divisible by p only if N(a;) is divisible by 4, i.e., according to 
our hypothesis, if a;=0. That is, V(w) is divisible by p only if w is divisible by p. 
Suppose now that w ws is divisible (mod p) by , i.e. ¢ w1w2/p is an integer where 
(c, p)=1. Then its norm c*N (a) N(we2)/p” is a rational integer and hence either 
N(o1) or N(w2) must be divisible by 9, i.e., either w; or w, must be divisible by p. 
Hence pis a prime in the field. 

As a preliminary to an important theorem of Zolotarev, let us choose an 
arbitrary integer w and consider the integers w+ p’w’ where w’ runs through the 
integers of the field. Among these integers we choose one, Q=w+p’’, whose 
norm contains the least power of p. This choice can be made from the finite set 
for which 


(10) wy = Cy Wo + Cit wy free tf Cn—1Wn—1; 


where each of the coordinates c’,, c’,, + °°; ¢n—1 takes the values0O, 1, 2,-°- 


pt! 1, and p is the power of p contained in N(w). For Q’ may be written in 
the form 


(11) | OF =o! + pty", 
where w’ is one of the numbers (10), 1.e., 
Q = (w+ pw’) + pte”, 
Hence a 
(12) NQ) = Nw + pro’) anod p). 


It follows that N(Q) and N(w+ p’w’) contain the same power of p. In other 
words, we may assume 1} =w-+ p’w’ where w’ is one of the set (10). 
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The generalized theorem of Zolotarev is the following: 

Theorem: If among the norms N(w+ p’w’), where w’ runs over all integers of 
the field, V(w) contains the least power of p then p” is divisible (mod p) by w. 

Suppose w satisfies the conditions of the theorem and is a root of the equation 


(13) f(w) = w™ + pd -cyw?! + pr? com? + +++ + PME, 10 + pen = 0, 


where C1, C2, °°, Cn are prime to p. Let y=7/s be the greatest of the numbers 
N— Ar A— de Nh — An-1 Nh — An 
1 2 n—1 nN 


and suppose (7, s) = 1. 
We shall prove that p#c,/w is an integer. Multiplying (13) by pr"—- ch /w”" 
and rewriting in the reverse order, we see that p#c,/w satisfies the equation 


(14) (*) “4 pte, 4 (*) - + 


+ prr-ite (nl), . C,% 1 ( 


Crp 


6) 


) + perro, nt —_ 0, 


where the coefficients are algebraic integers since, by definition, u = (A —Az)/h, or 
An tuh—-AZO. [The coefficients in (14) may not be rational since » may be 
fractional. | It follows that 


(Crpt/w)* = Catp"/w* 


is also an integer of the field. 
Since V(w) contains p*, the norms of all numbers 


SAT\ t rity, st 
(15) paw p(F")-0-F (¢=1,2,---) 


ws wm? 


will contain » to a degree not less than). But 


ritve st N si+1 __ ritve st 
N (6) = y(.-"—=) _ en ee) 
ast [NV (w) ]* 
Hence it follows that N(w*i+! — p**+” c) is divisible by p to a degree at least equal 


to A(s;+1). 


If ¢ =e2t*/'et+) is a primitive root of unity, we have the identity 
grit — yh = (@ = y)(u— ey) + (w= ey), 
By applying this identity to w***!— prt’. c and taking the norm we obtain 
(16) N(wtit! — pritee, si) = [Ve — eip (rity) (ite, sil (sit1)) | 
j=0 


where in taking the norms, the quantities e, p®t”/@#, ¢,8i/(#+) must be treated 
as rational numbers. Applying formula (4), we have 
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(17) N(w — ef prt) (t+) cat) (8ttD)) me ft f(ef. prt) (sit Dg si) (StHHD) , 


Performing the substitutions on the right, the successive terms from (13) will 
contain p with degrees 


rity rity rity 
18 . » Nae — 1 yore yd » A, 
(18) rere i+ (n 4 eraran 


respectively. If we choose z in (15) so that no two of (18) are equal, then the 
degree of » contained in the norm (17) will be the least of the numbers (18). 
We may choose 7 so that no two are equal except in case the equality 


rt rt 
ry 
sau+ 1 stat+l 


h 


+ rAn,hF k, 


is satisfied for every 7. That is 
(h — k)(rt + v) = (Ax — Aa) (st + 1), 
or 


(h — k)r = (An — An)s and (hk — k)y = (Ap — Ya). 


Hence + may be properly chosen unless v= (v/s) =u. We shall exclude this case 
for the present. 
We are now able to show that wSv. For suppose w>y», i.e., r>sv. Adding 
rst to both sides of the inequality we have 
r ra+y 


(19) r(st+1) >svi+v) or w=—>— 
Ss sa+ 1 


On the other hand, from the definition of yu, there exists a subscript f for which 
w= (X—Az)/f or AN =AP+ Uf. 

Hence, from (19), 

(20) A> Ay + f(rt + v)/(si + 1). 


Since the expression on the right is one of (18) we conclude that (17), for each 
j, contains p to a degree less than \. That is, the product (16) contains p to a 
degree less than A(st-+1). This contradicts the statement made above. Hence 
ussv. The excluded case, p=», is included in the conclusion. 

It follows immediately that (p’-c,/w) = p’-#-(p"-cn/w) is an algebraic 
integer, 1.e., p” is divisible by w (mod p). Q. E. D. 

Applying this theorem to the case vy = 1, it is seen that a1, a2, - + -,Q@~—1 may 
be chosen so that p is divisible (mod p) by each of them. 

We shall now prove the existence of the greatest common divisor (mod ) 
of two integers w, and we. Let w3; be an integer of the form w:+a.w’ whose norm 
contains the least power of p. As above, it is sufficient to consider w’ of the 
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form cf Wo tel w+ -- > tefl_i@n-1 where each c’ takes on the values 0, 1, 2, -- ., 
p’—1 and p” is the highest power of p dividing N(w:) or N(w.). 

Let p” be the least power of p divisible (mod p) by w:. It exists, since if 
N(w) =c-p”’ then p”’ is divisible (mod p) by w, and it may be determined in a 
finite number of steps. By definition of w3, among the norms N(ws+w.w") the 
norm N(ws;) contains the least power of ». Multiplying by the integer 
w= (cp’/we), it follows that of all norms of the type 


N [wa(ws + wow’) | = N(wsw3 + p’cw’) 


the norm of wsw3 contains the least power of p. But w’ is equivalent to c’w”’, 
where w’’ runs through all integers of the field and 


c-c' = 1 (mod #*) 


for sufficiently large wu. Hence, of all norms N(ws:w3+p’-c-w’), the norm of 
w4w3 contains the least power of p, and, by the generalized theorem of Zolotarev, 
it follows that p” is divisible (mod p) by w4:w3. But cp’ =we-ws, and hence, for 
some c’’, 


"C+ we: ws) (4-3) = C+ C-we/w3 


is an integer i.e., we is divisible (mod p) by as. It follows directly that 
W1 = W3—We'w’ is divisible (mod p) by ws. 

The form of w3=wi+ww’ indicates that every divisor of w; and a, is also a 
divisor of ws, and therefore the term “greatest common divisor” is justified. It 
is readily proved that an interchange of w, and w, will lead to an associate of ws. 

If w’ can be chosen so that N(w:+@w’) is not divisible by p, then a, and w:, 
will be called relatively prime (mod /). 

We shall prove the following lemmas concerning divisibility (mod )). 

Lemma 1: If a@ is divisible by y, and @ is prime to y, then @ is divisible 
by y. 

In fact, if aw and 6 are relatively prime there exists an integer €=a+ Yo’ 
such that N(e) is not divisible by p. Multiplying by the integer e’8 = (c/e)B, 
we obtain 


B-c = aB-e + y-€'B-w’. 
But, by hypothesis, c’aB/y is an integer. Hence 
(B/y)c-c’ = (aB/y)e-c’ + &B-w'e’ 


is an integer, i.e., 8 is divisible (mod p) by vy. 

Lemma 2. If a and B are both prime to y then af is prime to y. 

For we may choose e’=a+yw’ and e’’=8+/w"’ so that N(e) and N(e’) 
are not divisible by p. Multiplying, we obtain 


ee = 08 + y(aw’! + Ba! + yo": w"") 


where N(e-e’) is not divisible by , i.e., a8 is prime to ¥. 
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Lemma 3: If a is divisible by two relatively prime integers 6 and y then 
it is divisible by B-y. 

For, if a 1s divisible by 8, then, for some c prime to p, ca/@ is an integer. But 
ca = (ca/B)B is divisible by y. Hence, since 8 is prime to ¥, it follows that ca/B 
is divisible by y. That is, for some c’ prime to p, c’ca/(By) is an integer. Hence 
a is divisible by By. 

If 7 is a prime (mod p) then every integer of the field is either divisible by 
mw Or prime to 7. For if w is not divisible by 7, by Definition 5, it follows that 
mw and w have no common divisor (mod p). 

We are now prepared to factor into its prime factors (mod p). The factors 
may be found in the system au, a2, --- , @—1. For every integer of the field can 
be written in the form a;+pw’ where p is divisible by a; and hence a;+ pw’ 
is divisible by a; (mod p). 


If the norms of a1, a, - + - , a1 are prime to , it follows directly that p is 
a prime (mod /) in the field. 
Suppose that some of the norms N(a1), N(az),- ++, N(az—1) are divisible 


by p. -Then if a is that a whose norm contains the least power of p, say ”, 
then 7, is a prime. To prove this, let us show that any integer w of the field is 
either divisible by 7; or prime to it. If there exists a number of the type 71 +w-w’ 
whose norm does not contain p, then 7 is prime to w. On the other hand if 
N(m+w-w’), for arbitrary w’, is divisible by p it must be divisible by p”%, since 
any such integer can be expressed as a;+pw’’. Hence among all N(mi+w-w’) 
the norm N(m) contains the least power of f, i.e., w is divisible (mod p) by m1. 

Let 71°! be the greatest power of 7: dividing p (mod p). The integer c- p/m"! 
will not be divisible by 7: and consequently will be prime to it. 

Let us now choose among those of a1, a2, -- + , @—1 which are prime to 7 
an integer m2 whose norm contains the least power of p, say p’2. Then 7m is a 
prime (mod p). For iet w be an arbitrary integer of the field and consider all 
integers mo+7.w-w’. If there exists an integer m2-+71w-w’ whose norm does not 
contain p then m is prime tow. If not, N(m2+miww’) will be divisible by at least 
pf? since we may write 


19 +- Twa’ = A; + fo”, 


where miww’ and pw’ are divisible by m1, and 72 is prime to m, i.e., where a; is 
prime to m. Hence mw is divisible by mz. and, by Lemma 1, ze divides w. 

If wz is the highest power of m2 dividing p (mod p) then, by Lemma 3, 
pb must be divisible by m{'-a7 and the quotient cp/(r{'-r?) will be prime to 
both m and 7. 

By selecting from among those of a, a@e,---, @—1 which are prime to 
71-12 the integer 73 whose norm contains the least power of » we obtain another 
prime factor of » (mod p). Since each 7; is a distinct member of the set 
Qi, @2,* + * , M1, the complete decomposition may be found in a finite number 
of steps. We have then 


(21) cp = €°m1 1-11. . 8 Wh * 
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where ¢ is prime to p. It is readily shown that this decomposition is unique in 
the sense that if we also have 


/ 4 / 
(22) C pase a Te! sc Wye Ke 


then the factors of (21) and (22) must be associate in pairs. For we have 


t e e e p tel tel r_el 
(23) Cé'%,1:%2%7-+>> 7, * = CE “W11°W 25+ WK Be 


Hence the left of (23) is divisible (mod ») by wy and one of the factors, say 7m, 
must be divisible by 7. But since both 7: and mj are prime, each is divisible by 
the other and hence they are associate. Dividing (23) by mi and repeating the 
process it follows that e:=e/. A similar conclusion follows for the other factors. 


We shall now prove that m1, m2, ---,7, are the only primes (mod #) in 
the field. Let w be an arbitrary integer of the field divisible (mod p) by 
wit, we™?, - +» , we" and therefore by their product. The quotient 

- cl w 
Qo = -— 
Wt: P92 eo 2 e 7 ed 
is prime with each w; and consequently with c:p=a{i-73--- m%*, i.e., it is 


possible to choose an w’ so that N(@+ pw’) is not divisible by ». By (9), it 
follows that ¢= N(@) is prime to p. Multiplying by w=(é/a) we have 


; cw @ 
c= ’ 
wy 1. afr? wT rk 
1.€., 
Cy in? 1s Hide _ 
= 6°W 
® 
Hence the product my™-ag"? +--+ ag" is divisible (mod ») by w. Hence 
Ty TM? - » » wZ"* is the decomposition of w into prime (mod /) factors. 
Taking the norm of (21), we have 
(24) om pr = | N(ri) | [NM (are) ]*[W (mrs) |» - » [W Cre) ]**. 
It follows immediately from (24) that 
(25) n= if + €ofo+ in ent ‘ 


The number f; is called the degree of 7;. 

In the case where the discriminant of the equation f(x) =0 which defines 
the field is not divisible by p the decomposition of » may be found very simply. 
Let 


(26) f(") = filx)fo(a)fa(x) - +» fax) (mod 9), 
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where f;(x), 7=1, 2,---, k, is irreducible (mod p). We may write 


(27) f(x) = fila) fo(a) +--+ falw) + p-O(~), 


where $(x) is not divisible by f;(x). Hence, if w is a root of f(x) =0, 


(28) — pow) = filw) foe) + + + fel). 


The numbers 7;=/;(w), 7=1,2,---+,, are primes (mod p). For every integer 
a of the field can be written in the form 


ca = ag t+ dw +--+ + daw"! = Yo), 


where a and c are rational integers and (c, p) =1. The polynomial W(x) is either 
divisible by f;(x) (mod ) or prime to it. In the first case a is divisible (mod ) 
by 7,, in the second case it is prime to 7;. 

Let us note that the degree of the prime 7; will be equal to the degree of the 
corresponding polynomial. The method is also valid for some primes which di- 
vide the discriminant. The prime must not divide the index of w, (i.e., it must 
not be an “ausserwesentlicher Diskriminantenteiler”). 


3. 


Let us consider the problem of determining the divisors of an integer w 
of the field for all rational prime moduli. We need consider as moduli only the 
rational primes dividing N(w). (For other moduli the integer w obviously plays 
the role of unit.) 

Definition: To each prime divisor + (mod p) we associate a symbol §, 
called a prime divisor, and say that w contains the divisor $* when w is 
divisible (mod ») by r*. The norm of § is defined as the degree of p dividing 
N(r). The product of several prime divisors we call a divisor. 

Let us represent w symbolically as the product of its divisors $ for all ra- 
tional prime divisors of N(w) as moduli, and define the norm of a product of 
prime divisors as the product of the norms. We see that N(w) is equal to the 
product of the norms of the divisors of w. 

We shall make use of the following lemmas: 

Lemma 1: If @ is divisible (mod p) by 8 we may determine an integer 
ca/B8 where (c, p) =1 and c divides N(6). 

For let \=(ca/B) be an integer. Then u=(N(8)a/B) is also an integer. 
The equation c-X —N(8)- Y=d, where d is the greatest common divisor of ¢ 
and N(8) has an integral rational solution X, Y. Then AX —pY = (da/B) is an 
integer and (d, p) =1 since d divides c. Furthermore d divides (8). 

Lemma 2: If @ is divisible by 8 for all rational prime divisors of N(8) as 
moduli, then a is divisible by 6 algebraically. 

Let (8) = pr?1p.2 ++ + py. By Lemma 1 there exist integers of the field 

Mia Mea » Ma 


’ ° e ° k ’ 


B 
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where M;, divides N(B)/p;"*, 1=1, 2,---,k Hence Mi, Mo,---, My, have 
no common divisor and 


MiX14+ MeoXe4+--:4+ MX, = 1 


has a solution in rational integers. Then 


84 
MALT Mave Fo 1 Meke = 
is an integer, i.e., a is algebraically divisible by 8B. 
Lemma 3: If a and @ are relatively prime for all rational primes as moduli 
which divide both N(a@) and N(8), then they are relatively prime algebraically 
1.e., there exist integers \ and uw such that 


(29) ah + Bu = 1. 
For let pi, po, ---, pe be the primes dividing both N(@) and N(6). By 
hypothesis there exists an integer w; for each 2 such that 
a + Bur = 6, 
where V(e;) is prime to p; Multiplying by e/ =(N(e,)/e;) we have 
(30) api + Bo; = N(e), 


where p; and a; are integers of the field. We also have 


aa’ = N(a), 
(31) 
B- B = N(6), 
where a’ and 8’ are integers. Since N(e), N(e),:--, Nex), N(a), N(B) have 


no common divisor, the equation 


N(e1)X1 + N(eo)Xe +--+ + Nlex)X~ + Nla)V¥i + N(B)Vo = 1 
has an integral rational solution. Hence, from (30) and (31) 


(32) a(orX: + poXe +--+ + p,X4 + a/V1) 
+ Bloi1X1 + oo.Xe +--+ + 0,X_ + BYe) = 1, 


1.e., we have an equality of type (29). 

Let us now prove the theorem: 

Theorem: The algebraic integer w is defined by its divisors to within an 
algebraic unit. 

For if two integers w and w’ have the same divisors each must be divisible 
by the other for all rational prime moduli which divide N(w) = +N(w’) and 
hence, by Lemma 2, each must divide the other algebraically, 1.e., their quotient 
is an algebraic unit. 

The following theorem establishes the independence of the divisors. 
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Theorem: Given a divisor Jt and a rational integer M, an algebraic integer 
uw may be determined so that u/M is prime to M, (i.e., its norm, N(u)/N(M), 
is prime to M.) 

Let us first prove the theorem for a prime divisor B® dividing I. Let r 
be the prime (mod p) corresponding to and let N(P$) =p*, N(r)=c-p* where 
(c, p)=1. Suppose M=M'p™ where (M’, p)=1. Then r’=M'r+p*t will 
satisfy the condition of the theorem since 


N(m') = N(p*tt) = prep (mod M’), 
N(r’) = M'"-c- p* (mod p**}), 


To determine a u for the divisor Jt, construct such integers for each of its prime 
divisors and multiply them. 

Let us compare the divisor concept with Dedekind’s ideal numbers. Dede- 
kind’s definition of an ideal is the following: 

A set of integers of a field is called an ideal if: (a) The sum of any two 
integers of the set belongs to the set. (b) The product of any integer of the set 
with an arbitrary integer of the field belongs to the set. 

We shall prove that the concept of an ideal is equivalent to the concept of 
the set of all integers of the field divisible by a given divisor. It is obvious that 
the set of all integers divisible by a given divisor is an ideal. Let us prove the 
converse. We choose an ideal J by means of its base 1, Me, °° -° , fn and de- 
termine the common divisor Jt of ui, Ms, ++, Mn. It will be necessary to con- 
sider the rational primes ;, ps,--- which divide the greatest common 
divisor D of N(u1), N(us),---, N(u,). Let 


(33) mM = (B22. Bee Le Bry 21) (Boi Bos an Wax ,2k:) Lee 


where $;; corresponds to prime divisors for the modulus ~,. Clearly each 
number in Nt will be divisible by the divisor IN. We must show that if an integer 
w of the field is divisible by IN, then w belongs to Mt. Let us consider separately 
each rational prime modulus in N(M). Suppose A= dipitdope+ «+> +Oaua is 
an integer in Nt divisible by PY Pye .- - Bie and having no other divisors 
(mod 1). Such an integer must exist by definition of Mt. Then w is divisible 
(mod p;) by X, ice., 


(34) CW == Cima + Creme + ++ + + Cinta. 
where (a1, #1) =1. Similarly 


Cow = Codi + Cooe +--+ ConMn y 
(34) C3m = Caimi + C39Me +--+ C3nMn y 
where (c;, p:)=1. The integers N(u), N(us),---, N(un) and hence their 


greatest common divisor D belong to the ideal 9%. But D contains only the 
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prime divisors of N(Mt). Hence D, c1, ce, +--+, have no common divisor and 
the equation 
(35) DY + 1X1, + Xe +--+ =1 


has an integral rational solution. But Dw belongs to Nt with D, ice., 
(36) Dw = diy + dope + +++ + dnun. 
Multiplying (36) by Y and (34) by X1, Xe, +++, respectively, we obtain 


QO = (diY + C11X1 + CaXe +++: ea + (d2V + 6X1 + CoXe+--: ) oe 
tere (d,Y + CinX1 + ConXe + °°: ) en 


Hence w belongs to M. Q. E. D. 
The theory of congruences for an ideal modulus may be carried through very 
simply by this method. 


AN EXAMPLE OF THE IDEAL THEORY OF ZOLOTAREV 
By H. T. ENGSTROM! 


In the following note the prime ideal decomposition of a common index 
divisor (gemeinsamer ausserwesentlicher Diskriminantenteiler) is determined 
to illustrate the method of Zolotarev. The index divisors are the exception 
in Dedekind’s theorem for the determination of the prime ideal decomposition 
of a rational prime » from the decomposition (mod #) of an equation defining 
the field. 

Let us consider the field K generated by a root 0 of the irreducible eq uation 
f(x) =x8 —x?-—2x—8=0. This field is given by Bachmann? as an example of 
a field having a common index divisor. The discriminant dg of 6 is — 22-503, 
and since f(x) =«?(«—1)+2(*—4), where x—-4=0 (mod 2, x) it follows that 
2 divides the index of 6. We shall determine the ideal decomposition of 2. 

The integers 1, 6, 7 =30(@—1)—1 form a base of K. Furthermore if a=a+ 
b6-+-cyn, then 


a b C 
N(a) = | 26+ 4¢ a+b 2b 
4b — 2¢ 2¢ a—c 


From N(qa) we determine: an integer in each congruence class (mod 2) whose 
norm contains the least power of 2 and obtain the set, 


1 National Research Fellow, California Institute of Technology. 
2 P, Bachmann, Allgemeine Arithmetik der Zahlenkérper, 1926, pp. 280-284. 
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oo = 0, a,= 1, op =0+ 27, 03= 20 +7,a4=—-14+8, 
a=1+7yo =2+0+7,a, = 1-0+7, 
where 
N(ao) = 0, N(a1) = 1, Nae) = 100, NV(az) = 68, 
N(as) = 10, N(as) = 10, Nag) = 2, Naz) = — 4. 
Since N(a4) contains exactly 2! it follows from the general theory that 2 is 
divisible (mod 2) by the prime divisor ag= —1+6. Furthermore —1+6 and 


1+ 7 are relatively prime (mod 2) since by choosing a=0, b=1, c=3 in the 
expression 


B=1+7+(—14+ (a+ 06 + cn) 


we obtain B=11;1.e., the greatest common divisor (mod 2) of —1+6@ and 1+7 
is a unit. Hence 2 is also divisible by the prime 1+7. Similarly it follows that 
2-+6-+7 is prime (mod 2) to both—1+6@ and 1+ 7 and divides 2. Since N(2) = 23, 
there must exist a rational integer d prime to 2 and a unit e (mod 2) of K 
such that 


d2=e2+6+7)(—-14+4)(1 4+). 


By writing «e=a+b6-+cy and multiplying out it is seen that we may choose 
e=5+20—67n and d=25. Hence in the prime ideal divisors of Zolotarev, 


2= Bi Bo Bs, N(¥i) =2, 


where $$; corresponds to the divisor 2+0@+7, B. to —1+6, and $3 to 1+7. 
The decomposition of other rational primes may be determined from the 
decomposition of f(x) in prime functions (mod 2) as in the theorem of Dedekind. 
The decomposition of 2 in Dedekind ideals obtained by Bachmann (loc. 
cit.) is the following: 


[2] = pi-pe ps, Wps = 2, 
where 
p= [2,6,n], po = [2,6 + 1,n], ps = [2,0,n + 1]. 


It may be readily shown that the ideal ,; consists of all integers of K divisible 
(mod 2) by 2+6-+7, pe of all integers divisible (mod 2) by —1+6, and p3 of 
all integers divisible (mod 2) by 1+7. 
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THE ORTHOPOLE LOCI OF SOME ONE-PARAMETER SYSTEMS OF 
LINES REFERRED TO A FIXED TRIANGLE 


By O. J. RAMLER, The Catholic University of America 


An orthopole is defined by J. Neuberg! as follows: Let there be a triangle 
ABC and a line L in the plane of the triangle. From A, B, and C draw per- 
pendiculars to Z cutting it in P, Q, and R, respectively. From P draw a per- 
endicular to BC, from Q a perpendicular to AC, and from R a perpendicular 
to AB. These three perpendiculars meet in a point S which is called the ortho- 
pole of L with respect to the triangle ABC. 

It is the purpose of this paper to determine and study the loci of orthopoles 
of some singly infinite systems of lines. A statement of some of the more im- 
portant theorems to be found in the literature bearing on the subject is first 
given. 


Theorem I*: The orthocenter of a triangle 1s the orthopole of each side of the 
irtangle referred to ttself. 


Theorem II?: The orthopole of a line perpendicular to a side of a triangle is 
the foot of that perpendicular. 


Theorems I and II follow immediately from the definition. 


Theorem III: The orthopoles of a system of parallel lines lie on a line perpen- 
dicular to that system. 


Theorem IV: (a) The locus of orthopoles of a pencil of lines on a point P is a conic 
whose center 1s the midpoint of PH where H 1s the orthocenter of the reference 
triangle. 

(b) If the point P 1s the circumcenter® of the reference triangle, the locus of 
orthopoles of the pencil of lines 1s the nine-point circle of the triangle. 


(c) If P ts on the corcumcircle of ABC, and pts ats pedal or Simson line referred 
to ABC, then the conic 1s the line p taken twice. 


Theorem V4: The Simson lines of the extremities of any chord TT" of the 
circle ABC pass through the orthopole of TT”. 


Theorem VI?: The locus of orthopoles of tangents to a curve of class m is a 
curve of order 2m; the locus of lines whose orthopoles move on a curve of order n ts 
a curve of class 2n. 


1 J. Neuberg, Sur une transformation des figures, Nouvelle Correspondance Mathématique, 
vol. 4 (1878), p. 379. | 

2 J. Neuberg, Die Verwandischaft zwischen einer Geraden und threm Lotpunki in Besug auf ein 
Dreieck, Archiv der Mathematik und Physik, (3), vol. 3 (1902). 

3M. Soons, Mathesis (1896), p.57. K. Cwojdzinski, Der Lotpunkt, ein neuer merkwiirdiger 
Punki des Dreiecks, Archiv der Mathematik und Physik, (3), vol. 1 (1901), p. 175. 

4 Gallatly, The Modern Geometry of the Triangle, 2nd edition, Chapter VI, p. 49. 


1930] THE LOCI OF SOME ONE-PARAMETER SYSTEMS OF LINES 131 


Neuberg has shown that the relation between a line m and its orthopole 
M is three to one; that is, a line m has a definite orthopole M, but a point M@ 
may be the orthopole of three distinct lines m1, m2, m3. Three lines so related are 
said to be “associated.” After showing that the vertices of the triangle mymoms3 
(at least one of whose sides and the vertex opposite to it are real) lie on the cir- 
cumcircle of the fundamental triangle ABC, Neuberg gives the following con- 
struction to find mz and m3 when m; is known: Determine JM as the orthopole 
of m; with respect to A BC; join the orthocenter H of ABC to M and produce it 
to H, making MH, = HM. Let m, meet the circumcircle of ABC in N2 and Ns. 
Construct the triangle N,N2N3 having H» as orthocenter and ABC as circum- 
circle. This is done by drawing through Ne» a perpendicular to N3M, which 
meets the circle ABC again at N;. Then N,N. and N,N; are the required lines 
m3 and mz, respectively. If m; does not meet the circle ABC, then the sides 
N,N, and N,N3 are imaginary, meeting at the real vertex Ni, which is found 
by drawing N,H,, perpendicular to my. 

The theorems mentioned above and a number of additional theorems may 
be readily obtained by the use of “absolute” or “circular” coordinates.® Taking 
the vertices of our fundamental triangle ABC on a circle of unit radius and 
denoting the unit vectors from O, the circumcenter, to the vertices as a, B, ¥, 
we call their symmetric functions 01, ¢2,03. Let x be the vector to any moving 
point and y its conjugate. Then if the reflection of the origin O in any line m 
is u, we have as the conjugate equation of the line m 


(a) ute +oty = 1, 


where v is the conjugate of u. The orthopole M of m with respect to ABC 
is then given by 


(1) X= $01 + au + 4u- vo. 


To prove Theorem IV (6) we must put w=v=0. The product vu is a unit 
vector, say ¢. The vector to the orthopole of a circumdiameter is therefore 
given by the equation 


x =3(oi1+), 


which is the map equation of the nine-point circle. 

Theorem I is proved by putting u=3(8+y7), v=(6+Y)/28y in (1), whence 
x =0 1, the vector to the orthocenter of ABC. Theorem ITI is proved by putting 
u—y=constant=k. Equation (1) becomes 2x=k-+4u, where u runs along the 
normal from O to the system of parallel lines. The equation 2x =k-+u says that 
the locus of orthopoles is homothetic to this normal with respect to the fixed 
point given by k. Hence the locus is a straight line. 

Considering the line m as the line through the points #4; and ¢. on the circum- 


5 Winger, Projective Geometry, p. 324. F. Morley, Transactions of the American Mathematical 
Society, vol. 1 (1900), pp. 97-115; vol. 4 (1903), p. 1; vol. 8 (1907), pp. 14-24. 
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circle of ABC we obtain another and sometimes more useful expression for the 
vector to the orthopole, namely 

(2) 4 = 40, + 4(ty + te) + So3t 7 ty}. 


Now associate a third point ¢3 on the unit circle with ¢; and fs, and let 51, So, 
and s3 be their symmetric functions; equation (2) may then be written 


(3) “= 4(oy + 51) — St + do3t353°. 
This gives the orthopole of t;t2. Now write the equation 
(4) «= 3(o1 + 11) — 3(1 — ossz")e, 


where ¢ is any point on the circumcircle of ABC. Giving ¢ the values és, fe, f1, 
we get in turn the orthopoles of lines ¢ite, ¢3¢1, and tots, respectively. Equation 
(4) is the map equation of a circle, the circumcircle of the three orthopoles of 
the sides of the triangle tyfo¢3, referred to ABC. The center of this circle is at 
$(oi1+5,), the midpoint of the line segment joining the orthocenter of ABC to 
that of tytofs. The radius is one-half the absolute value of 1—o3s371. The sym- 
metry of these results suggests 


Theorem VII: Jf the product of the vectors to the vertices of one triangle in- 
scribed to the untt carcle 1s equal to the product of the vectors to the vertices of a 
second inscribed triangle, the midpoint of the line joining their orthocenters 1s 
the orthopole of any side of either triangle referred to the other. 


The Deltoid 


In 1857 Steiner® stated the theorem that the envelope of the Simson lines 
referred to a triangle is a curve of class three and order four. Later Cremona’ 
showed that this curve is a hypocycloid of three cusps inscribed to the triangle. 
Morley® has named this curve the deltozrd. We shall refer to it as the Steiner 
deltoid of the triangle in which it is inscribed. 

Since the altitudes and sides of a triangle are Simson lines of the corre- 
sponding vertices and their reflections in the circumcenter, respectively, we 
have as a consequence of theorems I and II the following: 


Theorem VIII: The orthopole locus of the tangents to the Steiner deltoid of a 
triangle ABC is a quartic curve having a triple point at the orthocenter, and passing 
through the vertices of the pedal triangle. The three tangents at the triple point are 
parallel to the sides of the triangle. 


According to Theorem VI the locus should properly be a sextic, but since 


6 J. Steiner, Uber eine besondere Curve dritter Klasse (und vierten Grades), Crelle’s Journal 
vol. 53 (1857), p. 231. . 

7M. Cremona, Sur l’hypocycloide @ trois rebroussements, Crelle’s Journal, vol. 64 (1865), p. 
101. 

8 F. Morley, Orthocentric properties of the plane N-line, Transactions of the American Math- 
ematical Society, vol. 4 (1903), p. 1. 
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the deltoid has the line at infinity as a double tangent, the locus degenerates 
into a quartic and the line at infinity taken twice. 

The pedal or Simson line of a point P(#) of the circumference ABC has an 
equation 


(5) 2tx — losy + oat 1 + 0. — 2 — ot = 0, 


where ¢ is the vector to the point P. Differentiating with respect to ¢ we obtain 
the map equation of its envelope, 


(6) x = go. +t + ost. 


Equation (6) is then the map equation of the Steiner deltoid of ABC. Now 
write the equation, 


x= 901 + $i +2) + do3f-Yy!. 


It is the equation of a two cusped hypocycloid, i.e., a line segment of length 
equal to that of the circumdiameter of ABC. Moreover this line segment meets 
the deltoid (6) where t=#, and has at that point the same direction as the del- 
toid. The segment is therefore tangent to the deltoid. If we put ¢=¢, in (7) 
we again obtain equation (2) and x is then the vector to the point of intersection 
M of the tangents to the deltoid given by t= t,andt=t,. Since these tangents are 
the Simson lines of ABC for the points ¢; and ¢, we have a proof of Theorem V. 
The deltoid being of class three, three tangents may be drawn to it from M. 
Let ¢3 be the parameter giving the third tangent from M. Then triangle fytoé; 
is such that its sides are the three lines each of which has M as its orthopole 
with respect to ABC. Whence we have: 


Theorem IX: The three lines that have a given point M as their orthopole 
with respect to a triangle ABC are real when M lies inside the Steiner deltoid of 
ABC; two of the three lines become coincident when M lies on the deltoid and but 
one line 1s real when M lies outside the deltoid. The coincidence of two of the three 
lines also requires the coincidence of two of the three parameters tytets. Hence we 
have the: 


Corollary: The locus of the orthopoles of the tangents to the circumcircle of 
ABC 1s the Steiner deltoid of ABC. 


This result could easily have been obtained from equation (1) by putting 
u=2t,v=2/t. We merely remark here that the triangle ¢,fots also has a Steiner 
deltoid whose size and orientation are the same as those of the Steiner deltoid 
of ABC, and which is obtained by merely translating the latter curve by an 
amount equal to and in the direction of the vector from H to M, where H is the 
orthocenter of ABC. 

We turn our attention next to Theorem IV (a) which was first stated by 
Neuberg.® Cwojdzinski,'® without proof, states the following: 


* Archiv der Mathematik und Physik, (3), vol. 3 (1902), p. 89. 
10 Archiv der Mathematik und Physik, (3), vol. 1 (1901), p. 178. 
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Theorem X: If the lengths of the perpendiculars dropped from any point 
P upon the sides of ABC are laid off from the orthocenter on the upper segments 
of the altstudes, then the three points thus obtained together with the feet of the per- 
pendiculars from P will le on an ellapse whose center bisects the line segment joining 
the orthocenter of ABC to P. 


We have no way of knowing from Cwojdzinski’s article that he was aware 
of the facts as stated in Theorem IV (a), particularly since Neuberg did not 
publish his theorem until the following year. Neuberg merely states that the 
locus of orthopoles of lines on a point P is a conic, but he does not give the type 
of conic. We now prove: 


Theorem XI: The locus of orthopoles of the lines on a fixed point with respect 
to a fixed triangle 1s an ellipse. This includes Cwojdzinski’s theorem. 


Letting the vector to the fixed point P bez, and 2’ its conjugate, the equa- 
tion of any line through P will be 


x—- z= Hy — 2’), 
whence 


w=2—te’, v= (t2’ —2)/t, wWu= — 1/t. 
Hence the orthopole of any line of the pencil given by parameter ¢ is 
(8) x = Hor + 2) — Ble! + ot) 


which is the map equation of an ellipse, because the elimination of t from (8) 
and its conjugate yields an equation of the second degree in x and y, and for no 
value of ¢ as it moves on the unit circle can x become infinite. The major and 
minor axes of the ellipse are 1+ |z’| and |(1—|2’|)|, respectively; that is if 
vy is the circumradius of ABC, the major and minor axes arer+OP. The center 
is at 4(o,+2), that is, at the midpoint of HP, where A is the orthocenter of 
ABC. Putting t=6y in (8), we obtain the foot of the perpendicular from P 
upon BC. This point is therefore on the ellipse. Putting = — Py we readily 
verify the second part of Theorem X. Again putting z=4, we obtain the locus 
of orthopoles of lines on a point of the circumcircle of ABC, namely, 


x = 3(o1 + ty) — 3(Hir’ + ast), 


which is a two-cusped hypocycloid, or since 1— [t;|=0, an ellipse with zero 
minor axis; we have thus proved Theorem IV (c). The foci of the ellipse (8) 
are given by dx/dt=0, namely by t= +(o3/z’)!/%. The vectors to 
the foci are then 


(a1 + 2) & (o32') 1”. 


Interpreting the above analysis geometrically we have the following scheme for 
the determination of the directions of the axes of the ellipse locus: ' 
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As axis of reals choose some line as OA. Then o;!/* is the midpoint of arc 
BC;callit X. Bisect angle AOP, letting the bisector cut the circumcircle at Q. 
Locate Y on the circumcircle so that angle AOY=AOX —AOQ. Then OY is 
parallel to the major axis. 


THE INSCRIBED ELLIPSE 


The ellipse (8) intersects the side BC in points whose parameters are t=6By 
and t=a(z+a)/(1+az’), the former giving the foot of the perpendicular 
from P upon BC, the latter giving the second intersection which may be de- 
termined as the orthopole of a line through P parallel to OM, where MM is the 
midpoint of AP. Equating the expressions for the two intersections we shall 
have a locus for P which will give ellipses tangent to BC. The locus is found to be 
the straight line, 


(9) z— Byz’ = Bya'— a, 


whose equation is satisfied by z= —o; and z= —a. Moreover the line (9) is 
perpendicular to BC; in fact it is the homothetic with respect to the circum- 
center of the altitude upon BC. From the symmetry of the result, z= —a, 
we have 


Fie. 1 


Theorem XII: The locus of orthopoles, with respect to a triangle, of lines on 
the point symmetric to the orthocenter with respect to the circumcenter is an ellipse 
tangent to the three sides of the triangle and concentric with the circumcircle. 


If the triangle is acute angled the ellipse will be inscribed; if the triangle is a 
right triangle, the ellipse is merely the hypotenuse taken twice; if the triangle is 
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obtuse, the ellipse is “escribed,” lying within the obtuse angle. The points of 
tangency are the same as the points of tangency of the Steiner deltoid with the 
triangle, and are in fact the feet of the perpendiculars dropped from H’ upon 
the sides, where H’ is the symmetric of the orthocenter with respect to the 
circumcenter (Fig. 1). 

For the sake of brevity some results are now given that can easily be de- 
termined by further investigation using methods similar to those used above. 

The loci of orthopoles, referred to ABC, of pencils of lines on the four 
equicenters J,(¢=1, 2, 3, 4) of ABC are four mutually tangent ellipses, whose 
centers E; are members of an orthocentric set of four points, and whose com- 


; Ls 


Fic. 2 


mon tangents meet by threes in four points of an orthocentric set T;. The four 
triangles contained in the set J; and the reference triangle A BC have the same 
nine-point circle. The medial triangle of ABC is the pedal triangle to each of 
the four triangles contained in the set 7;. The six points of common tangency 
of the four ellipses lie in pairs on the altitudes of ABC. The six common tangent 
lines of the four ellipses are likewise tangent lines to the Steiner deltoid of 
ABC, the points of tangency being identical with the points of tangency of the 
six lines with the four ellipses. 
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MAXIMUM NUMBERS ASSOCIATED WITH THE 
DIOPHANTINE EQUATION 
By H. A. SIMMONS, Northwestern University 


1. Introduction. The case r=n—1 of the cyclo-symmetric equation which 
the author has recently studied! may be written in the form 
1 1 


1 ee 
(1) Lt Xn—1 (m+ 1)b—-17 


where 2 is the elementary symmetric function of the m variables x1, x2, - ++, Xn, 
taken (1—1) at a time, and where b, m are positive integers. The principal 
results obtained in the present paper are that the number »v, in the solution 


(xy, Xo, ° °° » Xn) =(v1, ve, °° +, Wn) of equation (1), where 

(2) v9 = 174i = 1,2, +++, -—2), wr1=mti1, mn = [m+ 1)b —1](m+ n—1) 
is the largest number that exists in any solution in positive integers of this 
equation and that m+27.+ +++ +n, v1¥2- + + vn are the largest sum and product, 


respectively, of the numbers in any solution of (1). These results constitute a 
partial solution of problems 1, 2, 3 which were stated at the end of the paper 
referred to above. Unfortunately the method which we use to identify v, as the 
maximum number does not seem to apply except when r=n—1. 

In §5 we exhibit for the equation Z(1/xix_-- + x,)=b/[(m+1)b—1], in 
which + is a positive integer <n, a solution in positive integers which includes 
solution (2) of equation (1). 

Throughout this paper x1, %2,°°*, %Xn-1 stand for positive integers, con- 
veniently taken in the order x;Sx%_.S +--+ SXn_1, while xn, (2%n-1), in §$§2, 3, 4, 
is not restricted to be an integer; in these sections the term solution means a set 
(x1, %2,°°*, Xn), occasionally referred to as set x, which satisfies equation (1). 
In each of the three problems which we solve, x, assumes an integral value. 

2. An auxiliary theorem. In making the proof proposed above, we shall 


need Theorem 1 below, in which the variables ™, w,°-++, WU, are positive in- 
tegers, taken in the order 4Su.S +++ Sup. 
Theorem la: w+ue+ -++ tun, Suyte +++ Uztn—1. 


Theorem 1b: The equality sign in 1a holds if, and only tf, u;=1(4=1, 2, 
-,n—1). 


Proof of 1a: If m=1, Theorem ta is obviously true. If »=2, the inequality 
also holds since #;+u,Suu,+1 is equivalent to (uw,—1)(w%—1)20. Now if 


Uy + Ug tees + uy S yg: + uy, tk 1, 
then 
1 This Monthly, vol. 36 (1929), pp. 148-155. 
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Uy + Ue tos + Ue + Uap S ite + + Ue + tapi +R - 1S tite + Uap + ik, 
or Uy Ue oo + Meg S Ute ++ Unga + R 
hence Theorem 1a is true for all positive integral values of n. 

Proof of 1b: Suppose u;=1(¢@=1, 2,---,n—1). Then the equality sign in 


Theorem 1a holds whatever be the value of #,. We wish to prove that the in- 
equality sign in Theorem ia holds if two or more of the w’s exceed 1, so that 
certainly uwn-1>1, u»>1. With this hypothesis, (#,—1)(u,1—1)>0, so that 
Un fUn—1<Unun>zati. Then by induction of the type used above, we find that 
Uytuet: > tun <Uujte +++ Untn—1; hence Theorem 1b is true. 

Incidentally we state for Theorem 1 a generalization which can be obtained 
by induction. 

Theorem 2a: Dujtlo + + + UpSn—1Cp_y*UyUe + + Un ta_iC,. 

Theorem 2b: The equality sign in Theorem 2a holds tf, and only zf, 
u;s=1(¢=1, 2,---,n-1). 


Putting w;=1(@¢=1, 2,---,m) in Theorem 2a, we obtain as a corollary the 
well known relation: 


nC'r = n—IC'r_1 + n—1Cr. 


3. Proof that the vn of (2) 1s the maximum number in a solution of (1). It is 
convenient to consider (1) in the form 


1 1 #1 + xe + + Xn-1 b 
(3) a _—_ => 
MyXo °° Mn-1 XyXQ °° Xn—4 ~ (m + 1)b — 1 
Let Xi, Xo, ---, Xn denote a solution in which X, is the sought maximum 


number. On solving (3) for x, and introducing X in place of x, we obtain 
_ m+ 1b - ae + Xat+ +--+ Xn) 


ee ee SE A OE ES AL ST LE AA AS A A Ae 


bX1X_- + -Xn1 — (m+ 1)b+1 


nr 


in which the denominator is a positive integer. Consequently, 
< [(m + 1)b — 1|(X, + Xe--> + Xn_1). 


Application of Theorem la gives 


(4) Xn S [(m + 1)b — 1](XiX.-- + Xn +2 — 2). 
From (2) we also have 
(5) Xn Z Mn. | 
From (3), (5), and Theorem 1a, we now observe that 
1 XiX2°°° Xn tm —~ 2 - b 
Nitro Xen) kik Ky Gn ENT 


from which 
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6) XiXe-+: Xe < ———e 
(0) XiXe ‘= bm +n — 1) — 1 


From (3) it is obvious that X1X_---X,-12m+1. Then, on account of (6), 
(7) XiXe-+ + Xp = m+ 1. 


From (4) and (7), therefore, x,Sv,, which, in connection with (5), proves that 
Xn =Vn. 

From Theorem 1b and the fact that %,4+-Xe+t --- $Xp1=X1X9°° Xn 
t+n—-2=m+n-—1, it is evident that the maximum number », appears in no 
solution of (1) except (2). 

Remark: Solution (2) is not necessarily the only solution of (1). For ex- 
ample, if »=4, b=1, m=10, equation (3) becomes 


1/ayx9%3 + (a1 + xe + ¥3)/xix%e%3v4 = 1/10, 


which has (perhaps among others) the solutions (1, 1, 12, 70), (1, 1, 15, 34), 
(1, 1, 20, 22) in addition to solution (2), which is (1, 1, 11, 130). There may 
also be more than one solution when b>1. For example, if »=5, b=2, m=2, 
equation (3) becomes 


1/ayxe%9%4 + (1 + v2 + xs + v4)/H1veXaxaxs = 2/5, 


which has (perhaps among others) the solutions (1, 1, 2, 3, 5), (1, 1, 1, 5, 8), 
(1, 1, 2, 2, 10) in addition to solution (2), which is (1, 1, 1, 3, 30). 
We summarize our result in 


Theorem 3: The maximum number that exists in a solution of the equation 
S(1/sxpx, - + + Xp—1) =b/[(m+1)b—1], in which b, m are positive integers is 
[((m+1)b—-1](m+n—1). This number appears in but one solution, namely 
solution (2): v;=1¢=1,2,---,2—2),yn1=m+1,u,= [((m+1)b—1](m+n—1). 

4. The maximum sum and product of the numbers in a solution of (1). From 
(3) it is obvious that the maximum sum and the maximum product are simul- 
taneously attained. We shall solve both problems by finding the solution 
(x1, %2,° °°, 4n)=(Vi, Vo,---, Yn) of maximum sum. Our proof follows 
from the set of lemmas below, in which S stands for the maximum sum, 


Lemma 1: S20(m+1)(m+n-1). 


This follows from the definition of S and the fact that the sum of the 
numbers in solution (2) equals 6(m+1)(m-+n-—1). 


Lemma 2: Y,15m-+1. 


Proof: Suppose Y,z1>m+1, say Y,;-1.=m+1-+6, where 6 is a positive in- 
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teger, and Y,15Y, since the set Y is a set x. We shall reach a contradiction 
by showing that if a is a positive integer <6, so that 


b/[(m + 1)6 — 1] > 1/ViV2-- + Vn-2(Yn-1 — @) 


whatever be the (positive integral) value of Y:Y2---+ Ya_s, and if a, Y,/ are 
such that the set Yi, Yo,---, Vue, Vu’ 1=YVnst1—a, Yi satisfies (1), then 
Vrat+Y, >Y,++Yn, and the set Y does not have the largest sum possessed 
by any solution of the type that we consider. 

Letting r= Yi, Y2--- VY,» ando=Y,+Y2+ ---+YVn-2, we have, by hypoth- 
esis [see (3)], 


(8,) 1 n 1 n o br 
Yn Y, VnVn-1 7 a 

1 1 o br 

(82) + =— 


n-l Y, + Y/ Van a 
The desired result will now follow from (8) and the definitions of Y,’, Y,/_1if 
we can show that 

1 1 o br 
Y,-1 — a Yeba Yuu — a)(Y, + a) an 


(9) 


That (9) follows from (8;) is a consequence of the two equivalent statements, 


1 4 1 > 1 4 1 4 o 5 o 
—_—— _- an NS —Sa eg 
Vn—-1 — a Yn + a Vn—-1 Yn (Vn—1 — a)(Vn + a) VV n-1 


Hence Lemma 2 is true. 
Lemma 3: Y,.:2m-+41. 


Suppose Y,1<m+1, say Yn+=m+1—6, where 6 is a positive integer, 
Sm—1 since Y,z122. Then Y,<a(m+n-1), [see (2) and Theorem 3]. 
Therefore Y¥,;+ Yet ---+YV,12m+n by Lemma 1. To make the desired 


proof now, we only need to establish two facts: (p) if a1,a@2, - + + ,Q,_1 are positive 
integers such that a;taz+ --- t+a,12m+n—1, then aay: -- A&izm+i; 
(q) if a set Bi, Bo, -- +>, Ba is a set x for which 6;+6.+ --- +Br-12m-+n, then 


the set 8 is not the set Y. 

Proof of (p): This is an immediate consequence of Theorem fa. 

Proof of (q): Consider the set 81, Bs, +--+, Bn-2, Ba 1=Bn1—1, Bf, in which 
Bx is so selected that these 7 numbers form a solution of (1). When the first 
n—1 elements of this set are suitably arranged, a set x results for which 
BiBo +++ BaoBar12m+1, by (p); and such that By 1+8e >Br++B8n,as can be 
shown by the type of argument that was used in proving Lemma 2. Hence (q), 
and consequently Lemma 3, is true. 

From the last two lemmas, Y,1=m-+1. By the method used in proving 
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Lemma 2, one can now readily show that Y;=i(@¢=1, 2,---,n—2). Hence 
the set Y is identical with solution (2). 
We state the results of this section in: 


Theorem 4. The sum and the product of the numbers in solution (2) are 
greater than the sum and product, respectively, of the numbers in any other solution 
of equation (1). 


5. A solution of Z(1/xx, +++ x,)=b/[(m+1)b—-1]. By such an inductive 
attack as was employed to obtain a solution of the cyclo-symmetric equation 
mentioned above, we have found for the equation 


1 b 


(10) OO) 
Hit2°° + Xt =60(m+1)b-1 


a solution which includes solution (2) of equation (1). In order to exhibit this 
solution, we define the symbol 2;,; as the elementary symmetric function of 
X1, Xo, °° *, Xy (¢<n), taken j7S7 ata time. In terms of this symbol it is not 
difficult to see that (10) can be written in the form 


1 Dr 1 1 mr 
; +1,2 
(11) _— eens 
HQ * + * My Nrpi UyXg °° * Ny Xrp2 AyXQ 2 2° Kpyy 
1 2n—1 n—T b 
eee fo, a (m+ 1d —- 1. 
Xn %i%.° °° NXn—1 a 


When =r, (11) does not always have a solution in positive integers. For 
example, if n»=r=3, b=2, m=2, equation (11) becomes 1/x1%_x3=2/5, which 
has no such solution. When 2>yr, a solution of (11) is given by the numbers 


(x1, Xo, °° * » Xn) = (Wi, We, +++, Wn), Where 
(12a) we=1(k =1,2,---,r—1); 
(12b) w=m+1; 
(12) 
(12c) wri = @ Sk kartt +1(k=r,r+1,---,2-— 2); 
(12d) Wn = a Sonelner + 


To see that (12) is a solution of (11), substitute into (11) for the x’s their 
values from (12); multiply the resulting equation through by a; in the result 
add 1 to, and subtract 1 from each numerator after the first; then collect the 
first two terms, using (m+1)b—1 in place of a, and get b—1/(m+1)(az,1+1); 
next, to the result just obtained, add the third term and get 

b—1/(m+1) (a2, 1+1) (a2p412+1); 


to this result add the fourth term and get 
b—1/(m+1) (a2, +1) (a 2r41 2 +1) (a2r42,3+1); etc. 


142 ON A POINT-TO-PLANE TRANSFORMATION |Mar., 


By the methods used in connection with the cyclo-symmetric equation, we 
have proved for solution (12) properties that are analogous to those which 
were found for our solution of the cyclo-symmetric equation. 

We therefore wish to propose to the reader problems which are analogous to 
those that were proposed in connection with the cyclo-symmetric equation. 

Problem 1: If n>r, is the w, of (12) the largest number that exists in a 
solution in positive integers of equation (10)? 

Problem 2: If n>r, are wjtu.t--- +w, and wiw.:--w, the maximum 
sum and product, respectively, of any set of ” positive integers which constitute 
a solution of equation (10)? 


ON A POINT-TO-PLANE TRANSFORMATION IN FOUR-SPACE AND 
AN ©*+SYSTEM OF TETRAHEDRAL COMPLEXES IN ANY 
THREE-SPACE CONTAINED IN THE FOUR-SPACE 


By B. C. WONG, University of California at Berkeley 


Consider two hyperquadric surfaces Q and Q’ in 4-space whose equations 
referred to their common self-polar simplex are, respectively, 


4 4 
Dax; = 0, ya} i= QO. 
1=0 1=0 


The polar hyperplanes of a given point P (y) with respect to Q and 
Q’ intersect in a plane 7 given by the equations, 


Das Vik; = 0, da! ying = O. 


The plane m is said to correspond to the point P. This paper proposes to de- 
scribe some of the features of this point-to-plane transformation and also to 
obtain a system of +4 tetrahedral complexes contained in any 3-space of Sy, in 
connection with the transformation. It will be found that a general line de- 
termines a quadric hypercone of planes, a general plane a cubic surface which is 
peculiarly related to it, and a general hyperplane a normal quartic curve which 
in turn determines a unique twisted cubic in the hyperplane. We shall also find 
that a general hyperplane section of all the planes obtained in this transforma- 
tion consists of all the +4 lines of the hyperplane forming an %4-system of 
tetrahedral complexes. 

From the equations of transformation above or otherwise we see that the 
vertices of the self-polar simplex go into the opposite hyperplanes or faces, any 
point on an edge into the opposite plane, any point in a plane into a plane 
through the opposite edge, and any point in a face into a plane through the 
opposite vertex. 


1930] ON A POINT-TO-PLANE TRANSFORMATION 143 


Let a point P(y) describe a line / given by the intersection of three hyper- 
planes S3(u), SJ (u’), S3’(u’’). The corresponding plane a describes a quadric 
hypercone V;? whose equation is | 


daqxXo AX, lax 3X3 4X4 
Gg Xo AX. AgX. asXs ad X4 
A =I uy ty Ue 13 4 = (). 
U6 uy Us ug U4 
6 uy us! 3! ug! 


Consider for a moment the hyperplane $3(z). Its points transform into the 
«3 trisecant planes of a definite 4-space quartic curve C4. The equations of C* 
can be obtained by equating to zero the matrix -of the first three rows of A or 
can be written parametrically 


px, = u;/(a; — dal) [¢é=0,1,---, 4]. 


To a given S; there is a definite C4 corresponding and since there are © ‘4 hyper- 
planes in S4, there are 4 such quartic curves. They all have in common the 
five vertices of the self-polar simplex. The quadric hypercone V;?, and there are 
co such corresponding to the ©§® lines in S,, has on it ©? quartics of the type 
C4 and through each C* pass + hypercones of the type V;?. 

Each C* is also the locus of points whose corresponding planes all lie in the 
S; determining C*. The planes are such that through a general point P of $3 
three of them pass. These three planes come from the three points on C4 de- 
termining the plane 7 corresponding to P. Hence the planes in question en- 
velop a twisted cubic curve y* whose points go into the osculating planes of C‘. 
Ss meets C4 in four points forming a tetrahedron. The cubic y* osculates the 
four faces of this tetrahedron and also the five planes in which S$; intersects the 
five hyperplanes of the self-polar simplex. 

The curve C* is also the locus of the poles of S; with respect to all the 
hyperquadric surfaces of the pencil determined by Q and Q’. 

Now let P describe a plane ¢ common to $3(u) and Sj(u’). The locus of 
points whose corresponding planes meet ¢ in lines is a ruled cubic surface in Sy 
and has for equations the matrix of the first four rows of A equated to zero. 
This cubic surface, F%, is also the locus of the vertices of the ©? hypercones 
corresponding to the ©? lines in @. If ¢ is a plane 7’ corresponding to a point 
P’, that is, an osculating plane of y? in S3, F? becomes a point coincident with P’ 
which is on C4. It is not difficult to see that a point P in @ goes into a plane 7 
meeting F* in a conic, for a 3-space through P meets F* in a twisted cubic curve 
and 7 in a line bisecant to the curve.! There are ©? conics on F* corresponding 


1 The line is said to correspond to the point P in a point-to-line transformation by means of 
two quadric surfaces in the 3-space. See Bing Chin Wong, A study and classification of ruled quartic 
surfaces by means of a potnt-to-line transformation, University of California Publications in Mathe- 
matics, vol. 1, No. 17, pp. 371-387. 
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to the ©? points in ¢. If P describes a line / in ¢, there is an ~©!-system of 
conics on F? all having a point Z in common and their planes are the planes of 
the V? corresponding to / and having L for vertex. 

While through a given C* pass ©% F% corresponding to the © planes in S3, 
on each F? lie ©1 C4 corresponding to the 1! hyperplanes through ¢. F® may 
be said to be generated by this ©1!-system of C*. If we consider the points of F? 
and the lines of ¢ as corresponding elements, we have in @ an ©1-family of 
curves of class 3 and order 4, each curve being the intersection of @ with the 
developable to the y* contained in an $3 through ¢. The tangents to such a 
curve correspond to the points of the C* on F? determined by S;. All the curves 
of the family have five common tangents which are the lines of intersection of ¢ 
with the faces of the self-polar simplex. 

Consider @¢ as a plane in a fixed $3. Any hyperplane S;, which may be S3 
itself, meets the F® corresponding to ¢@ in a cubic curve C* and determines a 
quartic curve C’4. Let S; meet C’4 in the four points A, B, C, D. The points of 
C® go into lines enveloping a conic x? in ¢@. If C® is made up of a line g anda 
conic C?, x? degenerates into two pencils of lines. In this case, one of the four 
points common to 3 and C’4, say A, is in @ and the vertex of one of the pencils 
of lines in ¢ is at A, the vertex of the other is on the line in which @¢ meets the 
plane BCD. Now if C* is made up of three lines of which one, g, meets the other 
two, g’, g’’, in distinct points, two of the four points common to S$; and C4, say 
A and B, are in @ and they are the vertices of the two pencils making up the 
degenerate x*. Corresponding to the points on g which must be the line CD 1s 
the same line AB. But if the components g, g’, g’’ of C® are concurrent at a 
point P’ of F°, three of the four points A, B, C, D, say A, B, C, are in ¢ which 
is now coincident with an osculating plane 7’ of the y? in S; and the point P’ is 
no other than the point D itself. ° 

Note that there is another correspondence between the points of a plane @, 
which may be coincident with ¢, and the planes of the conics of F%. This corre- 
spondence arises from associating with a given point P’ of @ that plane 7 which 
passes through P’ and meets F? in a conic. As 7 1s the transform of a point 
P in ¢, we have a quadratic birational transformation between the points of ¢ 
and those of 6. If P describes a line / in ¢, P’ describes a conic which is the 
intersection of @ with with the V? corresponding to J; and if P describes a conic 
in @, the corresponding plane z describes a V;' containing F? as double surface, 
thus giving rise to a trinodal quartic curve in 6 as the locus of P’. But if P’ 
describes a line in 6, 7 describes a V3 containing F* doubly and hence P in @ 
describes a conic. This correspondence between the points of 6 and ¢ is, there- 
fore, birational and quadratic. | . 

Now we come to the consideration of the tetrahedral complexes. It is known 
that the © trisecant planes of a normal quartic curve in S, meet any S; in the 
lines of a tetrahedral complex, the fundamental tetrahedron being formed by 
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the points in which S; meets the curve.? Since the points of every hyperplane 
transform into the trisecant planes of a quartic curve which that hyperplane 
determines, there are ~4 tetrahedral complexes in a given $3 obtained in this 
way. Each of the 4 tetrahedra has for faces four of the osculating planes of 
the unique cubic y* contained in $3. Any four osculating planes of y’ form such 
a tetrahedron. Among the complexes there are many degenerate ones. The 
nature of the degeneracy of such a complex depends upon the relation which the 
corresponding hyperplane bears to the simplex self-polar to Q and Q’, such as 
passing through one, two, three, or even four of its vertices. We shall not go 
into this. 

Any two complexes I’, I'’’ whose lines lie in the planes coming from the 
points of two hyperplanes $3, Sj’ respectively have in common a congruence 
of lines bisecant to a cubic curve C%. The lines of this congruence lie in the 
planes which are trisecant to the two quartic curves C’4, C’’* determined by 
S53, Sz’ respectively. C? is the intersection of S3 with the F* determined by the 
plane ¢ common to S3 and $3’, and it passes through the vertices of the two 
tetrahedra of I’ and I’ and indeed through all the vertices of the 1 tetrahedra 
whose complexes correspond to the ©! hyperplanes through ¢. There are ©® such 
cubics giving rise to as many congruences corresponding to the ©® planes in S4. 
Any two congruences if they belong to the same complex have a quadratic 
regulus in common and if they belong to different complexes have just a line in 
common. Any three complexes always have in common a regulus which may 
be a proper quadric surface, or a quadric cone, or a pair of pencils of planes. 
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All books for review should be sent directly to the editor of this department and not to any of the 
other editors or officers of the Association. 


REVIEWS 


Einfihrung in die mathematische Behandlung naturwissenschafilicher Fragen. 
Erster Teil: Funktion und Graphische Darstellung. Differential- und Integral 
Rechnung. By Alwin Walther. Julius Springer, Berlin, 1928. viii+220 
pages. 

The author informs us in his preface that this volume, entitled “Introduction 

to the mathematical treatment of questions in natural science,” is a result of a 

course which he gave in the years 1924-1926 at Gottingen, primarily for 

physicists, chemists and biologists. The author’s objective, he informs us, was 
not to load the reader with formulae nor to give him worthless skill in mere 


2 Carrone, Sopra un nuovo modo di generazione del complesso tetraedrale. Napoli Rendiconti 
(3), No. 7, pp. 57-66. 
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manipulation, but rather to give a clear understanding of mathematical methods 
in their application to questions of natural science. 

The volume is divided into two sections. Section I, pages 1-67, is entitled 
“Function and Graphical Representation.” Section II, pages 67-202, is 
entitled “Differential and Integral Calculus.” 

The first 67 pages are devoted to a treatment of functions and graphs. While 
the principal consideration is of continuous, one valued functions and of 
functions whose corresponding graphs have only a finite number of oscillations 
within a finite interval, attention is directed to the “natural” existence of 
discontinuous functions of various kinds as well as to functions whose cor- 
responding graphs have an infinite number of oscillations within a finite interval. 
The treatment of functions and graphs, though very brief, introduces rec- 
tangular coordinates, polar coordinates, logarithmic, semi-logarithmic and 
triangulation graphing and their uses as a means of adequate mathematical 
formulation from empirical data, in the various fields of natural science. Even 
the uses of nomographic scales for representation of various functions of 
several variables is given a brief treatment. If we note that the author includes 
a treatment of interpolation, deriving Newton’s as well as Stirling’s formulae, it 
is evident that these 67 pages are concentrated. 

The next 135 pages are devoted to what constitutes the basis of the usual 
first course in differential and integral calculus in most of our colleges. The 
following topical heads will indicate, to some extent, the author’s treatment of 
the subject: 

Pages 67-79: Derivative and indefinite integral. Integration treated as an 
inverse operation, differentiation of functions of several variables, partial 
differentiation; applications of integration. 

Pages 79-91: Applications of the first and higher derivatives. 

Pages 91-117: The differential and increment of a function. Infinitesimals 
with applications; theorem of the mean; Taylor’s series with remainder; 
Taylor’s infinite series; brief mention of Fourier series and their uses. 

Pages 117-138: The definite integral. Integration as a limit of a sum of 
infinitesimals; mechanical integration (planimeter); graphical integration. 

Pages 138-165: Derivation of formulae for differentiation and integration. 
Additional applications. 

Pages 165-202: The natural logarithm and exponential function. The 
differential and integral calculus of such functions in problems that arise in 
natural science. 

The volume has 174 figures, which indicates the author’s emphasis on the 
need and value of visualizing the significance of the corresponding analysis 
(granting that often in special considerations the analysis transcends such 
possibility—as in continuous functions without derivatives at any point). 

This volume is not a treatise nor is it a text book. It does not contain drill 
exercises. The greatest value of this volume is not in the advancement of the 
content of mathematics but in advancing the appreciation of mathematics as 
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a marvelous tool in the heads and hands of the natural scientists. The book 
should prove a stimulus to the scientist whose work has emerged from the em- 
pirical to the analytical stage, but he will need a different text to obtain any 
facility in the use of the tool for which his interest has been stimulated by this 
introduction. Such books in this country as well as abroad, confirm my ob- 
servations that mathematics is more and more coming to be recognized as the 
desirable, yea, the necessary language of science, not only to physicists, 
chemists, and engineers, but to entomologists, horticulturists, zoologists, etc. 

Perhaps Bertrand Russell’s definition of mathematics as “the science in 
which we never know what we are talking about, nor what we say is true,” 
in being restricted to entities in natural science rather than the realm of general- 
izations (abstractions) will lead to more and more true statements of facts. 
The author evidently prefers Whitehead’s conception of mathematics as “the 
intellectual instrument which has been created for rendering clear the aspects 
of the world quantitatively.” 

H. L. SLoBIN 


Begriff und Anwendungen des Differentials. By Alwin Walther. B. G. Teubner, 

Berlin, 1929. iv-+96 pages. 

This pamphlet, “The Concept and Applications of the Differential,” is 
also the outgrowth of a series of lectures delivered by the author at Gottingen, 
in 1926. Pages 1-11 are in the nature of an introduction and give an historical 
and analytical setting of the development of the differential and increment of 
functions. Pages 11-17 deal with continuity and infinitesimals. Pages 17-45 
deal with the derivative and differential. Pages 45-86 deal with the theorem of 
the mean, Taylor’s formula, and the definite integral: 

The pamphlet is in some respects a portion of the volume reviewed above 
and in other respects a further development of that portion. It really is a bit 
of the theory of functions, primarily the part that pertains to the differential 
calculus, and belongs in an introduction to a second course in calculus. Though 
the author again addresses himself to teachers of the natural sciences, in the 
secondary schools, this work, unlike the volume above, has primarily the point 
of view of the mathematician. It is probably of some value in bridging the gap 
between a first course of calculus and function theory. 

H. L. SLOBIN 


College Algebra. By N. R. Wilson and L. A. H. Warren. Oxford University 
Press, American Branch, New York, 1928. $2.08. 


Many teachers who were reluctantly forced to the conclusion that “Hall 
and Knight” would not do for American colleges will be glad to consider this 
college algebra by two Canadians. In it an effort has been made to adapt the 
traditional English course to the needs of the American student. 

Great pains have been taken in the presentation, particularly in the first 
part of the book. This has in some cases resulted in explanations so long as to 
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repel the student for whose benefit they were intended. Examples might be 
cited from the eleven rules of the first chapter, or the four page explanation of 
the characteristic in the sixth chapter. Space saved here and from the 27 pages 
of ratio and variation might have been used to supplement the very inadequate 
review that precedes the first chapter. In the later chapters the style is marred 
by a tendency to use the equality sign of an equation as the principal verb of the 
sentence. As a whole, however, the book is well written; the treatment of such 
topics as the progressions, permutations and combinations, the binomial 
theorem and mathematical induction compares very favorably with that of 
most of our texts. 

Apart from its attention to presentation, the Americanization of this book 
takes such forms as the appearance of an index, a greater variety in the printing, 
the use of American money (even such sums as $mP); and, most important, 
the treatment of limits and convergence is made to agree with the usual 
practice in this country. 

Joun M. STETSON 


A Simplified Presentation of Einstein's Unified Field Equations. By Tullio 
Levi-Civita. Translated by John Dougall. Blackie and Son, London, 1929. 
22 pages. 


This exposition can be recommended for those who have time to read only 
one paper on this subject. The formulas are given in such detail that the only 
prerequisites are an acquaintance with Maxwell’s equations and aslight knowl- 
edge of general relativity. Only the mathematics of the theory is given. There 
is no discussion of the physical ideas, or of the probable place of the theory in 
physics. 

K. W. LAMSON 


Poetry and Mathematics. By Scott Buchanan. The John Day Co., New York, 
1929. 197 pages. 


The opening chapter gives the purpose of the book as being to show by use 
of Plato’s dialectic method “what mathematics and poetry are and what they 
are not.” The author sees the two as more or less successful attempts to deal 
with ideas. His denunciation of the professional mathematician or “prover of 
propositions,” who through elaborate manipulation of formulae and figures 
succeeds in mystifying the student, is no more bitter than that of the pro- 
fessional in the poetry workshop who lays too great a stress on versification and 
prosody. In both cases the means or “vehicle” by which an idea is to be reached 
has been confused with the idea itself. 

The first vehicle discussed is the mathematical figure as asymbol. There is 
a diverting section at this point in which the author, quoting the dialogue be- 
tween the caterpillar and Alice in Lewis Carroll’s “Alice in Wonderland,” 
pictures the caterpillar as a typical mathematics teacher and Alice as both the 
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typical pupil and the figure to be understood. This he contends is a lesson in 
projective geometry. Another more serious example taken from Euclid’s 
“Optics” is that of the figure in a moving projective plane with the point of 
convergence at the eye. These demonstrations show the figure in transforma- 
tion just as a poem reveals the character in action. This comparison is more 
thoroughly developed further on in the book. The author gives at length a 
demonstration of the Pythagorean theorem and shows how the mathematical 
technique has there been used to define an abstract idea. 

Next he turns to the field of numbers and discusses the two theories: that 
of operations where the entire number system is built up by starting with unity 
and applying different operators; and that of postulates, where the numbers 
are the elements in a system, and different relations being assigned to hold 
between them, the numbers are differentiated as reflexive, symmetric and tran- 
sitive, or their opposites. Similar to the ordinal and cardinal numbers are the 
ordinal and cardinal elements in a story, the first where a series of events happen 
to a character and are reflected by him and the latter where the events come 
from the character and are transfigured by his habits and wishes. 

From the discussion of space and number the author proceeds to the ratio, 
pointing out the linguistic bridge between poetry and mathematics built by 
the Greeks and Romans in their words “logos” and “ratio” or reason. This he 
now calls analogical thought and he traces the expansion of the analogy into the 
allegory, giving examples from old and modern literature. A corresponding 
mathematical example is Archimedes’ principle of the lever developed in the 
fields of mechanics and astronomy. These ratios in combination give the 
algebraic equation. Trigonometry is a science built up on ratios and having 
these equations for its laws. Descartes developed his “geometrico-algebraic” 
allegory by the introduction of loci and equations. Just as the ratio varies in 
the algebraic equation, the dramatic character varies in the dramatic equation 
acting under conditions which determine the plot of the play. 

Taking the ratio and letting the second term approach zero, we get the 
operator Ay/Ax which, when applied to the algebraic equation gives the 
differential or fluxion. Here the idea of functionality is introduced, a new aspect 
of the mathematical object. Up to this point the similarity between poetry and 
mathematics has been stressed. The author now states that mathematics sees 
and deals with relations and has for its symbol the function, while poetry deals 
with qualities and the symbol it operates with is the adjective. The method of 
mathematics is analytic and that of poetry synthetic. 

The relation between the esthetic object or symbol with which the two sub- 
jects work and the intellectual object or idea is that the former finds inter- 
pretation and comprehension of the latter. Symbols or metaphors are the analo- 
gies which upon expansion into the allegorical form and introduction of more 
anrequate symbols approach the idea. 

With the shift of attention from ratio and proportion to function the author 
sees a turning from mechanics to new routes to the absolute in which mathe- 
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matics and poetry are more closely bound. Modern Pythagoreans with their 
new analogies allow everything, numbers, forces, functions, etc., to vary, thus 
making mathematics correspond to the scientific observations. He gives an 
interesting picture of mathematics and poetry each developing as a series of 
concentric spheres, each expansion including the preceding; and says that as 
soon as relations can be found to hold between qualities a new sphere will be 
built including both series and we shall have an allegory which is mathematical 
and poetic. The tragedy is an example of such a sphere but ends in the inevitable 
destruction of the sphere. The comedy on the other hand uses the method of 
substitution applied in functional work such as series or equations in mathe- 
matics. Viewing the popularizer of science as the stage manager and ourselves 
as the actors, the author deplores the missing spirit of the play and the scarcity 
of clear and distinct ideas today. 
MARGARET M. YOUNG 
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EpITEp BY H. J. ETTLINGER, University of Texas, Austin, Texas. 


All reports of club activities should be sent to H. J. Ettlinger, 3110 Harris Park Ave., Austin, 
Texas. 


CLUB TOPICS 
1930 As A CENTENNIAL YEAR IN THE HISTORY OF MATHEMATICS 


By WaLTER Crossy EELLs, Stanford University, California 


In continuation of previously published lists! of centennial dates in the history of mathematics, 
the following list of important 1930 centennial dates is presented. 
B.c. 570. Birthof Anaximenes, prominent pupil of Thales, of Ionian school. Greek mathema- 
tician and astronomer. 
470. Birth of Hippocrates of Chios, one of the greatest Greek geometers, celebrated for 
his studies of the quadrature of lunes. 
370. Death of Democritus of Abdera, Thracian geometer. 
A.D. 130. Appearance of Ptolemy's Almagest, standard work on mathematical astronomy for 
over one thousand years, until superseded by work of Copernicus and Kepler. 
330. Death of Iamblicus, Alexandrian mathematician who advanced the Greek theory of 
numbers. 
430. Death of the church father, St. Augustine, who discussed Zeno’s celebrated para- 
doxes and arrived at a conception of the “actually infinite” as a constant. 
530. Computation by the Hindoos of a table of sines for every 33/,° of the quadrant. 
1530. Probable date of birth of Bombelli, Italian mathematician, author of “the most 
teachable and the most systematic treatment of Algebra that had appeared in Italy 
up to that time” (Smith, D. E.: Source Book in Mathematics, p. 80) which was note- 
worthy for its treatment of cubic and biquadratic equations. 
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1 This Monthly, vol. 36 (1929) pp. 99-100 for a list of 1929 events and for references to pre- 
vious volumes for corresponding lists from 1925 to 1928. 
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Rudolff used a symbol of a vertical bar as a decimal point in a compound interest 
table. 

Birth of Barrow, English mathematician whose method of tangents was one of the 
forerunners of the differential calculus. 

Galileo first called attention to the cycloid and suggested that arches of bridges 
should be built in the form of this graceful curve. 

Galileo in his Dialog tiber die beiden hauptsdchlichtsen Weltsysteme considers questions 
later recognized as belonging to the field of the calculus of variations. 

Publication of Grammelogia, or the Mathematicall Ring, by Delamain, mathematical 
teacher of London, earliest publication describing a slide rule. For facsimile of title 
page, with illustration of circular slide rule, see Smith, D. E., Source Book in Mathe- 
matics, p. 157. 

Death of Kepler, celebrated geometrician and astronomer, whose three laws form 
the basis of modern astronomy. 

Birth of Bezout, French mathematician, whose Théorie générale des Equationes 
Algébriques contained his theory of elimination and symmetric functions of the 
roots of an algebraic equation. 

Results of “Maclaurin’s Theorem” first given by Stirling in his Methodus Differen- 
tialis, 

Publication of De Moivre’s Miscellanea Analytica, which brought about his election 
to the Berlin Academy. 

Publication of English translation of Venema’s Coffer Konst, in New York, second 
oldest arithmetic printed in America. 

Birth of Cremona, Italian geometer, discoverer of the “Cremona transformation,” 
of fundamental importance in modern geometry. 

Publication of Legendre’s monumental Théorie des nombres in two large quarto 
volumes (third, final, enlarged edition), still a standard work on number theory. 
Word “group” first used in the technical, mathematical sense by Galois. 

Death of Fourier, French physicist and mathematician, discoverer of “Fourier 
series” by which any arbitrary function of a real variable may be represented by a 
trigonometric series. 

Publication at Hartford of Barnard’s A Treatise on Arithmetic, first American 
arithmetic to contain pictures to aid beginners in mastering the subject. 


DISCORD IN MATHEMATICS LAND 


By MARIE WHELAN, Hunter College of the City of New York 


INTRODUCTORY SCENE: Two strips of white tape are laid out parallel on the floor. Math 
Student enters and walks along one of the lines saying slowly, wearily and rhythmically: 
Math Student: “And on and on and on and on and on——(out of the room).” 


SCENE I: 


My children, we are gathered here in court assembled to consider matters grave. 
From trusted sources it has reached mine ears 

That discord rears its head in this our land. 

The order that we cherish is assailed 

And harmony is threatened in this its very home, 

That harmony the l‘ke of which has ne’er been equalled in the world 

Outside the borders of our realm. 

And shall we tamely sit and watch it go? 

It shall not be! On that I am resolved. 

And so I’ve cailed you here today 
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To air your grievances in open court. 

If any one has plaint against his brother 

Let him speak now, or henceforth hold his peace. 

Big D of x, take you your stand upon my right, 

And differentiate between the various claimants for the floor, 
And likewise calculate for us the rate of change from case to case, 
That all may move with speed and order 

As doth become this court. 

And Integral of mine, do you be seated on my left 

And lend attentive ear to every case, 

So at the end to make summation for the court 

Of all that does transpire. 

Big D, proceed! 


Dy: My Lord, Addition claims the floor. 
He has a charge to make. 


Addition: My Lord, I am a thrifty fellow, as you know, 
And all my life have saved and saved and saved. 
I have struggled hard and piled up wealth on wealth 
And oft have been a multimillionaire. 

I would not have a care or fear 

For aught the future has in store 

Save for the depredations of this thieving rogue, Subtraction. 
Throughout the years, he’s robbed me 

Right and left, small sums and large 

And often at one blow 

Has stolen all my hard earned wealth away 
And left me penniless. 

Patiently have I endured till now 

And countless times have struggled up 

From want, to wealth exceeding great. 

With what results? This rascal comes along 
And steals it all away. 

I am growing old and weary in the game. 

I will not work with naught to show for it 
Unless the court will guarantee my rights 
And place restraint upon this thieving knave. 
I have concluded. 


f(x): Subtraction, take the floor 
And justify your actions if you can! 


Subtraction: I’ve naught to say but this. 
I claim the right to make a living 
By means that nature has endowed me with 
By taking here and there, and when and where 
I can. A man must live, my Lord. 


f(x): My judgment I’ll reserve upon this case. 
Stand down! Big D, proceed!. 


D;: Multiplication has the floor. I present him to the court. 


Multiplication: Your Honor, and my Brothers, I’ve a charge against Division. 
His malice brings to nothing all my toil. 
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My duty ’tis, and pleasure too, 

To bring together diverse folk in this our land 
And mould them into one, 

And many happy unions have I formed 
Which stood intact from all assaults save one 
And that, Division’s. He takes delight 

In breaking every bond I make. 

I’ll cite a case in point. 

I took ab and formed a union strong 

With p’ and with p. 

The result was very happy. I was pleased 
And they were pleased. And then 

Division came along and spoiled my handiwork 
And parted ab from his p’s. 

This instance is but one 

Of thousands like to this. 

His malice is unbounded, I maintain 

My Lord will find he is the root and cause 
Of all the discord that is rife today. 

His very name proclaims it. 

My grievances are many at his hands! 


Division! What say you to this charge? 


Division: My Lord, his charge is foolish. Would you blame 


F(x): 


dD; 


The light, that it is seen, 

Or sound, that it is heard, 

Or black, that it is black, 

Or white, that it is white? 

His mission is to join. 

My mission is to part. 

And sometimes mine the greater blessing is. 


I cannot give decision on this case. 
Who seeks the floor? 


The Logarithm claims the floor. 
I recognize his right. 


Logarithm: My right and privilege it is 


F(x): 


To go out walking by the side of x 

And many happy hours have I spent 

In this, my normal way of living. 

And none there are that can contest my claim 
Save only one, this base e, the Exponential. 
Every time, with mischievous delight 

He takes x from me. He has spoiled my life. 
I ask the court to guarantee my rights 

As prior unto his. 


Well, e, do you admit this claim? 


Admit this claim? Why should I? 
How does he rate a higher claim than mine? 
When, as you know, without me 
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He never had been born. He has no rights, 
Save those that I allow. I’ve been 

Too generous with the fellow, that I see. 

A fault I’ll mend in future. 


It seems to me this is a case 

Where x himself might have a word to say. 
Let him be called before the court 

To state his preference. 


Which do I prefer? Why neither one, or both, 
It all depends, my Lord. 
You see, I like to go out walking with the Log 


But, sometimes, I grow weary, and am quite content 


To have the exponential rescue me. 

For although a very little fellow, e is strong, 
His custom is to bear me on his shoulders. 

I find that very restful when I’m tired. 


Why then, it seems, ’tis e that you prefer. 


Oh no, my Lord, not always. 

I weary too of being carried thus 

And signal to the Log to take me down. 

I needs must have my exercise 

Or soon would I grow old and stiff 

And lose my famed agility, 

And every stupid schoolboy catch me out 
In all my tricks. 

"T would never do, my Lord! 


Well, x, stand down! You do not help us much. 
I cannot give my judgment, yet awhile. 
We will hear the next case. 


The Sine desires to speak. 
The Sine, my Lord. 


My Lord, I wish to bring complaint 
Against the Inverse Sine. 

The patient labor of my hands 

He tears down, every time. 

I speak not only for myself, but by request 
For all my clan, the cosine and the rest. 
They have the same complaint to make 
Against the whole arc-tribe. 

We've reached the limit 


(Excitedly, angrily, the Arc Sine interrupts.) 


Arc Sine: He’s reached the limit, I protest 
f(x): 


(thundering) Silence! Who dares to speak 
Without permission here? 

I judge him guilty of contempt of court. 
Let him forthwith be ejected, 
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To infinity projected, 
By order of the Chair. 


D;: a, B, y, 6, perform your office 
And project the Arc Sine to infinity. 


(a, B, y, 6 seize the Arc Sine and heave him out of the room) 


f(x): Well, Sine, you may continue now 
Without fear of interruption. 


Sine: I have nothing else to say, my Lord, 
I simply wished to put our case before the court. 
I am sure we shall have justice at your hands. 


f(x); Who speaks for the defendants in this case? 
D;: I recognize the Arc Cosine. 


Arc Cosine: We are taken at a serious disadvantage 
Our natural spokesman has been exiled 
From the court—for cause, we do admit, 
And must apologize that one of us 
So far forgot the honor due the Chair. 
But, truly, ‘twas enough to overwhelm us all 
To hear the very charges we prepared 
Flung in our teeth. I, as impromptu spokesman for my group, 
Do hurl them back again, where they belong. 


D,: The last case has been heard, my Lord. 
There are no other claimants for the floor. 


f(x): Now, Integral of f(x), do you perform 
Your office for the court, 
And sum the cases you have heard. 
Be brief and to the point. 


Integral of f(x): Never have I had an easier summation 
To perform. ’Tis briefly this: 
That every citizen in our land 
Is up in arms against his inverse neighbor. 
My task is easy, yours I fear is hard. 
No evidence was produced to fix the blame 
On one side or the other. 
It seems a very mutual affair. 


f(x): My task is difficult, I confess 
I do not see my way, for every plaintiff 
Seems as guilty or as free of blame 
As the accused. It was my hope 
To bring a common cause to view, 
The root of all the trouble. 
It has not so transpired. I need a light. 


Ds: I think, perhaps, that I can help, 
My Lord, if you will give me leave to speak. 
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f(x): Speak up! Big D, if you have light to shed, 
It never was more welcome. 


D;: My Lord, I am a discriminating fellow, as you know, 
And I’ve been putting two and two together, all the day, 
And now, at last, I have the answer—four. 

Deep down into my own experience 

I have dug, and hence derived 

The common cause, the root of all our war, 
The guilty culprit! 

For every time that I attacked the work 
Of my inverse (’tis true he did not charge me), 
One there was who put me up to it. 

I think, if you’ll inquire, that you will find 
The same is true of all my brothers. 

Who is that one? Well known is she 

To all of you—the Math Student! 


(Excited cries from the court—several speaking at once) 


Why yes, ’tis true! She did! She is the one! 
"Tis true, ‘tis true! She is to blame! 


f(x): Ha! It seems we have the truth at last. 
Now, now I see my way. 
Let the Math Student be summoned before me. 


Math Student, it has been clearly shown 

That you, and you alone 

Have undermined the harmony of Math Land. 

You are not one of us, but an intruder, 

A harmless one, we thought, 

Whom we have suffered to come and go 

Amongst us. And how have you repaid us? 

Nearly have you brought my realm about my ears 

In civil strife. For justice’ sake you must be punished. 

Prepare yourself to hear the sentence of the court. 

At your feet you see two tracks upon the ground. 

Start walking now upon the right hand one, 

And at the rate of two steps to the second— 

Go on and on and on! 

You may come back on the parallel track— 

But don’t turn round ’till they meet. 

March on! You'll trouble us no more. 

(The court files out of the room leaving Math Student who toes the tape line saying slowly. 

wearily, rythmically) 


Math Student: And on and on, and on and on 
And on and on I sped, 
And on and on, and on and on 
I’d still be going ahead, 
But—the alarm went off (smiling and bowing) 
At half past six 
And woke me out of bed. 
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7 dint + S(p+1) Dint+ p din? wWtn+p 


Cane 


7 ont — 5(p — 1) Sint — > Dn? nitn—p 


dons = (6n7 + 21n® + 21n® — 7n3 + n)/42 ; 
Yint = (6n5 + 1504 + 10n3 — n)/30 ; 


Dw 


where 


and 


(2n3 + 3n? + n)/6. 
SOLUTIONS 


3028 [1923, 275|. Proposed by Norman Anning, University of Michigan. 

Equilateral triangles are described on the sides of a right triangle. Dissect 
the triangles on the legs and reassemble the parts to form the triangle on the 
hypotenuse. 


3048 [1923, 450]. Proposed by H. C. Bradley, Massachusetts Institute of 
Technology. 

Cut two equilateral triangles of any relative proportions into not more than 
five pieces which can be assembled to form a single equilateral triangle. 


Solution by H. C. Bradley, Massachusetts Institute of Technology. 


The joker in this problem lies in the fact that one of the given triangles 
is not cut at all. Let a and b be the sides of the given two equilateral triangles, 


b2a. Form the right angled triangle ABC with the right angle at C, a=BC, 
b=CA, and AB=c. On BA lay of BD=BC=a. Let F be the third vertex 
of the equilateral triangle FCA, and lay off on AF the length AF=AD=c—a. 
Bisect EF in G and lay off on CF the lengths CJ and HF, each equal to FG. 
Draw CE; also draw JK parallel to CA cutting CZ in K, which will lie within 
the segment CE. Then draw HG. The triangle FCA may be cut into four 
pieces, CAE, CKJ, JKEGH, HGF, which may be assembled to form a trape- 
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zoid with the equal slant sides AH, JH, and with parallel sides of lengths 
c=JK+CA and a=2HG+JK. Upon this trapezoid the equilateral triangle 
of side a may be placed so as to complete the equilateral triangle of side c. 

No piece is turned over, and only one piece need be rotated. This construc- 
tion is always possible leaving intact the smaller, or equal, triangle of side 
a. It is also possible to leave the triangle of side 6 intact and to cut up the other 
with the side a in the same manner, provided a>#?b. For the special case 
a=) there are also two solutions making only four pieces. We may divide a 
by two straight line cuts parallel to the base into three pieces having equal 
altitudes; or we may divide 0 into three pieces by two straight line cuts parallel 
to the sides, one of length 40 and the other of length 40. 

The proof of the construction is simple. It may be shown that /K=c—b 
by comparing the triangle CKJ with the similar triangle having a vertex at 
C and a base through £ parallel to JK. 

There are other special cases, one of which is given by 3/?a=6. Here each 
triangle may be split into two equal right triangles, and these four pieces may 
be reassembled to form an equilateral triangle. Or a may be left intact, while d 
is divided first into two equal right triangles, and then one of these parts is 
divided into an isosceles triangle of base } and a right triangle of altitude 30. 


3373 [1929, 232]. Proposed by Paul Capron, U.S. Naval Academy. 

A plane cuts the lateral edges of a quadrangular pyramid so that the ratios 
of the edges of the whole pyramid to the corresponding edges of the smaller 
pyramid cut off are x1, %2, %3, x, and the ratio of the smaller volume to the larger 
is y. Either diagonal of the base of the larger pyramid divides this base into 
triangles whose areas bear the ratio 7;, 7:42 to the whole area of the base, each 
of these ratios being numbered to correspond with the lateral edge opposite its 
triangle, so that n-+73=1=7.+7%. Show that 


NyXoN gx gv = Xiry1 + X3r3 = Xolo + X4V 4. 


Solution by J. H. Neelley, Carnegie Institute of Technology. 


Let E; and e;, 7=1, 2, 3, 4 be the edges of the large and small pyramids 
respectively. Then the plane through -, and &, divides the large pyramid into 
two triangular pyramids of volumes P;, P; and the small pyramid into two 
triangular pyramids of volumes fi, 3. Now Pi: prt=xex3x4 and P 3: py! =xX1X2X4, 
being pairs of triangular pyramids with a triedral angle equal. Therefore 


Pi t ps = Pi(xexgxg) 7? + P3(xi%ex4)™ 5 
and dividing this equation by P, the whole pyramid, and using 
(pi, + 3): Po =v, P,;;-P'=7, P3;:-P1= fs, 
we have when we clear of fractions: 


Ny XoXgxar = X11 + X3P3. 
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Similarly, using the plane through FE, and E;, we get the second relation. 
Also solved by A. Pelletier and B. D. Roberts. 


3374 [1929, 233]. Proposed by J. Rosenbaum, Milford, Conn. 

Given two triangles, one within the other, to construct a third triangle which 
shall be inscribed in the outer and circumscribed about the inner triangle. Also 
prove that if the two given triangles are equilateral and concentric the third 
triangle is equilateral. 


Solution by Phihp Franklin, Massachusetts Institute of Technology. 

Let A’B’C’ be a triangle inside ABC. Take P any point on AB, draw 
straight line PA’O to cut BC in Q; QB’R to cut CA in R and RC’S to cut 
AB in S. As P varies, its range is perspective to that of Q, and hence projective 
to it, similarly through B’ to the range of R and finally through C’ to that of S. 
If three points P are taken, and the corresponding S points are found, we may 
find the double points of this projectivity by the standard construction (cf. 
Veblen and Young, Projective geometry, vol. I., p. 246) and so locate the two 
points which are the vertices of triangles of the kind wanted. With a given order, 
A’B’'C’, there are two solutions, one solution, or no solution according to the 
number of real distinct double points; with this order not given, there are not 
more than twelve solutions. Of course the vertices are on the sides produced in 
some of these cases. (cf. Veblen and Young, 1.c. problem 4, p. 250, and the refer- 
ence there). 

When both triangles are equilateral and concentric, and so lettered that a 
rotation of 120° about the center taking ABC into BCA takes A’B’C’ into 
B’'C’A’, the two triangles found above will be equilateral, and concentric with 
the original pair. For, let their sides be pgr, and p’q’r’. Suppose that a rotation 
of 120° carries p, g, 7 into q’,r’, p’; then the same rotation must carry p’,q’,7’ 
into g, 7, p. A further rotation of 120° in the same sense must then carry 
q’, vr’, p’ into r, p, g; and a third rotation of 120° carries 7, p, q into p’, q’,r’. 
Since a rotation of 360° makes 4, g,7 fall on $, g,7; p,q, rand p’, q’, r’ coincide and 
there is only one solution, and it must be equilateral. If there are two distinct 
solutions, a rotation of 120° must carry p, g, 7 into q, 7, p. 

Also solved by the proposer. 


3377 [1929, 285]. Proposed by T. S. Peterson, The Ohio State University. 
Evaluate the summation 


n (2i + 1)!(Q2n ~ 21+ 1)! 
mo GED Kn — Dn —i +2)! 
Solution by B. P. Gill, College of the Crty of New York. 
Writing the above expression in the form 


(1) (n) = 3 Ce ') C — aa *) 1 


. on 
i—0 1 n— 1 m—-t+2 
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we prove by induction that 


1 f/2n+3 
(2) fin = —("" ), 
2 n 


Changing 7 in (1) to n—17, and adding the result to (1), we get 


mn f2i+i1 2n—-2i1+1 n+A4 
9 m= EOP) OL, )axrtiparp 


i=0 n— i 
From (1), 
. ntl /2i + 1 2n — 2i+ 3 1 
y= >y( So o * ). 
Jae) > ( 1 i at reer 


1 Cr ye oe") Cnn) 1 
n+ 3 n+ 1 i=1 1 m—-i-+i n—-1it+ 3 


In the second term on the right, we note that 


(AEN (= N MOET D OF 1) (2) 
i J \i-1/ iwi+1) \i-1 i+1/7 


Then changing 7 toz+1, and using (1) and (3), we get 


1 /2n+3 4f(n) 

at = CN) tay — 

= L(t), sot Se) 
—nt3\n4+1 n+ 4 


With the initial values f(0) =1/2, f(1) =5/2, the induction is completed by 
substituting in this recurrence relation from (2) and carrying out some easy 
algebraic reductions. 


3378 [1929, 285]. Proposed by Paul Wernicke, Washington, D. C. 

If a tetrahedron A = A,A-A3A, has altitudes concurrent (in an orthocenter), 
then, denoting by (27) the angle at A, of the triangular face a; (opposite A;,), 
the following products are equal: tan (41)-tan (32)-tan (23)- tan (14) 
=tan (31)-tan (42)-tan (13)-tan (24) =tan (21)-tan (12)-tan (43)-tan (34). 
The factors of each product are tangents of the four plane angles made by the 
edges which form a tetragram. 


Solution by A. Pelletier, Montreal, Canada. 


Let O be the orthocenter. The three planes passing through A;O and the 
three edges concurring in A; determine the three altitudes of the face a;,. 
Calling P,, the intersection of the plane through A,;A, with A,;A,z, we have: 
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Hence 
AoP x4 A Po; A 4P 93 A3P x4 


— ———) 
AiPi AoPr3 A 3P93 A4sPy4 
A3Pi4 A 4Po3 A, P93 AoP4 

= OO > OO 


A,Py4 AoP 93 A3P 3 AgP 4 
= tan (21) tan (12) tan (43) tan (34). 


tan (31) tan (42) tan (13) tan (24) = 


Interchanging 2 and 4 in the above, we obtain: 


tan (31) tan (24) tan (13) tan (42) = tan (41) tan (14) tan (23) tan (32). 


3379 [1929,285] Proposed by J. H. Neelley and T. L. Smith, Carnegie Institute 
of Technology. 

Two men own jointly x cows which they sell for x dollars per head and with 
the returns buy sheep at $12 per head. As their income from the cows 1s not 
divisible by 12 they purchase a lamb with the remainder. Later they divided 
the flock so that each had the same number of animals. How much money was 
due the man with the lamb by the other man? 


Solution by P. S. Ganesa Sastri, Trichinopoly, S. India. 


The price of « cows at x dollars a head is x? dollars. Since x? is not exactly 
divisible by 12, x cannot be 6 or any multiple of 6. Hence it should be 12” +y, 
where 7 is any integer and y is an integer ranging from 1 to 5. 

Now (122+~y)? when divided by 12 should leave a remainder and have an 
odd integer for its quotient. 


(12m + y)? + 12 = (1440? + 24ny + y?) + 12 
2 


12n? + 2ny + 2. 
12 


But 12n?+2ny is always even; therefore y?/12 should leave a remainder 
and have an odd integer for its quotient. Since y is an integer ranging from 1 
to 5, y must be 4. Since the remainder when 4? is divided by 12 is 4, the cost of 
the lamb is 4 dollars. Therefore the man who has one sheep more should pay 
the man having the lamb 4 dollars, the number of cows being 12” +4. 

Also solved by W. E. Buker, P. S. Dwyer, C. H. Davis, Marie M. Johnson, 
H. S. Kaltenborn, A. Pelletier, E. A. Whiteman, and Margaret M. Young. 


3381 [1929, 286]. Proposed by E. B. Escott, Oak Park, Jil. 

The following construction is taken from a book on mechanical drawing: 
Problem. To bisect the angle between two given lines whose point of intersec- 
tion is beyond the limits of the drawing. 
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Construction. Let the given lines be CD and AB. With an arbitrary point E 
on CD as center and any radius strike an arc cutting CD in I and AB in G. 
With G as center and the same radius strike an arc cutting AB in L and CD 
in &. Draw the common chord of the two circles, HF. With J and L as centers 
and the same radius strike arcs cutting in J and K. Draw JK. The intersection 
of HF and JK is O, a point on the bisector. 

To find a second point, with O as center, strike an arc cutting AB and CD 
in two points M and N. With M and WN as centers ‘and the same radius strike 
arcs cutting in P. Draw OP, the required bisector. 

Give the proof of the construction. 


Solution by Margaret M. Young, Hunter College of the City of New York. 


Since O lies on the common chord of the equal circles with centers & and 
G, OE=OG. O also lies on the common chord of the equal circles with centers 
I and LZ and hence OF=OL. By construction EJ =LG and it follows that the 
triangles EOI and OGL are congruent. Hence their attitudes are equal and O 
lies on the bisector of one of the angles between AB and CD. Let V be the inter- 
section of 4B and CD. Then, since VO bisects the angle under consideration 
and ON=OM, we have VN=VUM, if M and N have been properly chosen. 
Hence VO is the perpendicular bisector of MN; and, since NP=MP, P must 
also lie on VO produced. 

Note by the Editors. The essentials of this construction are as follows: 
Two equal segments EJ and LG are laid off on the lines CD and AB, respectively. 
Then the perpendicular bisectors of EG and IL meet on the bisector of one of 
the angles between CD and AB, while the perpendicular bisectors of EL and 
IG meet on the bisector of the other angle. 

Also solved by A. Pelletier. 


NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending ttems to 
Professor H. W. Kuhn, Ohto State University, Columbus, Ohio. 


The Third International Congress of Applied Mathematics will be held at 
Stockholm, August 24—29, 1930. 


On the occasion of the opening of its new chemical laboratory, Princeton 
University conferred honorary doctorates on Irving Langmuir, of the General 
Electric Company, and Jean Baptiste Perrin, director of the laboratory of 
physical chemistry at the University of Paris. 


The division of mathematics at Harvard University has established a new 
mathematical society called the Harvard Mathematical Colloquium. The 
meetings occur fortnightly, and are open to all mathematicians in Cambridge 
and its vicinity. Among the speakers of the year are the following: Professors 


PLANE GEOMETRY 


D. MEADE BERNARD. The presentation of the method of proof before the 
formal proof, the bird’s-eye views of each book through comprehensive 
charts, and new problems are among the notable features in this simplified 
but thorough course. Used in pre-college courses at New York University ; 
George Washington High School, New York City, etc. $1.24 


COLLEGE GEOMETRY 


NATHAN ALTSHILLER-CourT. This distinctive textbook offers a course 
both valuable and interesting to students majoring in mathematics and one 
which is indispensable to those planning to teach plane geometry in the 
high school. Used in more than a hundred leading institutions. $4.00 


JOHNSON PUBLISHING COMPANY 


8-10 S. Fifth St., Richmond 623 S. Wabash Ave., Chicago 
553-4 Candler Annex, Atlanta 707 Browder St., Dallas 
55 Fifth Avenue, New York 


The Fourth 
Carus Mathematical Monograph 


© @ 


HE CARUS MONOGRAPH COMMITTEE Is pleased to announce that the 
TT iroucth number is now in process of publication and will be ready for 
distribution in April. The title of this Monograph is “Projective Geom- 
etry’ by Professor JOHN W. YOuNG of Dartmouth College, now President 
of the Association. The preceding numbers are: (1) “Calculus of Varia- 
tions” by Professor GILBERT A. Buiss; (2) “Analytic Functions of a Com- 
plex Variable” by Professor Davip R. Curtiss; (3) “Mathematics of Sta- 
tistics’’ by Professor HENRY L. RIETZ. 


The price of these Monographs is $1.25 to institutional and individual 
members of the Association when ordered directly through the Secretary, 
one copy to each member; this is the bare cost of production. The price to 
all non-members of the Association and for all quantity orders for class use 
is $2.00 per copy, obtained only through the Open Court Publishing Com- 
pany, 339 East Chicago Avenue, Chicago, Illinois, distributors to the 
general public of Association publications. 


POPULAR COLLEGE TEXTS 


COLLEGE ALGEBRA (Third Edition ) 


By H. L. Rietz, Umversity of Lowa, and A. R. CRATHORNE, 
Umversity of [llinois 
Upward of 150 institutions are now using the new revision of this excellent text. We believe, more- 


over, that an even greater number of teachers are going to adopt the book for the coming year. Have 
you ‘already considered it as a text for your own classes? $1.76 


A FIRST COURSE IN THE DIFFERENTIAL AND 
INTEGRAL CALCULUS 


By WALTER B. Forp, University of Michigan 


The acoprion list for this fine text is fast increasing with every semester. 
“Certainly any student who worked through the text would have a good knowledge of the elements 
of the calculus.’ "—J. K. WHITTEMORE in The American Mathematical Monthly $3.00 


INTRODUCTORY COLLEGE ALGEBRA 


By H. L. Rietz, Umversity of Lowa, and A. R. CRATHORNE, 
Umversity of Lllinots 


The adoption list of this elementary text approaches in length that of the authors’ College Algebra. 
It is especially adapted to college freshmen who have had only one year of high-school algebra. $1.76 


HENRY HOLT AND COMPANY 
One Park Avenue New York 


K & E Slide Rule in College Mathematics 


The Slide Rule as a check in Trigonometry 1s now regu- 
larly taught in colleges and high schools. Our manual 


makes self-instruction easy for teacher and student. 
Write for descriptive circular of our slide rules and for 
information about our large Demonstrating Slide Rule 
for use in the Class Room. 


KEUFFEL & ESSER CO. 


NEW YORK, 127 Fulton Street General Offices and Factories, HOBOKEN, N. J. 


CHICAGO ST. LOUIS SAN FRANCISCO MONTREAL 
516-20 S. Dearborn St. 817 Locust St. 30-34 Second St. 5 Notre Dame St. W. 


Drawing Materials, Mathematical and Surveying Instruments, Measuring Tapes 


G. E. STECHERT & CO. 


(Alfred Hafner) 
31-33 East 10th St. NEW YORK 
DOMESTIC BOOKS—FOREIGN BOOKS 


Subscriptions to Foreign Periodicals 


Headquarters for Scientific Books of which a large stock is kept. 
Agents for over fifty years for Colleges and Public Libraries. 


RUSH ORDERS can be filled promptly by using cable or radio at small 
extra expense. 


Our second-hand department is always in the market for sets, runs and 
volumes of scientific and literary periodicals and for valuable books and whole 
libraries. 


The following are some of our own publications and reprints of rare 
books: 


Adler, Five Place Logarithms (Sammlung Goeschen)..........ccccece ccc cceccees $ .40 
Albrecht, The Logarith.-trigon. Tafeln mit fuenf Dezimalstellen.................. 15 
Bauschinger & Peters, Logarith. Trig. Tables with 8 dec. places, 2 vols........... 15.00 
Boole, George, Treatise on the Calculus of Finite Differences. Reprint 1926...... 4.00 


Bremiker, C., Tables of the Common Logarithms of Numbers and Trigonometrical 
Functions to Six Places of Decimals......... 0... ccc ccc eee e tec ete e tienes 
Bruhns, C., A New Manual of Logarithms to Seven Places of Decimals. With 


explanatory introduction in English, French and German...............ceeee8 2.00 
Byerly, W. E., Elements of the Integral Calculus. Reprint 1926...............6. 3.00 
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MATHEMATICS AND THE PROBLEM OF ORE LOCATION! 
By WARREN WEAVER, University of Wisconsin 
A. Introduction 


1. Earth physics. A large part of modern science consists of seeing the un- 
seen. Indeed it is the essence of science to penetrate behind those external 
phenomena which appeal directly to our senses, and discover those inner rela- 
tionships which are visible only to the eye of the mind. Thus today we probe 
into the atom and the cell, and we reach far out to the extra-galactic nebulae, 
always coordinating and interpreting the unseen and unseeable in terms of the 
seen. Recent popular expositions have, to a considerable extent, acquainted 
the public mind with the two most dramatic aspects of modern physics,— 
atomic theory, as it reveals to us the structure and behavior of the unimaginably 
small, and astro-physics, as it reveals to us the constitution and history of the 
unimaginably vast. 

About midway between these two, as regards the scale of dimensions 
involved, is a third important division—that of earth physics. As old or older 
than either atomic or astro-physics, it has perhaps been less vigorously de- 
veloped of late since it is not much concerned with the quantum and relativity 
theories. Earth physics, in fact, is concerned with the application of the older 
theoretical subjects such as classical electromagnetic theory, potential theory, 
and the theory of the propagation of waves in continuous elastic media. 

There are, of course, very many branches and sub-divisions of the great 
science of earth physics. In its broadest aspect it articulates with astro-physics. 
In its most fundamental aspect it articulates with molecular physics. Between 
these two limits is a vast range of subject matter. Thus earth physics is con- 
cerned with the great problems of the origin and age of the earth; with the 
thermal history of the earth’s surface and interior; with land and sea tides and 
their friction effect upon evolution of form and motion; with the theory of 
isostasy and its application to surface features; with the hydrodynamics of 
underground and surface waters; with the mechanics of plastic flow and elastic 
deformation as these furnish powerful investigative tools in structural geology; 
with meteorology in all of its manifold aspects; with terrestrial magnetism; 
w th atmospheric electricity; and with many, more specialized, subjects. I have 
taken the opportunity to mention these challenging and significant fields of 
research, even though we have no concern here with them, in order to register 
thereby a mild protest against the notion, apparently held by some, that the 
only worth while fields of modern physical research are those which concern 
either an atom or the cosmos. Here, as in all matters, there is a middle ground. 

It has been noted above that a great purpose of science is to see with the aid 
of experiment and of the mind’s eye what is otherwise unseen; for it is only 


1 Read at the Annual meeting of the Mathematical Association of America at Des Moines, 
Iowa on Jan. 1, 1930. 
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thus that we discover those hidden relationships and correlations whose 
systematization is the central core of a successful science. It is our purpose to 
consider some of those branches of earth physics which enable us to see below 
the surface of the ground, and obtain information concerning the hidden sub- 
stance and structure. More particularly, it is our purpose to consider some of 
the interesting fields of mathematical research which are connected with this 
new experimental art. 


2. The possibility of sub-surface exploration. As we stand on the surface of 
the earth and observe its opacity with our eye and its dense solidity with our 
foot, it does indeed seem strange that there is any way whereby we can pene- 
trate that solid mass save by the actual brute method of diamond drill or 
dynamite. Yet when one stamps his foot on the ground to demonstrate its 
solidity and his impotence to penetrate it, this very act sends tiny vibrational 
waves, similar to sound waves, down to great depth. And as regards the ap- 
parent opaqueness, we must remember that the human eye is sensitive over a 
very narrow range of color or frequency,—actually only one octave; while 
we have instruments to produce or receive light or electromagnetic waves 
varying from hard X-rays of wave length 10~° cm. to long radio waves of wave- 
length 10,000 meters or more—a range of roughly 50 octaves. We remember, 
moreover, that the penetrating power of any such light wave into a given 
medium depends on the frequency, and by departing from the frequency 
of visible light, we can find waves which penetrate with ease such dense materials 
as rock or earth. Thus, both sound and light do pass easily through the rocks 
and earth if we but choose the proper sort of sound and light, and we may hear 
the echoed message and see the otherwise hidden picture if we but use the proper 
sort of ear and eye. 

One has reason to hope, therefore, that he may explore below the surface 
of the ground. The process reduced to its simplest terms consists of a sending 
device which produces messengers which are dispatched down into the earth; 
and a receiving device which decodes the report when part of these messengers 
find their way back to us. We shout down questions and the ore whispers 
back its answer. Sometimes the whispers are too faint for us to hear or too con- 
fused for us to understand; but, at other times, we get a clear reply. In some 
cases, moreover, we get the answers without even asking the questions. Some 
ore bodies are the oldest of advertisers, in that they have been broadcasting for 
ages. To discover them, we need only a receiver suitable for understanding 
what they are trying to tell us. 

Of the messengers which we may send, the principal ones are electrical 
currents, electromagnetic fields of various sorts, or mechanical vibrations. 
Of the messengers which are always present whether we will or no, the principal 
ones are gravitational attractions; the earth’s own magnetic field and the fields 
it automatically induces in magnetic material; and the natural earth currents 
due to the battery-like action of certain sulphides. Corresponding to these 
various messengers, we have five principal methods used in the geophysical 
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search for ore or oil; namely, 1) Magnetic, 2) Electrical, 3) Electro-magnetic, 
4) Gravitational, 5) Seismic. Of these five methods, two, viz., the magnetic 
and gravitational, are pure receiving methods in that nature always furnishes 
the messengers and we need only listen. Two, viz., the electromagnetic and the 
seismic, are sending-receiving methods, the messengers being furnished by 
us. The electrical method makes use of both types of messengers. 


B. The Methods of Geophysical Exploration for Ore and Oul 


1. The magnetic method. In order to appreciate the significance of the 
mathematical problems, it is necessary to have at least a general idea of these 
five geophysical methods. Let us consider, first, the magnetic method, which, 
although it is particularly simple, is in several regards typical of all the methods 
which make use of electrical effects. The magnetic method of surveying is based 
on two simple facts; viz., the fact that a magnet attracts or repels a compass 
needle; and the fact that certain substances, when placed in a magnetic field, 
automatically become magnetized by that field and hence become magnets. 
When various magnetizable substances are located in the same magnetic field, 
the intensities of the magnetism induced in the various substances are different, 
and the ones that magnetize more strongly are said to possess the greater 
magnetic susceptibility. Granted the two effects mentioned just above, it 1s 
only necessary to have some external magnetic field present in order that the 
various rock or mineral masses become magnetized in amounts depending upon 
their various susceptibilities. We can then observe the action on a compass 
needle of the induced magnets thus formed, and can draw inferences as to the 
location, size, and constitution of the active masses. The necessary external 
magnetic field is conveniently omnipresent, for the earth’s own magnetic 
field exists not only in the air, but at all depths below the surface, and plays 
this role very satisfactorily. This inducing external magnetic field furnishes the 
messengers, penetrating to the unknown regions, which stimulate or excite 
these unknown regions to send to us further messengers (the induced magnetic 
field) whose reports we receive in our instruments and interpret through our 
theory. 

Now the vast majority of rocks and minerals have very low susceptibilities. 
That is to say, they are magnetized exceedingly feebly when placed in a 
magnetic field. Certain of the iron compounds, on the other hand, have ab- 
normally high values for their susceptibilities. The most striking and important 
example is magnetite, which has a susceptibility ranging from a hundred to a 
thousand or more times the minimum detectable value. Besides magnetite, 
ferriferous minerals such as franklenite, ilmenite, pyrrhotite, and, to a lesser 
degree, specular hematite, are all strongly magnetic. It is not correct, however, 
to assume that the magnetic method is restricted to the search for iron ore. 
In a copper region, for example, it may be of the greatest importance to be able 
to locate and trace the contact between the sedimentary rock and an igneous 
intrusion; and there is often sufficient difference in susceptibility to permit 
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this. Magnetic methods have, in fact, been used to locate inclusions of iron 
formation in an intrusive gabbro; to locate faults in iron formations; to map 
distributions of lavas and intrusives; to trace copper bearing lodes; to trace 


Seclion through 
magnelic ore body 


Fic. 1 


correnl ~ 


paths 


equipolertials 


Plan view of line eleclrodes 


Fic. 2 


igneous contacts and dikes; to trace the outcrop of a sedimentary bed; to locate 
gold placer deposits; and in many other connections as well. 
We may now trace in a little more detail how the magnetic method pro- 


2 Figures 1 and 7 are modifications of figures occurring in Eve and Keyes Applied Geophysics. 
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ceeds. Suppose the cross hatched region of figure? 1 represents a magnetic ore 
body while the surrounded dotted material is relatively inert. Due to the earth’s 
magnetic field, indicated by the arrow, the ore body becomes magnetized. If 
the ore body were absent, the magnetic field of the earth would be sensibly 
uniform over the region in question. Due to the ore body, the field is distorted. 
Any instrument measures the entire field, composed of the normal earth's 
field plus the field due to the ore body, If, however, one subtracts from the 
total measured field the normal earth’s field, he obtains the portion due to the 
ore body itself. This abnormal part of the field, due to the disturbing presence 
of the body, is called the magnetic anomaly; and since it is a force, one may re- 
solve it into a horizontal anomaly and a vertical anomaly. The solid and dotted 
curves, drawn with the ground line as the axis of abscissas, show the variation 
of the vertical and horizontal magnetic anomalies. The light curved lines pass- 
ing from the north to the south poles of the ore magnet roughly indicate the 
field of magnetic force due to the ore magnet. For example, at a point A 
approximately above the south pole of the ore magnet, the field of the ore 
magnet is directly downward, so that the horizontal anomaly is zero, while 
the vertical anomaly is large. A similar situation exists at B over the north 
pole except that the vertical anomaly is reversed in sign. The fact that the 
faulted end JN of the ore body is more deeply buried is revealed by the fact that 
the vertical anomaly at B is considerably less than that at A. If the indicated 
fault were not present so that the north pole of the ore magnet were very deeply 
buried, the negative value of the vertical anomaly would be entirely absent. 
It is clear that the quantitative interpretation of such data involves a large 
amount of theoretical information concerning the exact way in which bodies 
of various shapes magnetize, and concerning the fields which they then cause. 

The actual measurement of the intensity and direction of the magnetic 
field at.any point involves the use of instruments such as the dip needle, the 
magnetometer, the magnetic variometer, the earth inductor etc. It is outside 
our purpose to describe these instruments or explain their use. As a concluding 
remark concerning the magnetic method, it should be emphasized that this 
method reveals discontinuity of substance or structure only when these dis- 
continuities are characterized by different values of the magnetic susceptibility. 
Only materials which have reasonably differing susceptibilities can be dis- 
tinguished. 


2. The electrical method. When a source of electric current exists in any three- 
dimensional region, the spatial distribution of the resulting currents depends 
on the geometry of the region, the location and shape of the source, and upon 
the electrical conductivities of the various parts of the region. If the region be 
homogeneous as regards conductivity, one may call the accompanying current 
distribution a normal one. If there be any departures from a uniform con- 
ductivity, the current distribution isabnormal. Accompanying this abnormal 
distribution of current is an abnormal distribution, throughout the interior 
and on the surface of the region, of the electrical potential. The electrical 
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methods of surveying measure the potential at points on the surface of the 
ground, and deduce from abnormalities in these potentials the sub-surface 
variation in electrical conductivities. As a source of electric current, one uses 
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either point or line electrodes, maintained at desired potentials by connecting 
them to a battery or generator. (See Fig. 2.) Long line electrodes are usually 
approximated by connecting together a series of metal stakes or grounding 
pins spaced at regular intervals. In the case of a homogeneous earth, the shallow 
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portion of the current which stays near the surface of the ground passes on 
straight lines from one electrode to the other, the equi-potentials being straight 
lines parallel to the line electrodes. It is only the surface current that passes 
along the straight line shown. In general, the current passes along the curved 
lines shown in Fig. 3. If there is in the region between the two line electrodes 
a mass of higher conductivity, then the whole current-distribution is altered. 
Fig. 4 shows the current paths and the accompanying equi-potentials, when a 
highly conducting lens is located between the electrodes. The distortion of the 
normally straight and parallel equi-potentials reveals the presence of the mass 
of higher conductivity. 
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The point electrode method differs from the line electrode method prin- 
cipally in the fact that the current enters and leaves the earth at points, rather 
than along lines. Fig.?5 shows in section the surface of the ground; the input 


* Figures 5 and 6 are the property of Mason, Slichter, and Gauld, Madison, Wisconsin, and 
are used with their permission. 
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and output electrodes at A and B; the deep-lying current paths; and, plotted 
above the surface of the ground, the potential at the surface of the ground 
and along the line joining the two electrodes. Fig. 6 illustrates the point elec- 
trode method as applied to the location of a layer of depth 40 feet and one 
conductivity oi, underlaid by material of conductivity o2. The heavy curve 
0,=0, is the normal potential found when the layer is absent. If the underlying 
region is a good conductor, the potential curve falls below the normal curve; 
while if the layer is much the better conductor, the curve lies above the normal 
curve. 


3. The electromagnetic method. One should note that the magnetic and the 
electric methods utilize different physical characteristics of rock or mineral. 
The success of one method depends on differences in magnetic susceptibilities ; 
the other on differences in electrical conductivity. When one shouts down to 
the ore, he must be careful to ask questions that are suited to the particular 
ore being sought. One characteristic of the electromagnetic method (which 
we will now consider briefly) is that its questions and answers do not depend 
on one single electrical characteristic but rather on several. This is both an 
advantage and a drawback. When one shouts out a question in five languages, 
there is, to be sure, a good chance that some one will understand and reply; 
but there is also a good chance that one will get several simultaneous and hence 
confused replies. 

The electromagnetic method is not one that lends itself well to simple 
explanation. The sending device is usually a coil or loop antennae, a good deal 
like those sometimes used in radio. The receiving device is similar to a radio 
receiving set. Through the sending coil is passed an alternating current. This 
alternating current sets up, for very considerable distances from it, both an 
electric and a magnetic field. These fields penetrate the earth, the effective 
depth of penetration depending on the strength of the source, the frequency of 
the alternating current, and on the electrical and magnetic properties of the 
earth and rocks. Due to these penetrating fields there are induced, in the earth 
and in all bodies present, electric currents, magnetizations, and electric polariza- 
tions. Thus the total effect at any point is due, in various parts, to the electrical 
conductivities, the magnetic susceptibilities, and the dielectric properties of 
the earth and rocks. There are, also, very many things one can and should 
measure with his receiving instruments before he can hope to understand the 
messages the hidden region is trying to send. One can measure the magnitude 
and direction of the electric field and of the magnetic field; he can measure the 
phase difference, between these two fields, at various points; and he can ob- 
serve the dependence of these quantities on variation of the frequency of the 
alternating current. One obviously has, here, a much more complicated situa- 
tion than existed in the magnetic or electric cases, where only one quantity was 
available for measurement. 
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4. The gravitational method. All of the methods so far considered make use 
of the fact that various rocks and minerals have varying electrical properties. 
The gravitational method, as one might expect, has nothing to do with elec- 
trical effects, and depends solely upon density. The gravitational method makes 
use of almost unbelievably delicate instruments, called torsion balances. In 
essence, such an instrument is very simple. Two equal masses (Fig. 7) mand m’ 
are swung, at different levels, by a very fine wire and aluminum rod system. 
A heavy mass below this torsion balance and on the side towards the reader 
attracts the lower bob more than the upper (simply because it is nearer the 
lower). This difference in attraction results in a torque which turns the rod 


suspension 
wire 


alumimom 


Schervafic torsion balance 
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and mass system until a counter-torque is developed in the wire suspension. 
In this way regions of sub or super-normal density below and to one side of 
the balance cause deflections of the suspended system. 


5. The seismic method. We turn now to the last of the five methods, the 
seismic. In this method a powerful source of vibrational waves is obtained by 
exploding a buried charge of TNT. These waves are somewhat like the electric 
currents flowing between power electrodes, in that the vibrational waves also 
travel on curved paths, penetrate to very considerable depths, and eventually 
emerge at the surface. These waves are received by seismographs, entirely 
similar to those used to record earthquakes. These wave messengers are thus 
sent down, and return to give us their messages. And we draw our inferences 
chiefly from the time at which the messengers return to us; for the speeds with 
which they travel depend on the densities and elastic properties of the materials 
through which they have passed. The seismic method has been used chiefly 
in oil work, although it has also been used, in Sweden, to determine depth of 
overburden. The seismic method depends on several mechanical properties 
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of the rocks, rather than merely on density, as does the gravitation. Un- 
fortunately we have meager data concerning the Young’s modulus, bulk modu- 
lus, shear modulus, and Poisson’s ratio for earth, rocks, and minerals, and the 
theoretical aspects of this method are by no means complete. 


C. The Mathematical Problems 


Unsatisfactory as so brief a resume must necessarily be, we turn now toa 
consideration of the mathematical problems connected with the geophysical 
methods of prospecting. Many of these problems are new problems; not new in 
the sense that they involve recent theories, but new in that they involve, for 
the most part, the application of classical theories to hitherto uninteresting 
situations. 

Until the advent of radio, the whole great development of the electrical art 
concerned the use of electricity 7m wires. A wire is essentially a one-dimensional 
object, its cross sectional dimensions being negligible as compared to its length, 
so that the theory of electricity in wires is essentially a one-dimensional theory. 
The problem of the spreading of radio signals was one of the first really prac- 
tical electrical problems which involved more than one dimension. The 
theoretical problems of geophysical prospecting are practically all either two 
or three dimensional problems. A one-dimensional problem means, to the 
mathematician, an ordinary differential equation to solve; two or three- 
dimensional problems mean partial differential equations. We are all well 
aware of the enormous increase of difficulty that results, in boundary value 
problems, when the number of dimensions is increased from one to two, or 
from two to three. A startlingly small number of three-dimensional problems 
have been solved in exact form; and of the exact solutions actually obtained, few 
are usable in a practical computative sense. 

The unity, from the point of view of mathematical theory, of all of 
the methods of geophysical prospecting becomes evident when we consider 
the fundamental equations which govern the various phenomena. One may 
write the general wave equation, 


and the equation suitable for any one of the five methods may then be obtained 
by specializing the quantities V, x, and @. In general, V is the quantity whose 
behavior is sought; x is the velocity with which values of WV are propagated, 


4 The reader who wishes to supplement these exceedingly brief remarks concerning the mag- 
netic, electrical, electromagnetic, gravitational, and seismic methods is referred to the volume, 
Geophysical Prospecting, published in 1929 by the American Institute of Mining and Metallurgical 
Engineers, and in particular to the article Geophysical Prospecting For Ores, by Dr. Max Mason 
(also published in the Bulletin of the Mining and Metallurgical Society of America, vol. 20 (1927), 
pp. 93-133); also to the bibliography by C. A. Heiland, published in the Annotated Bibliography for 
Economic Geology for 1928, 
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and © is a sort of forcing function or source function which generates non- 
vanishing values of Y. Thus, for the magnetic method: 

W is the magnetic vector potential A; 

K? is infinite so that (1/x?) 0?A/df is zero; 

© is zero; 
and the equation becomes Laplace’s equation 


VA = 0. 


For the electric method: 
W is the electric potential ®; 
K? is infinite; 
© is zero; 

and the equation becomes Laplace’s equation 


V?7h = 0. 


For the electro magnetic method: 
W is the electric vector £, 
or the magnetic vector B; 
Kis we/c?; 
© is —( Vp/e)— (u/c) 0(pu) /dt, 
or uw curl (pu)/c, 
where yp is the magnetic permeability, ¢ the dielectric constant, c the velocity 
of light in free space, p the density of charge, and u the vector velocity of 
charge. The general equation thus gives the two forms, 


pe O7E 1 wu O(pu 

oop MBE _ AS a Apu) 
c? Of? € cot 
pe O7B mn 

V7B — — — = — — curl (pu). 
c? Ot? C (ou) 


For the gravitational method: 

W is the gravitational potential ®; 

K” is infinite; 

© is the volume density of matter p; 
and the equation becomes Poisson’s equation 


V7d = — p. 
For the seismic method: 
W is the dilatation s; 
Kis (A-+2u)/p; 
© is zero; 
where d and p are the standard elastic constants, and p is the density. The 
general wave equation then becomes 
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One is not, of course, surprised to learn that the same general differential 
equation governs all these methods. The wave equation, and as special cases 
of it, the equations of Laplace and Poisson, express to the mathematician the 
very essence of the manner in which natural phenomena proceed; this observa- 
tion having increased significance now that we have a wave theory basis for 
particle and quantum dynamics. The observation that there is a central 
unifying structure behind all these methods may often assist one in adapting 
one mathematical solution to several of the methods. One should remember 
that the formal equivalence of two such problems, however, involves equivalent 
boundary conditions, as well as the same differential equation. Let us, then, 
note the types of boundary conditions which arise, restricting our further atten- 
tion to the three methods which make use of electrical effects. In the magnetic 
method: 

A is continuous everywhere. 

A vanishes at infinity as 1/R. 

The tangential derivative of A is continuous. 
The normal derivative of A is discontinuous. 


0A OA 1 
— +— = (1-=)In. curl A]. 
On, ON» MC 


For the electrical methods: 


® is continuous everywhere. 
® vanishes at infinity as 1/R. 
Oo® O® 


5 + C69 —_ = Q. 
On, ON» 


For the electromagnetic methods: 


E and B vanish at infinity as 1/R?. 
The tangential components of E are continuous. 
The normal component of B is continuous. 


beBr, + wiBi, = 0. 
exE,, + e2En, = 0. 


Thus in all these cases, the boundary equations which hold across a surface 
separating two media are linear in the dependent variable or its normal deriva- 
tives, the coefficients of these linear relationships characterizing the electrical 
properties of the two media. 

Such boundary value problems have received the attention of mathe- 
maticians for a century and more. But the problems of geophysics differ from 
many classical problems in several respects. First of all, as mentioned above, 
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they are two or three-dimensional problems. Secondly, there are practically 
always three important regions of space involved, each with its own char- 
acteristic electrical properties,—the air, the normal homogeneous earth, and 
the ore mass. The older problems seldom involved more than two distinguish- 
able regions.’ Thirdly, it is necessary to have exact knowledge near the sources 
of disturbance, rather than far away, as in the classical problem of radio signals. 
Fourthly, it is useful, in the electromagnetic case, to obtain solutions when the 
wave length is comparable with the dimensions of the diffracting ore mass, 
rather than small, as in the classical optical case. This consideration makes 
invalid many of the approximation methods used in earlier work. Fifthly, it is 
necessary, in general, to assign finite but different conductivities to the vari- 
ous regions under consideration. This is a point of great importance, and 
the source of much difficulty. Sixthly, many regions of geometrical shapes, 
which were previously of only academic interest, now become of great practi- 
cal interest. And, lastly, it is essential now that the solutions be usable from 
a computative point of view. 


Fic. 8 


The actual problems of nature are impossibly complicated by minor non- 
homogeneities, by uneven surface topography, by irregular moisture content, 
by the possible presence of several disturbing masses, and by many other things 


5 One usually avoids the necessity of satisfying the boundary conditions on the surface of 
the ground between the earth and air by reflecting the entire configuration in the surface of the 
ground. Thus rather than dealing with a problem which involves the air, a semi-infinite earth, 
and a buried sphere, one solves the problem of an infinite earth containing two spheres. The plane 
which is perpendicular, at its mid-point, to the line joining the centers of the two spheres is a plane 
of symmetry. If the current source be located on this plane, no current will cross this plane. 
Thus one can “throw away” the upper half of the solution, and retain the correct solution for a 
semi-infinite earth and a buried sphere. This reflection method does not, however, afford an 
essential simplification of the three-region difficulty mentioned above: for there are still three 
regions,—the infinite earth, the first sphere, and the second sphere. Taking into account the inter- 
action between the two spheres, is exactly equivalent mathematically to taking account of the 
boundary conditions between the earth and the air. 
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as well. Just as a child must begin with simple tunes if he is ever to understand 
a symphony, so the geophysicist must, at first, be content with simplifications 
and over-idealizations of his problems. Thus, for the electrical method, one 
attempts to calculate the distribution of currents when a homogeneous earth 
is overlaid by one or more plane layers of different conductivities: when there 
are one or more parallel vertical planes across which the conductivity suddenly 
changes; when there is a submerged vertical dyke, or a submerged ledge; or 
when an otherwise homogeneous earth contains a buried sphere or ellipsoid. 

Figure 8 shows, schematically, cases of current flow which have been satis- 
factorily solved both for point and long lines electrodes. The dotted region 
indicates the normal earth, while the cross hatched regions indicate ore bodies 
or structures of differing conductivities. The layered structures have been 
treated by several investigators although, for commercial reasons, a complete 
analysis has not been published. The layered structure containing a buried 
sphere has been treated by the writer.’ The point electrode in the presence of 
a buried sphere has recently been solved exactly.’ Similar solutions for a buried 
ellipsoid would be of great usefulness since an ellipsoid can take on, as special 
cases, long needle like or flat lens like shapes. 

The mathematical analysis involved in the layered structure was indicated 
by Maxwell;® and, for the simpler case of infinite conductivity ratio, by 
Riemann.’ This analysis involves infinite series of the type 


+00 
Dan(= 1)"{ [o® + (@ + 2h’ — a)?}-1? — [p? + (2 + 2nk + a)?} 47} 

which are rather slowly convergent and very tedious to compute. In this ex- 
pression z measures distance perpendicular to one of the horizontal planes 
bounding the layer, p?=x?+¥?, where x and y are Cartesian coordinates in a 
horizontal plane, / is the thickness of the layer, and a is the spacing between 
electrodes. These series have been satisfactorily handled for large p, but their 
study for small p is a pressing problem. 

The current flow problems, in the case of long line electrodes and suitable 
non-homogeneities, are two-dimensional problems involving the solution of the 
Laplace equation V?®=0. Here the method of conjugate functions applies. 
Much that has been written concerning the theory of conformal mapping has 
come from the pens of mathematicians who had little interest or information 
about the application of this theory to electrical problems, or from the pens of 
physicists who had only a mild respect or appreciation for the mathematical 


6 See, however, J. N. Hummel, Der Scheinbare Spezifische Widerstand bei Vier Planparallelen 
Schichten, Zeitschrift fiir Geophysik, vol. 5 (1929), Heft 5/6, 5-228. 

7 Not published in full. See, however, Certain Applications of the Surface Potential Method, 
American Institute of Mining and Metallurgical Engineers, Tech. Pub. 121 (1928). 

8 Unpublished thesis by Dr. J. H. Webb, now of Williams College. 

® James Clerk Maxwell, Electricity and Magnetism, 1873, Vol. I, § 317, page 367. 

10 Riemann, Gesammelte Werke, page 59. 
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aspects. We need an accurate and illuminating exposition of the Schwartz- 
Liouville theory of the mapping of polygons and of the application of this 
theory to electrical problems, along with an encyclopaedic collection of examples. 

There are many simple shapes of ore mass for which the solution is needed. 
Fig. 9 indicates six of these unsolved problems, the cross hatched regions again 
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being the ore masses of higher conductivity, and the dotted regions being the 
normal earth. One desires the current flow, in all these cases, whether the cur- 
rent enters the earth at a point electrode, or along a line electrode. It is interest- 
ing to note that although the horizontal layer has been treated rather fully, 
the slanting layer has so far withstood all attempts at solution. The ordinary 
method of images is not applicable to the slanting layer.!! 

It would also be of great interest to treat some simple cases of non-uniform 
but continuously changing conductivity. If the conductivity is variable, the 
governing differential equation is no longer linear. Such a problem was formerly 
not of much practical interest, but is now exceedingly interesting. The most 
promising mode of attack seems to be through an integral equation set-up, 
treating the continuously changing density as a limiting case of multi-layered 
structures. 

The electromagnetic method wishes to know, as a first simple approxima- 
tion, the induced currents and the total earth and air fields, when one uses, as 
a sending device, an oscillating electric or magnet dipole, or a long overhead 
wire carrying alternating current. This problem is fairly solved for the case of a 
homogeneous plane earth. And we have fairly satisfactory approximations to 
cover the case of a sphere buried in an otherwise homogeneous plane earth. The 
long line over a layer of finite thickness and conductivity has just been solved.” 
A dipole over such a layer has not yet been solved, at least in usable form.” In 


11 See, however, the last footnote of the paper. 

® Doctor’s dissertation, as yet unpublished, by Dr. H. P. Evans, University of Wisconsin. 

18 Since this paper was written, this problem has been solved. See Asymptotic dipole radiation 
formulas, by W. Howard Wise, in the Bell System Technical Journal, VIII, 4, page 662 (October 
1929). 
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fact, a doublet over an infinitely thin layer was not treated until 1922 when 
Max Abraham, in the last paper he wrote, calculated the induced currents for 
this case, but made an error in the calculation of the fields. A doublet located 
over a homogeneous earth in which is buried an ellipsoidal mass presents a 
problem of great interest, and one which has not been usefully solved. These 
problems of the induced fields in the presence of oscillating dipoles are analogous 
to the classical problems of the diffraction of light by an obstacle. They are 
more difficult, however, since the various media have finite, but differing, con- 
ductivities; and also since they are diffraction problems of the Fresnel, rather 
than the more usual Fraunhofer type—that is, the source is at a finite distance 
rather than at infinity. One realizes the probable difficulty of these geophysical 
problems when he remembers that no one of the classical diffraction problems 
was solved exactly until Sommerfeld obtained the solution for the straight 
edge.” Any mathematician would do a real service who would study and extend 
the Sommerfeld multiple-space reflection method, carrying it through for finite 
conductivities, using sources at finite distances, and, most important of all, 
discovering how these complicated formal solutions can be made available for 
computation. 


D, CONCLUSIONS 


These scattered and hasty remarks can hardly be expected to give more than 
a shadowy suggestion of the sort of problems that confront the theoretical 
geophysicist. The ancient searcher after ore sought to find the hidden treasures 
of the earth by using a forked hazel stick, whose magic properties would direct 
him to the buried veins. The geophysicist of today, with his dip-needle, his 
volt-meter, his radio apparatus, his slide-rule, and his text-book on partial 
differential equations, is but the modern counterpart of the old practicer of the 
black arts who went about with his forked hazel wand. Many years ago when 
his international fame rested solely on his ability as a mining engineer, President 
Herbert Hoover, together with Mrs. Hoover, translated from the Latin a very 
famous old treatise on mining, written by Georgius Agricola during the twenty 
years preceding its publication in 1566. This book contains the first description 
of the application of divining rods to the location of ore. The last figure (Fig. 10) 
shows a wood-cut occurring in this interesting (and now rare) book. You will 
observe the various experts going about with their hazel wands, and the shallow 
trenches which are being dug to test the indications. With a freedom from super- 
stition that seems amazing for his age, and with a scientific clarity that would 
grace any age, Agricola considers the evidence for and against the forked 
twig, and concludes “Therefore a miner, since we think he ought to be a good 
and serious man, should not make use of an enchanted twig, because if he is 
prudent and skilled in the natural signs, he understands that a forked stick is 


4M. Abraham, Zeitschrift fiir Angewandte Mathematik und Mechanik, 1922, page 109. 
% Riemann-Weber, Die Differential-und Integralgleichungen der Mechanik und Physik, 1927, 
Vol. 2, page 433. 
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of no use to him.” We must not hastily judge, however, that Agricola would 
condemn the modern forked stick. His truly scientific spirit, and the attitude 
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proper for us, are alike indicated by this ancient author’s remark: “Since this 
matter remains in dispute and causes much dissension amongst miners, [ 
consider it ought to be examined on its own merits.” 


AVERAGE CURVES AND THEIR HARMONIC ANALYSIS 
By LOUIS BRAND, University of Cincinnati 


This paper gives an analytic solution of an important problem arising in the 
design of alternating current generators. My colleague, Professor W. C. Oster- 
brock of the department of electrical engineering, states the problem as follows: 

“In the alternating current generator magnetic flux is set up by a revolving 
field structure excited from a separate source by a continuous current. The 
electromotive force is generated in coils distributed in slots on a stationary 
armature. The value of the electromotive force in any conductor at any time 
is ¢= Blv electrostatic units, where B is the magnetic flux density at the con- 
ductor (gauss), / the length of the conductor (cm.), and v the peripheral velocity 
of the field structure (cm./sec.). This will be a function of period 27 of the 
angular displacement along the armature such that 


(I) f(x + 1) = fl — 4) = — fla). 
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“The various coils forming one group are distributed in slots covering one 
pole pitch (7 radians) and are connected in series so that their electromotive 
forces add. The problem then arises to find the sum of ” such functions as given 
above, each displaced from the preceding by an interval 7/n.” 

This problem is solved graphically by drawing the original base curve 
y =f(x) and its successive displaced positions and adding the ordinates at any 
point to obtain the sum curve. However the problem may be approached 
analytically by finding the limit of the average ordinate at any point as n 
become infinite. The ordinates of this limit curve, y= F(x), multiplied by 7, 
will then give a satisfactory approximation to the sum curve for a finite m if 
is not too small. 

When the base curve y=f(x) is shifted a distance 7 to the right, all the 
ordinates between x—7 and x pass over the point x. The limit curve is clearly 
the average of these ordinates; hence 


(1) ro =~ J fuau 
Consider first the case when f(x) satisfies the condition (I). Then 
r(x) = f udu + f fuddw, 
nn 0 
in which the first integral equals 


. ic — 1)dv = J fou = J oan J sooan. 


Hence, on writing 


h= =f jandu, 


2 x 
(2) F(«) = —{ f(ujdu — h. 


From (2) we see that 


(3) F0)=—h, Fr) =F(—m) =h; 


F(x + 7) 


2 T 2 LT 2 x 

=f f(u)du + =f f(ujdu -h=h-— =f f(u)du ; 
(4) F(« + 7) = — F(x). 

Hence F(x) also has the property (I). Moreover 
(5) F'(x) = 2f(«)/n. 


From the standpoint of generator design it is important to have an harmonic 
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analysis of F(x). In view of (1) the Fourier expansion of f(x) in the interval 
(—7, 7) contains only the sines and cosines of odd multiples of x: 


(7-6) 


fla) ~ DS [aenp1 cos (2k + 1)a + dergi sin (2k + 1a], 


k==0 


where 


2 7 2 7 
dn = —| f(x) cos nxudu, by = =| f(%) sin nad. 
TV 0 0 


T 


From (4) we see that the expansion of F(x) has precisely the same form. More- 
over on integrating by parts and making use of (3) and (5) we find 


2 7 4 7 2 
A, = =| F(x) cos nxdx = — —{ f(«) sin nadx = — — dn, 
T Jo rnd TN 
2 (7 4 7 2 
B, = =f F(x) sin nxdx = — | cos nxdxX = — Ay. 
Tv 0 rn 0 TH 
Therefore 


2 in Qek+1 bors ) 
P(x)~— ——— sin (2k + 1)x — ——— cos (2k + 1)x }. 
) Tv du (= + | ( 2k+1 ( 


Owing to the factor 1/(2k+1), the upper harmonics are far less important in 
F(x) than in f(x). This, of course, is very desirable when the objective is a pure 
sinusoidal electromotive force. 

We consider next the case when f(x) is an odd function of period 27: 


(IT) f(— *) = — fl). 


From (1) and (II) we now have 


nF(2) = J sean + J “flu)du = J “flw)du — fr a)do, 


1 T—2X 
6) ra) =-— fo fan. 
Hence 
(7) F(O) = — h, Fir) =F(— 7) =h; 
1 wx 1 —T—2£ 1 —T—2z 
F(-— «) = - — flu)du = — f(— v)dv = — —{ f(u)du ; 


and, on adding 


1 Tx 
_— du = 0 
T i i) " 
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to the last integral, we find that 
(8) F(— x) = F(x). 
Moreover, 


(9) F'(x) = Se) + flr =) 


T 


Since f(x) is an odd function and F(x) an even function, their Fourier ex- 
pansions are sine and cosine series respectively: 


oe) 2 T 
f(x) ~ 2d, sin nx, b, = =| f(x) sin nada, 
n=1 is 0 


oe) 2 T 
F(x) ~ 44, + DOA, cosnx, A, = =| F(x) cos nxdx. 
T “0 


n=1 


On integrating by parts and making use of (7) and (9), we find 


2 ™ f(x) + — x 
A,=- =| fle) + Kn = #) sin nxdx 
TN J og Tv 
1 
= [on —(- 1)b, |, 
Tn 
0 when 7 is even, 
A, = 
——b, when 2 is odd ; 
Tn 
1 7 1 1 T 1 7 
4A) = —{ F(x)dx = =| a(n) — —| xf(a)dx — —| afl — ‘jae, 
vis 0 TV Tv 0 TV 0 


or upon putting “=a —vx in the last integral, dj =0. This, of course, is to be 
expected since, from (6), F(47)=0. Thus we have 


2 2 5b 
F(“)~-— rari cos (2k + 1)x. 


Tv k=0 2 
In this case the even harmonics are absent and the odd harmonics are again 
reduced by the factor 1/(2k+1). 


Lastly in the important case in which f(x) satisfies both conditions (I) 
and (II), we see that 


fle) ~ SSbeeu sin (2k ++ 1) x 
k=0 


and that F(x) has again the expansion just given. 
As an example let 
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x fromx=0O tox 


= ir, 
{(*) = gm =“ X= BT, 
a-—« “ y=fag “v=o 
Then 
f(x) = 2 tV/3(sine- RR =) 
3? 7? 11? 
cos5“% cos/x cosiix 
F(x) = = 4-*V/3( cos x — SP 4 SS ) 


The excellent “cosine wave” shown in the figure is made up of parabolas and 


straight lines. The graphical method noted above led to the belief that it was 
probably an actual cosine wave. 


ALGEBRAIC FIRST INTEGRALS OF ALGEBRAIC 
DIFFERENTIAL EQUATIONS 


By Sotomon Hurwitz, New York, N. Y. 


It was shown by Abel that if y is an algebraic function of x and if u=/fy dx 
is also an algebraic function of x, then uw is a rational function of x and y. 
Fuchs! stated an analogous theorem for differential equations of the first order: 
If F(x, y, y’) =0, where F is a polynomial, has for a general integral V(x, y) =c, 
V being an algebraic function of x and y, then there exists a general solution 
R(x, y, wu) =c, where u(x,y) =y’ is the algebraic function defined by our differ- 
ential equation, and R is a rational function of x, yand uw. In this note we prove 
a theorem for differential equations of order which yields Fuchs’ theorem as 
an immediate corollary. Our method of proof is different from that of Fuchs. 


Theorem: If F(y™, yD, +++, 9’, y, x) =0, where Fis a polynomial, has 
an algebraic first integral V(y*-), -- +, y’, y, x") =c, V being an algebraic function 
in its arguments, then there exists a first integral R(y*-), +--+, y’, ¥, x, Ww =C, 


1 Sitzungsberichte der Berliner Akademie, vol. 2 (1884), pp. 1171-1177. 
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=y™ 4s the algebraic function defined by our differ- 


ential equation and R 1s a rational function in its arguments. 


I: The necessary and sufficient condition that V =c be a first integral is that 


» viv 
Ox oy ay’ dye?) 
For, we have 
vv av av av 
dx) ay) ay TP yoru = 


Hence if y™ 
sary. If (1) is satisfied it follows that y™ = 
sufficient. 


=u, it follows that (1) must be satisfied. The condition is neces- 


The condition is therefore 


II. By hypothesis there exist equations of the form: 


(2) V™ + Bylye?, a) yy, x, uyV"™ > + Bev? + ss + Bm = 0, 
where the (§’s are rational in y@-», -y’, y,x and u. Let 
V? + aly), a) yy, 0, UVP + ag VP? + ‘+++ Ap = 0 


be an equation of the class (3) which is of minimum degree in V. By differ- 


entiating we get: 


OV day OV da 
[at }erfu 
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OV 


tet] ap ——— + 


dy (r—-}) 


Multiplying these equations by 1, y’, -- - 
we get 


On 


ap 


OV day Oa, 
Ve- ieee + veal (y “Vo ma +ose: 


OV day 
° + fans 1 at } 
Ox 


Oa» 
T 5yop 


Oy 
dye |e 


, yD), u, respectively and adding, 


0a, Oa, Qy 
(3) vraf ty yy op a] $v) to $y) = 0. 
Ox dy y(n) 
The coefficients of the V’s in this equation are rational in y"-),--- y’, y, x 


and u; for, if a;s= Ry, -y', y, x, u), 
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0a; OR; OR; ou 
dy) dy)" au dy) 


The first two partial derivatives on the right are obviously rational in 
yim) 2. sy’ y, x, and u, and by means of the given differential equation 
we can express 0u/dy“ rationally in the same quantities. Hence (3) belongs 
to the class (2) and is of degree —1 in V. Its coefficients must therefore vanish 
identically. That is 


0a, 0a, , Oa, 
Ox dy dye} 
By (I), a=R(y™,---+, y’, y, x, uw) =C is a first integral of our differential 


equation. 


QUESTIONS AND DISCUSSIONS 


EDITED by R. E. GitMANn, Brown University, Providence, Rhode Island. 


The department of Questions and Discussions in the Monthly is open to all forms of activity in 
collegiate mathematics, including the teaching of mathematics, except for specific problems, especially 
new problems, which are reserved for the department of Problems and Solutions. 


A PROPOSED NOTATION FOR EXPONENTIALS | 
By WitiramM R. Ransom, Tufts College 


The notation “exp x” to represent “the natural base, e=2.718+, with the 
exponent x,” has found some favor because of the ease with which it can be 
printed or typewritten. Writers who need a greater variety of exponentials 
may welcome a more complete notation in which the base may be indicated. 
Suppose for example that 

(Bkexp =x) 
were to find favor for representing “the base, B, with the exponent, x.” This 
permits any degree of complication in either base or exponent, makes it un- 
necessary to distinguish in size or level between base and exponent, and creates 
no confusion with existing notations 

The symbol “{” is easily managed on any typewriter and is easy for a 
printer! to procure. It may be thought of as locking a parenthesized base to 
a parenthesized exponent, while the ordinary parentheses, which embrace the 
whole symbol, have their usual function of indicating that a single quantity 
is denoted by the array. The symbol “{” indicates and separates base and ex- 
ponent, just as the solidus, “/”, indicates and separates numerator and de- 
nominator. 


1 The Banta Publishing Co., of Menasha, Wis., which prints this Monthly, has the symbol in 
stock for use on a monotype machine. 
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When the base is e=2.718+, the notation (e{exp =) may condense to the 
established form “exp x,” just as the symbol “log,x” condenses to the familiar 
“In x” when n =e. 


Editorial Comment on Professor Ransom’s Paper. 


Professor Ransom suggests a new symbol for exponentials with a general 
base which, it will be granted, is distinctive. It cannot be so readily granted 
that it has the merit of brevity. Moreover, unlike its prototype “exp x,” it 
cannot be immediately set up on a linotype. 

QUESTION No. 58: Does the exponential with general base occur frequently 
enough in mathematics to warrant the general adoption of a special new nota- 
tion for it, and if so, is Professor Ransom’s suggested symbol likely to meet with 
sufficient approval to be generally adopted? 

R. E. G. 


THE ARC OF THE ELLIPSE 


By RoGeEr A. JoHnson, Hunter College 


An error in the new Encyclopaedia Britannica leads to the consideration of 
some expressions for the approximate length of arc of the ellipse which are 
indeed to be found in the literature,! but which are perhaps not so well known 
to all readers of the MONTHLY as they deserve. 

In the article, “Ellipse,” in the Encyclopaedia, occurs the following sentence: 
“Kepler’s approximation t(a+0) [to the length of an ellipse whose semi-axes 
are a and 8] is about 1/200 too large, and 1/(a?+62) is about as much too 
small; their mean errs by about 1/3000.” 

There is obviously an error in the second expression given; we see below that 
a factor 2 should appear under the radical sign. Moreover, as to each approxi- 
mation, it does not seem plausible that the error should be the same, independ- 
ent of the eccentricity of the ellipse. Further consideration shows that apart 
from the typographical error just indicated, the Encyclopaedia statement is 
erroneous in several respects. 

If the semi-axes of an ellipse are a and 8, its eccentricity is e=c/a, where 
c?=a*—b?, Then it is well known that the length of a quadrant of an ellipse is 


[i= ea ap = Loft te Se So Tg) 
s=a — e’ sin = —ra| 1—- —eé — —e — ——e§ — ——_¢. . - |; 
0 2 4 64 256 16384 

and values of this function have been tabulated (as for instance in Peirce’s 
Short Table of Integrals, page 121). Now let R represent the radius of a circle 
whose circumference equals that of the ellipse, so that R/a is given by the 
expression in brackets. Now it is to be shown that good approximations for R 
are (1) the arithmetic mean of a and 0; (2) the square root of their mean square; 


1 See, for instance, Appell, Eléments d’analyse Mathématique, 1905, page 186, where the ap- 
proximations herein designated as R; and R3 are to be found. 
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(3) their geometric mean. A truly remarkable approximation is the mean 
of (1) and (2). 

Expressing each of these in terms of a and e, and expanding each by the 
binomial theorem, we have: 


a+b 1 4 8 320 
of 6 | 


es... 
a? +. 6*\1/2 1 2 2 40 
Ry = al 1— —e*? — —e* — —eé§ — ao], 
2 4 64 256 16384 


oo — 3 
64 256 16384 
1 6 14 616 
R; = (ab)! = of 1 — — pi— — ot — —_ 96 — —_-__ 8... 7 
4 64 256 16384 


— —e? — — ei — —~— 


1 1 3 5 180 

—(R; + R2) of — —e? — —¢ — ——e§ — ——e’ . | 

2 4 64 256 16384 

It follows then that Kepler’s approximation R; is too small, and that R, is too 
large, the error in each case being of the order of e*/64. The mean of R; and R, 
is too small by approximately 5e°/16384. 


RECENT PUBLICATIONS 


EDITED BY RoGER A. JoHNSON, Hunter College of the City of New York. 


All books for review should be sent directly to the editor of this department and not to any of the 
other editors or officers of the Association, 


The Rhind Mathematical Papyrus, British Museum 10057 and 10058. Vol. I. 
Free Translation and Commentary, by A. B. Chace, Chancellor, Brown 
University, with the assistance of H. P. Manning, Associate Professor of 
Mathematics, Brown University, Retired. Bibliography of Egyptian 
Mathematics, by R. C. Archibald, Professor of Mathematics, Brown Uni- 
versity. Mathematical Association of America, Oberlin, Ohio, U. S. A., 
1927. Pages 1-210. Volume II, Photographs, Transcription, Transliteration, 
Literal Translation, by A. B. Chace--- L. Bull, Associate Curator in the 
Egyptian Department, Metropolitan Museum, New York, H. P. Manning, 
.. + Bibliography of Egyptian and Babylonian Mathematics (Supplement), 


by R. C. Archibald ---. The Mathematical Leather Roll in the British 
Museum, by S. R. K. Glanville, Department of Egyptian and Assyrian 
Antiquities, British Museum, - - - 1929. 


The publication of Chace’s edition of the Rhind papyrus is an event of im- 
portance to all mathematicians interested in the history of their science. It 
marks the culmination of the efforts of many students of Egyptian mathematics, 
endeavoring to present to the modern reader the complete and exact form of the 
ancient papyrus, to supply an exact translation of it and to give a philosophic 
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interpretation of Egyptian processes in mathematics. The Chace edition repre- 
sents all that painstaking study and liberality in financial expenditure could 
accomplish at the present time. 

Before the discovery of the Rhind papyrus, little was known of Egyptian 
mathematics, except the fragmentary statements of Greek writers. Thales and 
Pythagoras had travelled in Egypt and acquired Egyptian lore. But the 
Egyptian mathematics which percolated into Greek books which have come 
down to the present time seem unworthy of a people which had erected the 
Egyptian pyramids. The Rhind papyrus was found about 1858, in a building 
near the great monument Ramesseum, at Thebes. It came into the possession 
of A. Henry Rhind from whom its name is derived. In 1864 it was purchased 
by the trustees of the British Museum. The papyrus roll was broken in some 
places and parts were missing. The trustees of the British Museum, in 1869, 
authorized the preparation of a facsimile edition and a descriptive text of the 
papyrus. Samuel Birch, Keeper of the Egyptian antiquities of this Museum, 
prepared plates, but the progress of the work was delayed. In the Spring of 
1872, the archeologist August Eisenlohr of Heidelberg visited England and 
secured from Birch proofs taken from these plates. After five years of study, 
in which he was assisted by Moritz Cantor, the historian of mathematics, 
Eisenlohr brought out his edition of the Rhind papyrus in 1877. He did this, 
however, without securing the consent of the trustees of the British Museum to 
use Birch’s plates. Besides the reproduction of the papyrus itself, Eisenlohr gave 
a commentary, as well as a translation of the papyrus into German and a 
transcription of the hieratic script in which the papyrus is written into the more 
picturesque hieroglyphic script. During the half century following, Eisenlohr’s 
very creditable publication was the only source from which mathematicians 
could obtain a knowledge of the contents of the Rhind papyrus. Meanwhile, in 
1898, the British Museum issued a beautiful lithographic “facsimile” of the 
papyrus. By “facsimile” we are not to understand an exact reproduction by 
the aid of photography; it was simply an imperfect hand copy, containing many 
little deviations from the original. As Eisenlohr used the British Museum plates, 
his representation of the papyrus was no better; besides he made some slight 
alterations of his own. 

During the fifty years following 1877, great strides were made in the mastery 
of the languages of ancient Egypt. It became evident that a new translation 
and commentary of the Rhind papyrus was desirable. In 1923 this was accom- 
plished in a masterly way by T. Eric Peet, professor of Egyptology in the Uni- 
versity of Liverpool. By a strange good fortune some of the missing parts of the 
papyrus were found in 1922, in the possession of the New York Historical 
Society. Copies of these.fragments were prepared, and Peet succeeded in find- 
ing the proper places in the papyrus for 25 of the 40 fragments. Using the papy- 
rus itself, not the “‘facsimile’’ of it, Peet gave a hieroglyphic transcription and 
a translation into English. Critics found this a very able piece of work, notwith- 
standing occasional slips of perhaps minor importance. 
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For some years preceding the appearance of Peet’s translation and commen- 
tary, Arnold B. Chace, Chancellor of Brown University, had made an intensive 
study of the Rhind papyrus. In some details his conclusions were not in entire 
agreement with those of Peet. Chace and his co-workers felt that there was 
still room for a new edition of the papyrus, especially as no real facsimile of the 
papyrus, and of the fragments possessed by the New York Historical Society, 
were available to the general reader. As the outcome of Chace’s enthusiasm and 
liberality, we have the present magnificent edition, of which the second volume 
contains the photographic reproduction of the papyrus as it appears at the 
present time in the British Museum, and of the New York fragments. There 
is a satisfaction in examining an exact copy. When told that a pair of legs 
walking forward represents ‘‘addition,” and when walking backward represents 
‘subtraction,’ we like to see how much of this statement is due to the imagina- 
tion of the modern investigator, and how much to the graphic technique of the 
ancient scribe. Our inspection leads to the conclusion that the modern imagina- 
tive faculty operated in full force. 

The different parts of the papyrus are shown by 31 photographs. In making 
the hieroglyphic transcription, the transliteration, and literal translation, 
109 plates are used. This is not the place to enumerate the many minute new 
interpretations. Suffice it to say that a dozen small fragments not located by 
Peet, are in the Chace edition assigned to what seem to be their proper places 
in the papyrus. 

As indicated on the title page Chancellor Chace had as collaborators, H. P. 
Manning and R. C. Archibald, both of Brown University, and Ludlow Bull of 
the Egyptian department of the Metropolitan Museum in New York. Mr. S. 
R. K. Glanville of the British Museum supplied a brief account of a mathemat- 
ical leather roll in that Museum. It is an Egyptian document which appears 
to be of greater significance than at first thought. 

A valuable feature of the Chace edition is the bibliography of Egyptian 
mathematics prepared by Archibald. The many informative and critical re- 
marks are particularly valuable to readers who have not the time or oppor- 
tunity to consult the original sources. The very last entry is a pre-publication 
notice of V. V. Struve’s account of the Golenishchev mathematical papyrus of 
the Moscow Museum of Fine Arts, which will appear in Quellen und Studien 
zur Geschichte der Mathemattk, Abteilung A: Quellen, Berlin, 1930. Parts of this 
Egyptian papyrus have been deciphered and published before. It contains 
startling revelations on early Egyptian mathematics, and may rival in impor- 
tance the Rhind papyrus, 

FLORIAN CAJORI 


Uber die Verhiltniszahl des Goldenen Schnitts, die Reithe der mit ihr zusammen- 
hingenden ganzen Zahlen und eine aus dieser abgeleitete Reihe. By Ludwig 
Kaiser. Leipzig, B. G. Teubner. Paper, viii-+124 pages. Price: RM 7.50. 
If the line-segment AB be divided internally at C in what Euclid called 
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extreme and mean ratio, 7.e. so that (A B/AC) =(AC/CB), it is easy to show that 
the value of each of these ratios is the positive root of g@=q+1. The author 
gives nearly forty pages to a discussion of the arithmetic of the number g so 
defined. About its outcroppings in geometry, phyllotaxis, aesthetics, and 
elsewhere he has nothing to say.! The treatment is elementary and not hurried; 
theorems are found by exploration, illustrated in numbers, and proved usually 
by complete induction. It is shown that any integral power of g can be expressed 
in the form ag+0 where a and 0 are consecutive terms of the doubly endless 
Fibonacci series 


f= = 1, Sn = Sn—-1 + Ln-2, (n = “++, —2, —1,0,1,2,3,---). 
The derived series mentioned in the title is 


gi =1, gf =3, gl = grat gre = Sn-1 t+ nti = (Lon/Bn)- 

The author uses the word “Kepler” where we have the habit of saying “Fi- 
bonacci” or “Pisano,” uses g to remind us of golden and, if he is aware that 
these are the Lucas u and v series concerning which Dickson gives more than 
a hundred references in chapter XVII of volume I of his History of the Theory 
of Numbers, he does not anywhere show it. 

Because the positive integral powers of g can be expressed as periodic con- 
tinued fractions of the form (c; d, d, d,---), the properties of continued frac- 
tions are worked out in detail and, since c and d are found always to belong to 
one or the other of the above series, the illustration of these properties leads 
to many interesting theorems. 

The remainder of the book is devoted to a study of the Fibonacci numbers 
but no chance is missed to establish analogous relations for the terms of the 
associated series wherever possible. Among the topics are: general term, sum, 
periodicity qua any integral modulus, types of period, appearance and repetition 
of primes, and the so-called Pell equation «?—5y?=1. The author does not 
make the claim that any of his results are new. Appended tables contain the 
factored forms of g, and g,’ (n=1, 2,--- ,40) and a summary of the charac- 
teristics of the remainder-periods for all prime moduli up to 41 and for about 
twenty other primes. 

The book can be read with profit by any student who knows the elements 
of the theory of numbers. The style is pleasant; the author, like a good teacher, 
feels free to pause for the examination of any sort of interesting by-product 
but when a proof is begun it is carried directly forward and the conclusion is 
nailed down w. z. b. w. The headings of each of the twenty-five chapters are as 
ample as the title of the book itself and make an index unnecessary. The 


1 See this MonrTuLy, vol. 25 (1918), pp. 232-8, where Professor R. C. Archibald gives an 
extensive bibliography of such applications. Incidentally he shows that the glamorous words 
“solden section” are less than a hundred years old. See also Tropfke, Geschichte der Elementar- 
Mathematik, vol. IV, p. 187. 
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appearance of the page and the printing and proof-reading are of that degree 
of excellence which we have learned to expect from the house of Teubner. 


NORMAN ANNING 


Premtéres Legons de Géoméirie Analytique et de Géométrie Vectorielle a l’usage des 
éléves de la classe de mathématiques et des candidats aux grandes écoles. By 
E. Lainé. Librairie Vuibert, Paris, 1929. 47 pages. 


Recently there has been a tendency in the classical preparation leading up 
to the university courses in France to introduce vector notation in analytic 
geometry, kinematics, rational mechanics and differential geometry along with 
the usual analytic notation, such as one finds, for instance, in Appell’s Trazté 
de Mécanique Rationnelle. In these introductory courses the theory of systems 
of vectors is treated quite fully. In the present book just enough of vector 
analysis is given so that the average student can get a glimpse of some of its 
possibilities. It gives the usual discussion of vectors: vector addition, scalar 
multiplication, scalar product, vector product, and derivative of a vector. It 
applies the elementary theory to the study of straight lines, circles, planes, 
circular motion and systems of vectors. The theory is followed by a set of 23 
problems, several of which are taken from baccalauréat examination papers, 
designed for students who have a knowledge of elementary calculus. 

There are no important typographical errors. On page 28, line 12, x®° should 
read x. On page 33, figure 19, the letters G and G, are omitted. The derivation 
of the expressions for the components of the vector product of two vectors 
(page 17) might have been simplified. 

The geometric and vector system applications might well find their place 
in American elementary analytic geometry and mechanics texts, since vector 
analysis, dealing directly with geometric objects instead of indirectly by means 
of their components, gives a greater simplicity and elegance of presentation 
in these subjects. A more advanced text along the same line, as clearly written 
as this one, would be extremely useful to both students and instructors. 


W. E. ByrRNE 


A History of Mathematical Notations. Volume II. Notations Mainly in Higher 
Mathematics. By Florian Cajori, Ph.D. Chicago, The Open Court Pub- 
lishing Company, 1929. xvii+367 pages. $6.00. 

This work is the second volume of Professor Cajori’s History of Mathematical 
Notations. As the author indicates in his introduction, “The task of making a 
complete collection of signs occurring in mathematical writings from antiquity 
down to the present time transcends the endurance of a single investigator.” 
Indeed, the invention of new symbols is as confusing as the change in the styles 
of women’s clothes. After the mathematical world had been educated to the 
meaning and value of symbols, many an author exercised his ingenuity on the 
making of them. Surely the study of such a work as this reveals the ill effects 
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of this multiplicity of signs and should “afford a more intense conviction of 
some form of organized effort to secure uniformity.” 

As has been stated in a review of the first volume of this work, this Hzstory 
of Mathematical Notations provides an inexhaustible mine of facts and bibliog- 
raphy for the historian of mathematics and for the teacher of its history. The 
painstaking, careful and exhaustive labor extending over many years and re- 
sulting in a work of such magnitude places the mathematical-historical world in 
a position of deep indebtedness to the author. If all the uses to which these 
are put could be gathered together and presented in one continuous scroll, 
appreciation due his results might be adequately shown. Perhaps a greater 
reward would lie in his own expression “that this {History will not have been writ- 
ten in vain” if advance in the spread of new results in mathematics can be 
brought about through international action on adoption of symbols. 

The symbols associated with almost any topic in mathematics will be found 
in one or the other volumes of this work. Among these, none are more fully 
and convincingly presented than the symbols of the Differential and Integral 
Calculus. “The history of the growth of the calculus notations is not only 
interesting, but it may serve as a guide in the invention of fresh notations in 
the future” and here are included symbols for fluxions, differentials and deriva- 
tives, partial differentials and partial derivatives with the names of many 
prominent mathematicians beginning with Newton and Leibniz. 

The author presents an intensive study entitled: “Survey of Mathematical 
Symbols used by Leibniz” because of the “leading réle played by Leibniz in 
the development of notations” and because “no mathematician has seen more 
clearly than Leibniz the importance of good notations in mathematics.” (pp. 
180-1). This article makes fascinating reading and is a relief from the succession 
of symbols whose multiplicity makes one’s head fairly reel, although this 
amount of detail is of incalculable value to the student of a symbol. Following 
this special study are nine pages of tables of symbols used by Leibniz in his 
manuscripts and in the papers he published. 

Many interesting phases of the invention of symbols are found. There 1s, 
for instance, the casual appearance of symbols now well-known as in the case 
of z. There is the adoption of a symbol already used by a writer through the 
influence of a great mathematician as in the case of 7. There is the credit ac- 
corded to a man as the sole originator of a symbol when other men had antic!- 
pated him as in the case of the notation for partial derivatives now in use. We 
find the appearance of a symbol for a concept that had been long present in the 
writings of mathematicians, such as the familiar symbol “to signify infinite 
number.” Our attention is drawn to the fact that: “In the nineteenth century 
the need of more compact notations asserted itself” and there resulted such 
representations as Salmon’s (ai, be, c3-- -). Exception is taken to the extremes 
to which certain leaders in mathematical thinking are going in the use of sym- 
bols in the phrase “notations for matters that can more conveniently be ex- 
pressed by ordinary words or in less specialized symbolism.” (p. 77). 

The reviewer must find some matters from which to dissent. Attention has 
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been called in an article appearing in School Science and Mathematics, vol. 24 
(1924), p. 509, to an instance of reading into the works of early mathematicians 
modern concepts. This is here illustrated by the statements that “Euclid in his 
Elements represented general number by segments of lines” and that “In 
Leonardo of Pisa’s Liber Abaci (1202), the general representation of given 
numbers by small letters is not uncommon.” (p. 1.) Is not this unjustifiable 
enlargement of the field of symbolic representation! Jordanus Nemorarius did 
use letters to represent numbers quite as they are used at present, and he belongs 
in a different category from the earlier mentioned authors. 

Some fifteen pages are devoted to “The Evolution of the Dollar Mark.” 
It may be hypercritical to question the presence of this symbol in the work 
although the title leaves a loophole for its entrance. To have the author’s views 
and evidence so completely presented in permanent form is an asset to a library, 
however. Such a widely divergent theory, backed by a mass of manuscript 
evidence, is suggested by an equally eminent authority in this field that a 
complete presentation of the latter is highly desirable. The two positions should 
be weighed over against each other. 

The connected account is interrupted at times by matter (p. 239) which 
makes the work seem more encyclopedic iin character, for the sporadic use of 
certain symbols by an erratic writer has no bearing on the general problem. 

Considerable space toward the end is devoted to lessons to be learned and 
to the solution of the whole problem. Quotations from many writers are given. 
A fine section entitled: “Empirical Generalizations on the Growth of Mathe- 
matical Notations” shows the author’s masterly and scholarly grasp of the 
problem that he presents. The conclusion of the whole matter as its beginning 
is: “Agreements to be reached by International Committees the only Hope 
for Uniformity in Notations.” It cannot be overemphasized that: “In the 
endeavor to secure the universal adoption of mathematical symbolism inter- 
national cooperation is a sine qua non.” Moreover, “no attempt should be made 
to set up at any one time a full system of notation for any department of mathe- 
matics.” (p. 349). The last words in the book are too significant to omit: 
“ ... when in their publications, mathematicians, by a gentlemen’s agreement, 
shall abide by the decisions of such committees.” (p. 350). 

The contents are: Topical Survey of Symbols in Arithmetic and Algebra 
(Advanced Part); Symbols in Modern Analysis; Symbols in Geometry (Ad- 
vanced Part); The Teachings of History; with many subheadings. Twenty 
illustrations enrich the subject matter. 

The strange symbols which pepper the pages of this work indicate the 1m- 
mense amount of labor and expense which went into the printing of it. The 
unique contribution to mathematical learning which The Open Court Publish- 
ing Company makes through its publications is again strikingly illustrated in 
this one. These are needed and only through such a high-minded agency can the 
need be met. 

Lao G. SIMONS 
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THE INFORMATION BUREAU FOR APPOINTMENTS 


Members of the Association are reminded that the Association maintains 
an office for supplying information with regard to men and women available 
for appointment to college positions in mathematics. This office does not handle 
detailed recommendations, after the manner of a teacher’s agency, but supplies 
certain essential facts with regard to each candidate, together with the name of 
a sponsor from whom further information about him can be obtained. The 
aim is to keep the files as complete and up-to-date as possible. To this end, 
candidates for appointment, especially candidates for a first appointment, 
are invited to put their names on record with the office and departments in 
search of instructors are urged to avail themselves of its facilities. There 1s 
no charge for its services, either to department or to candidates. Registration 
blanks and information may be obtained from Professor H. W. Kuhn, Ohio 
State University, Columbus, Ohio. 


PROBLEMS AND SOLUTIONS 


Epitep By B. F. FINKEL, OTTo DUNKEL, AND H. L. OLSON 


Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All 
manuscripts should be typewritten, with double spacing and with margins at least one inch wide. 


PROBLEMS FOR SOLUTION 


Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well-known textbooks or results found in readily accessible sources, will not 
be proposed as problems for solution in the Monthly. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


3419. Proposed by the late F. P. Maiz. 
Determine the law of force in order that the orbit be a Cassinian oval. 


3420. Proposed by the late G. B. M. Zerr. 
Let x=f(#) be the equation giving the horizontal distance of a projectile in 
a resisting medium in terms of the time ¢. Prove that the vertical distance is 
given by 
-- go f4efCusam+s 
TS FOES FO : 
where A and 8 are constants. 
3421. Proposed by Otto Dunkel, Washington Unwersity. 
A convex polygon of » sides may be divided into triangles by its diagonals 
which intersect only at their extremities. Derive an expression for the number 
of ways in which this may be done. 
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3422. Proposed by Nathan Alishiller-Court, University of Oklahoma. 
Prove that the polar reciprocal of a sphere with respect to a given sphere 
is a quadric of revolution. Discuss the nature of this quadric. 


3423. Proposed by Morgan Ward, Caltfornia Institute of Technology. 

Let A and B be two permutable elements of an abstract group, of orders 
a and b respectively, and let c be the order of C=AB=BA. Show that m’ 
divides c, and c divides m, where m is the L.C.M. of a and 0), and m’ is the 
product of all of those prime factors of m which appear in a and 0 raised to 
different powers, every such factor being raised to the power to which it appears 
in m. 

3424. Proposed by W. J. Greenstreet, Editor of the Mathematical Gazeite. 

Two straight rods OA, OB in the vertical plane make equal angles, a, with 
the vertical drawn up from the point O. A third rod, PQ, of fixed length / with 
rings at its ends slides on the two rods. Show that the third rod may assume a 
position of equilibrium if its centre of mass lies within a portion of the rod PQ 
of length 7 sin 2u cosec 2a, where wu is the angl« of friction for rings and rods. 


UNSOLVED PROBLEMS 


2854 [1920, 377]. Proposed by C. N. Mills. 
Solve the simultaneous equations for x and y 


yn + yn = An, yn + ynl = An. 


2856 [1920, 377]. Proposed by O. S. Adams, U. S. Coast and Geodetic Survey. 
Show that for the real domain defined by +1>x>-—-—1, and s a positive 
integer, 
1 dx © 2(s + 2)(2s5 +2)--- (ms —s+ 2) 
= ———% 


net+l 
b] 


Q—x ve J, G—ayepe "AY (9 41)(as + 1)--- (ns $1) 


and 


1 [ ax mat > nis” nett 
(1 — wsy@Dis Jy (1 — ws)tls _ nai (S + 1)(25+ 1) +--+ (ms + 1)” 


SOLUTIONS 


3309 [1928, 93]. Proposed by Otto Dunkel, Washington Unwersity. 
If (1, 2, 3, 4, 5, 6) denotes the determinant of the 6th order whose ith row is 
Xiy Mi, 1 
xi , Livi y yi Viy Vey 1, and if (1,7, R) =[x;, 97, 1], 


Xty ky 1 
show that 
(1,2,3,4,5,6) = (6,1,2) (2,3,4) (4,5,6)(1,3,5) _ (1,2,3) (3,4,5)(5,6,1)(2,4,6) 


is an identity in the 12 independent variables x;, 4;. 
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values, the values of the constants. Hence we must have ¢=cy, where c is 
independent of x1, y1, and ¢ and yw are regarded as polynomials in x1, 1. 

Now regard x2, ye as variables in the two polynomials while the remaining 
variables assume fixed values from the region R. Then as before we conclude 
that 6=coy, where cz is independent of xeyz. If in the two equations ¢=ay, 
d=C2~ we suppose that the twelve variables have the same values which are 
taken from R, then (cg—ci1)¥ =0. But since ¢ does not vanish for these values 
neither does y, and hence c2=c:. This shows that neither c, nor c, depends upon 
(x1, 1) OF (Xa, 2), at least for the region R. Reasoning in the same way we show 
that c1=c,=cz3 and each is independent of the variables with the subscripts 
1, 2, 3; and so on until finally we have ¢=cy, where c is an absolute constant, 
at least for R. But since ¢@ and w have each the same term with the same coef- 
ficient unity, we have c=1, and then ¢=y. Hence the corresponding coefficients 
in @ and w are the same for the region R; and we have therefore ¢=y without 
any restriction upon the range of the twelve variables. 

As an application of this result suppose that one of the second order deter- 
minants is zero, say (123), then the determinant ¢ breaks up into the product of 
four determinants each of the second order. 

Also solved by Paul Wernicke. 


3360 [1928, 564]. Proposed by Bernardo Ig. Baidaff, Buenos Aires. 
Resolve the system x;=a'+0x;1+0%x,.(i=1, 2,---, 7), with x_1=x) =0. 
Generalize. 
Solution by Paul S. Dwyer, Antioch College. 
It is easily found that 


Xi = a, 
x2 = a? + ab, 
(1) x3 = a + ab + 2ad?, 


8 
re 
I 


a* + a’b + 2a7b? + 3ad3, 


The above results when continued suggest 
i-1 

(2) vi = Dik ja*ibs, i= 1,2,3,---, 
j=0 


where ko=ki=1 and kj=kj1+8;-2, 7>1. The above results in (1) are given 
by (2), and we shall now show that (2) gives the solution of the system of equa- 
tions in the problem. Inserting the values of x;, x;1, x;-2 in the given equation, 
we shall show that (2) is identically equal to 


4—2 i—3 
(3) ai + b Do kati 3bF + OB? DOR at-i-2H), 
j=0 j=0 


The first two terms of (2) are koa*+ kia‘ 0, while in (3) the corresponding terms 
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are a’-+k,a‘*—'b, and these are equal since ky) = ki =1. For any other value of 7 in 
(2) we consider j7—1 and j—2 in the first and second sums of (3), and we obtain 
(kj-1+k j-2)a*— 1b? =k ;a*—1b7, 1<jSi—1. Hence (2) satisfies the given equation. 

Note by Otto Dunkel: The numbers k; are the famous rabbit numbers which 
form the well known Fibonacci sequence mentioned several times in this 
Monthly. For example see [1921, 329] the solution of 2809 [1920, 80], where a 
formula is worked out for such numbers and references to the literature on the 
subject are given. The formula referred to when simplified reduces to 


1 m 
ky = — DoigsCapssS?, 
2! p=0 
where m is the greatest integer in 37 and where j4:Cop41 is the binomial 
coefficient. 
A generalization is obtained in the equation 


Ve Op Vat Ye boos bem, m21, += 1,2,3,°--, 


with the initial conditions yp=y41= +--+: =Vi-m=0. This equation goes over 
into the form of the problem by setting a=bc, x;=b*y;. The solution of this 
equation is given by 


4—1 
y= > kyr, 
j=0 


where kj =k: +hj;-2+ +++ +hj-m with the initial conditions kR.j=k»=-:-- 
=ki_m=0, ko=1. The equation in the k’s may be solved by the methods given 
in the article, Solutions of a probability difference equation, in this Monthly, 
vol. 32 (1925), pp. 354-370. This particular equation is considered on page 365 
of that article. 

A simpler form of solution may be obtained by using the general methods 
employed for handling a difference equation with constant coefficients. The y 
equation may be written 


f(U) yi = cmtt, 


where Uy;=yi41, U*y;=yi4e, °- > , and where f(t) =im™—t™- 1-1" *— +--+ —t—-1. 
If c is not a root of this equation in ¢, a particular solution of the difference 
equation above is given by f(c)z;=c”*t'. The homogeneous equation f(U)y;=0 
admits the solution 


—_ flo)y: = $1R;_1 + Sokig + +++ + .Smki-m, 


where 51, Se, ° °°, Sm are arbitrary constants and k; is defined as above. Hence 
the general solution is 


floc)y; = emt? — [siRs—1 + soki-g +o +++ + SmRi-m |. 


The constants s; are to be determined so that yo=y-1= +++ =yi-m=O and it is 
easily found that s;=c’-+c/t!+ +--+ +c", 
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If f(c) =0, f’(c) 40 as shown in the article mentioned above [1925, 357]. The 
particular solution in this case is f’(c)z;=1c"+*!. The solution of the equation 
with the given initial conditions is in this case 


f(y, = io™t*-1 A st hy + sd hig + + 4 Smet Rimi, 


where s,) =(m—j)c? !+(m—j-—lA)c? +--+ +e, 
For the special case of the problem where m=2 these solutions assume the 
simple form 
(a? — ab — b*)x; = att? — ab" hy — whi, 


if the coefficient of x; is not zero. If it is zero, then the solution may be written 
in the form 

(2a — b)x; = tat! + 1B, . 
The second case, in which f(c) =0, may be obtained from the first by differ- 
entiation with respect to c and then performing certain reductions. It is simpler, 
however, to proceed as above. 


3383 [1929, 338]. Proposed by S. A. Corey, Des Moines, Iowa. 

A bag contains (m-+n) balls, each of which may be either black or white 
with equal probability, m being the number of balls of one color and 1 being the 
number of balls of the other color. A white ball is dropped into the bag, and 
then a ball is drawn out at random and found to be white. What is now the 
chance that of the original balls 7 were white and m black? 


Solution by R. E. Moritz, University of Washington. 


According to the conditions of the problem the original balls in the bag are 
either m black and x white, or 2 black and m white, and the probability of 
either alternative is exactly one-half. Of a sufficiently large number (2) of 
such bags approximately N will contain white balls and the other N will 
contain m white balls. Suppose a white ball is dropped into each of the 2N bags 
and a random drawing is made from one of the bags, if the drawing occurs from 
a bag containing now +1 white balls, the probability of the white ball being 
drawn is (n+1)/(m+n-+1), while if the drawing occurs from a bag containing 
m+1 white balls the probability of the ball being white is (m+1)/(m+n-+1). 

Take N a multiple of m+n+1, say N=k(m-+n-+1), and suppose that one 
drawing is made from each of the bags, then the drawings from the bags con- 
taining +1 white balls will yield N(n+1)/(m+n+1)=k(n+1) white balls 
and the drawings from bags containing m+1 white balls will yield N(m-+1)/ 
(m+n+1)=k(m+1) white balls, in other words, on the long run, out of every 
m+n+2 white balls that are drawn, +1 come from bags which originally 
contained 2 white balls, the remaining m+1 come from bags which originally 
contained m white balls. 

Hence the probability that a given bag originally contained 2 white balls 
is (n+1)/(m+n-+2). 

Also solved by Andrew G. Clark, Michael Goldberg and Paul Wernicke. 


202 PROBLEMS AND SOLUTIONS [Apr., 


3384 [1929, 338]. Proposed by Nathan Altshiller-Court. University of Okla- 
homa. 

A circle (C) touches an equilateral hyperbola (#7) in A and passes through 
the diametric opposite B of A on (H). (1) Prove that the third point common 
to the two curves is the diametric opposite of A on (C). (2) The lines joining 
A to the ends of the diameter of (C) perpendicular to AB are parallel to the 
asymptotes of (H). (3) If a line through A meets the two curves again in P 
and Q, show that BP, BQ are equally inclined to BA. 


I. Solution by A. Pelletier, Montreal, Canada. 


Let O and O’ be the centers of (#) and (C), respectively; let OM and OM’ 
be the intercepts on the asymptotes of the tangent at A. Draw the diameter 
AA’ of (C), and let its intercepts on the asymptotes be OD and OD’. Since 
the curve is an hyperbola MA =AM"’, and since it is equilateral each of these 
lengths is equal to OA. Then OO’=DO’=O0'D’'; for ZOD'O’= ZAM'O= 
ZAOM’= ZD'O0O’. Hence AD=AO’—DO'=0'A'—O'D'=D’'A’. This 
shows that A’, the diametric opposite of A on (C), lies also on (#2). 

Draw EE’, the diameter of (C) passing through O. Since O’E=O’A and 
O'O=O'D, the chord EA is parallel to the asymptote OD, and, consequently, 
AE’ is parallel to the other asymptote OD’. 

Draw any line through A meeting (C) in P and (#) in Q. Let the intercepts 
of PQ and BQ on the asymptotes be OK’, OK, and OL’, OL, respectively. From 
the properties of the hyperbola it follows that K’A=QK, BL'’=LQ, and 
the triangle LKQ is isosceles, since KL passes through O. Also ZABP= 
ZM'AP=ZMAQ. The two triangles MAK and OBL have Z MKA = ZOLB, 
and ZAMK=ZBOL. Hence ZABQ= ZOBL=ZMAO=ZABP. This 
completes the proof. 


II. Solution by Otto Dunkel, Washington University. 


Let the tangents to the circle (C) at A and B meet in T. Since AT is also 
tangent to (7) at A, and since M, the mid-point of AB, is the center of the 
hyperbola (#7), the tangent to (#) at B is parallel to AT. The line through 
M parallel to AJ is the diameter of (4) conjugate to AB, and hence these two 
diameters are harmonically separated by the asymptotes. But, since the 
asymptotes are perpendicular to each other, they bisect the angles between 
the two diameters. Draw the line TV cutting (C) in E and E’, then it follows 
that AF and AE’ are parallel to the asymptotes. 

The hyperbola (7) is generated by two projective pencils BO and AQ with 
centers A and B on (H). Consider the difference of angles ZABQ— Z BAO. 
When the ray BQ is along the tangent at B this difference is equal to Z BAT; 
when Q is at A this difference is again equal to Z BAT. When the ray AQ 
passes through FL, ZBAQ=90°—4$ZBAT, and ZABO=90°+4 ZBAT, since 
AE has the direction of an asymptote. Hence the difference is again Z BAT. 
This suffices to show that the two pencils at A and B have opposite sense and 


1930] PROBLEMS AND SOLUTIONS 203 


are equal. Hence ZABQ— ZBAQ=ZBAT. But since P ison (C) ZBPA= 
ZBAT, and then ZABQ= ZBAQ+ ZBPA=180°— ZABP. This proves 
(3), and (1) easily follows. For, when AQ passes through the intersection C 
of (H) and (C), BP and BQ coincide in BC, and BC is therefore perpendicular 
to AB. Hence AC is a diameter of (C). 


Also solved by J. H. Neelley, Margaret M. Young, and Paul Wernicke. 


3385 [1929, 397]. Proposed by J. Rosenbaum, Milford, Conn. 
In any pentagon, Ai;42:--As;, Pi, Po: -- Ps are the middle points of the 


sides A,;A2, A2A3,---,AsAdi. The points MM, Me,---, Ms are the midpoints 
of PiP3, PePs,:-:, PsP. Prove that the lines A;M,, AiMo,---,AsMs are 
concurrent at a point O, such that the vectors OA, OA2,---,OAs forma 


closed polygon. 


Solution by Otto J. Ramler, The Catholic University of America. 


Choose as the origin of vectors the centroid O of the vertices of the pentagon, 
and let a;, p:, m; represent the vectors from O to A;, P;, M;, respectively. 
Then >0a;=0, and the vectors OA; form a closed polygon. From the definition 
of the points we have 2); =a: +i41, 2pi42 =Qisat0i43, 4m;= (2p: + pire). Hence 
Am; =Q:+Gi41 tite +@i43 = —ai-1, and this means that A;_1M; passes through O. 

Also solved by J. W. Clawson. Michael Goldberg, W.M. Miller, and A. 
Pelletier. 


3386 [1929, 397]. Proposed by H. E. Trefethen, Colby College. 
If the incircle passes through the centroid of a triangle, find positive integral 
values for the sides a, 0, c. 
Solution by Norman Anning, University of Michigan. 


By hammer and tongs or by reference to Hobson’s Plane Trigonometry, 
3rd edition, p. 200, the value of GJ, the distance from centroid to incenter, can 
be found. When it is set equal to the inradius there results 


(a+ 6+ c)(Sa? + 5b? + 5c? — 6c — 6ca — 6ab) = O. 


There are no positive integers which satisfy a+b+c=0. If we put a=cx, 
b=cy, our problem reduces to that of finding rational points on the conic 


5a? — Oxy + Sy? — 6x —6y +5 = 0. 


Every rational point on this conic will yield a solution of the problem and 
a=2b=2c is a sample of the only kind of solution which must be discarded 
as trivial. 

The straight line x=2+Ut, y=1-+mt, where 1 and m are rational, will 
intersect the conic in the point (2, 1) and in another rational point for which 
the parameter ¢ has the value 


(8m — 81)/(SI2 — 6lm + 5m?). 
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When we use this value for ¢, we find the general solution 
a = 212 — Alm + 10m?, 
b = 512 — 14lm + 13m?, 
c= Sl? — 6lm + $m’, 


where / and m are any integers. By inspection, the set (2, 5, 5) is a solution. 
It is probably the simplest. 


Also solved by P. J. Federico, Michael Goldberg, William Hoover, O. J. 
Ramler, Paul Wernicke, and the Proposer. 


NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending items to 
Professor H. W. Kuhn, Ohio State University, Columbus, Ohto. 


Under the auspices of the Edinburgh Mathematical Society, a Mathematical 
Colloquium will be held in St. Andrews, Scotland, from July 19th to 30th, 1930. 
The following courses of lectures have been arranged: “Rational curves and 
surfaces,” by H. F. Baker; “Arithmetical properties of curves and surfaces,” by 
H. W. Richmond; “The wave mechanics,” by C. G. Darwin; “Elementary 
mathematics from the higher standpoint,” by H. W. Turnbull; “Recent de- 
velopments in symmetric functions, determinants, and algebraic equations,” by 
A. C. Aitken; “Theory of functions,” probably by Professor G. H. Hardy; 
Informal talks by Professor E. T. Whittaker and others—discussions on the 
lecture courses. 

The fee for the Colloquium (including all the lecture courses) is £1, of which 
5s. is payable as the registration fee when application is made. Application 
should be made to E. T. Copson, Esq., 144 North Street, St. Andrews, as early 
as possible, and in no case later than June 30th. Early application is particularly 
advisable in the case of those who propose to stay at the Hall (see below), as 
this Hostel accommodation is limited. 

Members of the Colloquium may stay at the University Hall, which has 
been reserved entirely for this purpose. The Hostel is divided into three sepa- 
rate wings for ladies, for gentlemen, and for members accompanied by their 
wives. The cost of board and lodging for the period of the Colloquium (dinner 
on July 19th to breakfast on July 30th) will be £5 10s. per head; some reduction 
will be made for shorter periods. 

Arrangements will be made for golf, tennis, excursions and other recreations. 


Professor Harry W. Tyler, of the Massachusetts Institute of Technology, 
will retire at the end of the present academic year. Fifty years have lapsed 
since he entered that institute as a freshman in the course in chemistry at the 
age of seventeen. After graduation he was an assistant on the staff for two 
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years, studied a year at Gottingen, took his doctorate in philosophy at Erlangen 
in 1889, meanwhile having held the grade of instructor on the Institute staff in 
absentia. In 1899, at the age of twenty-seven, he was made an assistant pro- 
fessor; at twenty-nine, an associate professor; at thirty, a professor: at thirty- 
eight, head of the department of mathematics; and at forty-seven, Walker 
Professor of Mathematics. Since its foundation in 1901, he has been active in 
the work of the College Entrance Examination Board, of which he is now 
vice-chairman. 


Following his retirement from the Institute, Professor Tyler expects to 
devote his time to furthering the interests of the American Association of 
University Professors, of which he is general secretary, and as a consultant to 
the Library of Congress on scientific literature. In so doing he will carry out 
his wish to follow the line of “maximum usefulness rather than of least re- 
sistance,” for his retirement is not due to impaired health. 


The following courses in mathematics are announced for the summer of 1930: 


University of California at Los Angeles, July 1-August 10. By Professor 
Paul H. Daus: Foundations of arithmetic. By Professor Sophia H. Levy: The 
teaching of mathematics. 


University of Chicago. In addition to the regular courses in differential and 
integral calculus the following advanced courses are announced for the Summer 
Quarter, 1930, first term June 16—July 23, second term July 24—August 29. 
By Professor H. E. Slaught: Differential equations, Theory of definite integrals. 
By Professor L. E. Dickson: Theory of numbers. By Professor E. P. Lane: 
Higher plane curves. By Professor E. Bompiani: Analytic projective geometry, 
Projective differential geometry of hyperspace. By Professor F. D. Murnaghan: 
Vector analysis, Electrodynamics. By Professor L. M. Graves: Theory of 
functions of a complex variable, Calculus of variations I. By Professor W. 
Bartky: Theoretical mechanics II, Modern theories of analytic differential 
equations II. By Professor Sanger: Solid analytic geometry. By Professor 
H. S. Everett: Introduction to higher algebra, Algebraic invariants. 


Columbia University, July 7-August 15. In addition to courses in trigonome- 
try, solid geometry, analytic geometry, calculus, and methods of teaching 
secondary mathematics, the following advanced courses are offered: By Pro- 
fessor W. B. Fite: Differential equations. By Professor J. F. Ritt: Functions of 
a complex variable. By Professor B. O. Koopman: Differential geometry. By 
Professor P. A. Smith: Fundamental concepts of mathematics. By Dr. M.S. 
Demos: Introduction to higher algebra. 


University of Colorado, first term, June 23-July 26; second term, July 28- 
August 29. In addition to the usual elementary work in algebra, trigonometry, 
analytic geometry, and calculus, the following courses will be offered. First 
term—By Professor Light: Teachers’ course in mathematics; History of mathe- 
matics; Differential geometry. By Professor Cohen: Differential equations; 
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Modern algebra; and a graduate course to be arranged in accordance with the 
desires of the applicants. Second term—By Professor Light: Statistics; Theory 
of finance; Differential geometry (continued). By Professor Cohen: Theory of 
equations; Differential equations (continued); Modern algebra (continued). 


Cornell University, July 5 to August 15. In addition to the usual elementary 
work, the following advanced courses will be offered. By Professor J. I. Hutchin- 
son: Higher algebra. By Professor Virgil Snyder: Teachers’ course; Projective 
geometry II. By Professor F. R. Sharpe: Projective geometry I. By Professor 
W. A. Hurwitz: Theory of functions of a complex variable. By Professor D. C. 
Gillespie: Advanced calculus. Reading and research work will be directed by 
Professors J. I. Hutchinson, Virgil Snyder, F. R. Sharpe, W. A. Hurwitz, W. B. 
Carver, D. C. Gillespie, C. F. Craig, C. F. Roos, and F. R. Bamforth. 


University of Illinois, June 16 to August 9. In addition to the usual courses 
in college algebra, trigonometry, analytic geometry, and calculus, the following 
advanced courses are offered. By Professor J. B. Shaw: Linear algebra; 
Modern topics in mathematics. By Professor Arnold Emch: Projective ge- 
ometry. By Associate Professor A. R. Crathorne: Functions of a complex 
variable; Statistics. By Assistant Professor H. R. Brahana: Analysis situs. 
By Dr. L. L. Steimley: Differential equations. By Dr. H. W. Bailey: Funda- 
mental concepts. 


University of Iowa, first term, June 9 to July 17. In addition to courses in 
college algebra, trigonometry, analytic geometry, and calculus, the following 
subjects are offered. By Miss Ruth Lane: Subject’matter and teaching of 
mathematics. By Professor Weida: Statistics. By Professor Dines: Advanced 
calculus; Linear inequalities. By Professor Ward: Differential geometry; 
Differential equations. By Professor Wylie: Celestial mechanics; Descriptive 
astronomy; Mathematics of finance. By Professor Woods: Modern Geometry; 
Seminar in geometry. By Professor Reilly: Algebra for high school teachers; 
Integration and summation; Seminar in interpolation. By the Staff: Reading 
and research. Second term, July 21 to August 21. By Dr. Conkwright: Differ- 
ential equations. By Professor Weida: Advanced algebra; Statistics. By Pro- 
fessor Woods: Constructive geometry; Projective geometry. By Professor 
Chittenden: Advanced calculus; The theory of dimension; Seminar in abstract 
sets. By the staff: Reading and research. 

Johns Hopkins University, June 30 to August 8. By Professor Alonzo 
Church, of Princeton University: Introduction to Point set theory; College 
Algebra; Modern geometry (Text, Johnson’s Modern Geometry). 


University of Maine, July 7 to August 15. In addition to the usual elemen- 
tary work, the following advanced courses are offered. By Associate Professor 
Bryan: Teachers’ course; Higher algebra; Seminar in the teaching of analytic 
geometry and calculus. By Associate Professor Jordan: Celestial mechanics. 
By Professor Willard: Advanced calculus; Differential equations; Theory of 
functions of a complex variable. 
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Massachusetts Institute of Technology: First period, June 17 to July 29. 
Courses in calculus and differential equations covering the prescribed work of 
the first two years. Second period, July 30 to September 10. Courses given in 
first period repeated. August 11 to September 13. Courses in algebra, solid 
geometry and trigonometry, in preparation for fall entrance examinations in 
those subjects. July 7 to August 1. Courses in methods of teaching mathematics 
in the Junior High School and the Senior High School. June 17 to July 8. 
Courses in advanced calculus and theoretical aeronautics. July 9 to July 29. 
Course in theoretical aeronautics continued. July 7 to August 4. Differential 
equations; intended primarily for army officers. 


University of Michigan, June 30 to August 22. In addition to courses in 
algebra, trigonometry, analytic geometry, elementary calculus, statistics, and 
finance, the following advanced courses will be offered. By Professor J. W. 
Bradshaw: Figures of solid geometry; Projective geometry. By Professor 
P. Field: Vector analysis; Engineering problems. By Professor W. B. Ford: 
Advanced calculus; Infinite series. By Professor T. H. Hildebrandt: Calculus of 
variations; Complex Variables. By Professor L. C. Karpinski: Teaching alge- 
bra; History of geometry. By Professor T. R. Running: Graphical methods; 
Empirical formulas. By Professor H. C. Carver: Advanced mathematical 
theory of statistics. By Professor L. A. Hopkins: Differential equations; 
Celestial mechanics. By Professor R. L. Wilder: Theory of equations; Founda- 
tions of mathematics. By Professor Norman H. Anning: Differential equations. 
By Professor C. J. Coe: Integral equations. By Professor J. A. Nyswander: 
Probability; Finite differences. 


University of Minnesota, first term, June 17 to July 26. In addition to the 
usual elementary work, the following courses will be offered. By Professor 
Dunham Jackson: Advanced algebraic theory. By Professor W. E. Milne, 
University of Oregon: Differential Equations. By Assistant Professor Gladys 
Gibbens: Synthetic Metric Geometry. By Professors Jackson, Milne, and 
Gibbens: Reading in advanced mathematics. Second term, July 28 to August 
30. By Professor Raymond W. Brink and Associate Professor Roger A. John- 
son: Reading in advanced mathematics. 


Northwestern University, June 23 to August 16. In addition to courses in 
trigonometry, analytic geometry, dfferential and integral calculus, the following 
advanced courses are offered. By Professor T. F. Holgate: Modern pure 
geometry. By Professor D. R. Curtiss: Advanced Calculus. By Mr. J. F. 
Denney: Mathematics of statistics. 


Oho State University, June 17 to August 29. In addition to courses in trigon- 
ometry, analytic geometry, calculus, and methods of teaching secondary 
mathematics the following advanced courses will be offered. By Professor 
R. E. Langer, of the University of Wisconsin: Partial differential equations; 
Fourier’s Series. By Professor C. C. MacDuffee: Algebraic geometry; linear 
algebras. By Professor C. T. Bumer: Advanced calculus; vector analysis. 
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By Professor H. M. Beatty: Advanced Euclidean geometry. Professors Langer 
and MacDuffee will also direct courses in reading and research. 


University of Pennsylvania, July 7 to August 16. In addition to elementary 
courses, the following advanced courses are offered:— By Professor G. H. 
Hallett: Theory of finite groups. By Professor F. H. Safford: Partial differential 
equations. By Professor M. J. Babb; Differential equations. By Professor 
W. L. G. Williams, of McGill University: Limits and series and theory of 
numbers. 


University of Pittsburgh, June 16 to August 11. In addition to the usual 
undergraduate courses, the following advanced courses will be offered. By 
Professor K. D. Swartzel: Functions of a complex variable; Teaching of 
mathematics. By Professor F. A. Foraker: Modern synthetic geometry; solid 
analytic geometry. By Associate Professor Taylor: Advanced calculus; functions 
of a real variable. By Assistant Professor Culver: Differential equations; Theory 
of equations. 

Syracuse University. In addition to the usual courses in mathematics through 
the calculus the following courses are offered. By Professor F. F. Decker: The 
teaching of algebra and geometry in secondary schools; Introduction to the 
theory of invariants or introduction to modern algebra. By Professor A. D. 
Campbell: Theory of functions of a real variable. 


University of Wisconsin, six weeks session, June 30 to August 8. By Professor 
T. Bennett: Differential equations; College geometry. By Professor H. P. 
Evans: Vector analysis. By Professor Warren Weaver: Advanced calculus; 
Theory of probability. Special nine weeks session for graduates, June 30 to 
August 29. By Professor E. B. Skinner: The Lie theory of differential equa- 
tions; Theory of finite groups. By Professor H. W. March: Mathematical 
theory of wave propagation; Partial differential equations of mathematical 
physics. By Professor L. R. Ingersoll of the Department of Physics: Kinetic 
theory of gases, with electronic applications; Lectures in selected topics in 
physical optics; Mathematical theory of heat conduction. (Only one of the 
two last named courses will be given, the choice depending upon the demand.) 


Professor W. O. Beal, of the department of astronomy of the University 
of Minnesota, died on February 15, 1930, at the age of fifty-six. He was a 
charter member of the Association. 
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students of the social sciences and particularly of business, who will need a 
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THE DECEMBER MEETING OF THE MARYLAND-VIRGINIA- 
DISTRICT OF COLUMBIA SECTION 


The twenty-sixth regular meeting of the Maryland-Virginia-District of 
Columbia Section of the Mathematical Association of America was held at St. 
John’s College, Annapolis, Md., on Saturday, December 7, 1929. Sessions were 
held in the morning and in the afternoon; Professor W. F. Shenton, Chairman 
of the Section, presided at both sessions. 

Fifty-one persons attended the meeting, including the following thirty-four 
members of the Association: O. S. Adams, G. F. Alrich, R. N. Ashmun, W. J. 
Berry, G. A. Bingley, C. C. Bramble, Paul Capron, C. N. Claire, J. L. 
Clayton, G.R. Clements, Tobias Dantzig, Alexander Dillingham, J. A. 
Duerksen, J. B. Eppes, P. J. Federico, Michael Goldberg, W. M. Hamilton, 
F. E. Johnston, L. M. Kells, W. D. Lambert, C. L. Leiper, E. S. Mayer, 
F. D. Murnaghan, C. H. Rawlins, Jr., H. M. Robert, Jr., R. E. Root, J. B. 
Scarborough, W. F. Shenton, J. H. Taylor, John Tyler, P. Wernicke, 
J. Williamson, H. J. Winslow, E. W. Woolard. 

During the intermission between the morning and the afternoon sessions, 
those attending the meeting were entertained at luncheon by the Annapolis 
members. Following luncheon, there was an interesting and delightful trip 
through the colonial museum of the Hammand-Harwood house, under the 
guidance of Professor R. T. H. Halsey of St. Johns College. Preceding the 
reading of papers at the afternoon session, a vote of thanks was passed in 
appreciation of the provisions made by St. Johns College for the meeting, and 
of the exceptionally fine program arranged by the Annapolis members. 

The following seven papers were presented: 

1. “On the Bertrand paradox,” by Professor Tobias Dantzig, University of 
Maryland. 


2. “Solutions of equations by continued fractions,” by Professor Paul 
Capron, U. S. Naval Academy. 

3. “Differentiation and substitution,” by Professor John Tyler, U.S. Naval 
Academy. 

4. “The rectangular hexagon,” by Dr. Paul Wernicke, U.S. Patent Office. 


5. “Isometric projection as an aid in solid geometry,” by Professor Walter 
F. Shenton, American University. 


6. “Oscillations of a rotating shaft,” by Professor R. E. Root, Postgraduate 
School, U. S. Naval Academy. 

7. “Packing of spheres and hyperspheres,” by Michael Goldberg, Bureau 
of Ordnance, Navy Department. 

Abstracts of two of these papers follow: 


5. The isometric projection of descriptive geometry is the orthogonal pro- 
jection of a space figure upon a plane with which the three fundamental axes 
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make equal angles. The projection makes possible the natural method of 
making all measurements along any of the three fundamental axes, or parallel 
to them, to the same scale. The paper was illustrated by sets of drawings 
showing how excellently this device may be used to draw quadric surfaces of 
various sorts. 


7. The problem of the close packing of circles and spheres was generalized 
to the packing of hyperspheres in space of ~ dimensions. The distance between 
layers is the altitude of a regular simplex (which is the m-space analog of the 
regular triangle in two-space, and the regular tetrahedron in three-space) whose 
edges are equal to the diameter of the hyperspheres. The number of unit 
hyperspheres that can be packed into a given volume divided by the number of 
unit hypercubes in the same volume equals [2"/(z+1) |'/2.. The portion of the 
hyperspace which is taken by a close packing of hyperspheres is given by 
2[n0(n/2) || (n+1)(2/r) |. As n increases from unity, the pore space be- 
tween hyperspheres increases and approaches 100% as a limit. 


EDGAR W. WOOLARD, Secretary 


THE MARCH MEETING OF THE SOUTHERN CALIFORNIA SECTION 


The tenth regular meeting of the Southern California Section was held at the 
University of Southern California, Los Angeles, California, on Saturday, March 
8, 1930. Professor E. E. Allen presided. 

The attendance was sixty-two, including the following thirty-eight members 
of the Association: O. W. Albert, E. E. Allen, L. D. Ames, M. A. Basoco, 
Harry Bateman, Clifford Bell, E. T. Bell, Jessie R. Campbell, Annie C. Clark, 
R. H. Daus, Iva B. Ernsberger, Raymond Garver, H. H. Gaver, Harriet E. 
Glazier, L. E. Gurney, E. R. Hedrick, G. H. Hunt, Glenn James, Jack Levine, 
G. R. Livingston, Deca Lodwick, W. E. Mason, A. D. Michal, W. B. Orange, 
T. S. Peterson, Lena E. Reynolds, W. P. Russell, G. E. F. Sherwood, H. M. 
Showman, Marcus Skarstedt, D. V. Steed, F. C. Touton, H. C. Van Buskirk, 
Mabel G. Whiting, W. M. Whyburn, H. C. Willett, Clyde Wolfe, Euphemia 
Worthington. 

The meeting began with a luncheon at the Student Union Building, after 
which it adjourned to Mudd Memorial Hall for a short business meeting and the 
program. The following officers were elected for the year 1930-31: Chairman, 
G. E. F. Sherwood, University of California at Los Angeles; Vice-chairman, 
H. C. Van Buskirk, California Institute of Technology; Program Committee, 
Marcus Skarstedt, Whittier College and A. D. Michal, California Institute of 
Technology. The next meeting was scheduled to be held at Occidental College, 
March 14, 1931. 
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The following program was presented: 


1. “On the transformation of certain curves into straight lines, using only 
the straight edge,” by Professor L. E. Gurney, University of Southern Cali- 
fornia, by invitation. 

2. “The work of the new international commission on the teaching of mathe- 
matics,” by Professor E. R. Hedrick, University of California at Los Angeles. 


3. “An invariant class of ” functionals under the group of general linear 
functional transformations,” by Mr. T. S. Peterson, California Institute of 
Technology. 

4. “Success in mathematics as conditioned by the method of work,” by 
Professor F. C. Touton, University of Southern California. 


Abstracts of these papers follow: 


1. This paper presented a construction using only the straight edge and a 
given length, which transformed the curve y=aix"+ +--+ +€,%+4,-1 into a 
curve of degree »—1. By repeated applications, the curve was transformed into 
a straight line. Other curves can be transformed into straight lines by first 
applying a projective transformation. The construction was used to solve 
problems of mapping and curve fitting. The illustrations were presented by 
large well-constructed drawings and an interesting mechanical device. 


2. Professor Hedrick reviewed the work of the original international com- 
mission on the teaching of mathematics, and explained the problem of the new 
commission, whose main task is with reference to the teaching of secondary 
mathematics. Interpreted properly, this involves the requirements for teaching 
mathematics in junior colleges and most colleges, since a great deal of such work 
is secondary according to international standards. Professor Hedrick indicated 
some of the difficulties of the commission and some of the anomalies peculiar 
to the State of California. 

3. In an earlier paper (American Journal of Mathematics, vol. 51 (1929)) 
the author has indicated a particular invariant class of » functionals (n=1, 2, 
3, 4), namely, the so-called resolvents of a quadratic functional form. It is the 
purpose of this note to generalize and demonstrate the truth of the proposition 
in all its generality. 

4. Professor Touton urged that in teaching mathematics, we give more 
attention to the thought processes and less to formal well-ordered proofs. Our 
purpose should be to guide thinking in new fields rather than listening to the 
presentation of the finished product. Verbal problems in algebra afford an 
illustration. Here we are liable to inject the unknown too quickly into the 
problem, while what is needed most, is really a short hand expression of all 
the situations that arise. The solving of originals in geometry presents a second 
illustration. A genetic proof, showing the thought processes, is more important 
than the finished product, if success in mathematics is to be measured by the 


ability of the student to think. 
P. H. Daus, Secretary 
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PRESENT TENDENCIES IN PROJECTIVE GEOMETRY 
By ERNEST P. LANE, University of Chicago 


1. Introduction. The aim of this address is to convey in a short period of 
time some impression of the present tendencies in projective geometry. It 
seems that this purpose can be most effectively accomplished by contrasting, 
first of all, the comparative youth of projective geometry with the greater 
age and antiquity of the classical metric geometry. Then the development of 
synthetic and analytic projective geometry in the last century will be briefly 
surveyed. The rise of projective differential geometry will be described, and 
the present status of this science considered. Finally, some conclusions will be 
drawn as to the present tendencies, and the probable course of future develop- 
ment, of projective geometry. 

2. Origin of projective geometry. Metric geometry, which studies those 
properties of figures that are invariant under motion of the figures, is one of 
the oldest of all the sciences. We have had it handed down to us that this 
geometry originated in Egypt, and that it was introduced into Greece by 
Thales of Miletus (600 B.c.). However historically accurate this tradition may 
prove to be, the fundamental ideas involved are sufficiently correct to indicate 
the antiquity of this kind of geometry. In Greece, and again in Egypt at 
Alexandria, the ancient geometry flourished more or less for about 1000 years. 
In this time lived such illustrious men as Thales of Miletus, Pythagoras (500 
B.c.), Euclid (300 B.c.), Apollonius of Perga (250 B.c.), Archimedes of Syracuse 
(250 B.c.), and Pappus of Alexandria (350 a.D.). 

On the other hand, projective geometry, which studies those properties of 
figures which are invariant under projection and section, is of much more 
recent origin. In fact, the science of projective geometry was conceived in the 
mind of a French army officer confined in a Russian military prison in 1813-14 
A.D. The name of this man was Poncelet (1788-1867). He was a lieutenant of 
engineers in Napoleon’s army and started with Napoleon on the disastrous 
invasion of Russia in the summer of 1812. He was wounded in battle and left 
on the field for dead at Krasnoi. But he lived and was taken as a prisoner to 
Saratoff where, without books or papers or any kind of aid, he began to develop 
in his own mind a theory of projective geometry. He returned to France in 
September 1814, and in 1822 published his treatise on the projective properties 
of figures, which is the first on the list of great books embodying the science of 
projective geometry. 

It would be untrue to say that there was no geometry of a projective nature 
before the time of Poncelet. Since the metric group of transformations is a 
subgroup of the projective group, it follows that all projective invariants are 
also metric invariants. Therefore it is scientifically correct to include projective 
theorems among metric theorems. Not only is it scientifically correct to do so, 
but it is historically true that even in classical times there were certain features 
of metric geometry which we now recognize to be of a projective nature, but 
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the ancient geometers were not conscious as we are of the projective aspects of 
these portions of their science. There was no organized science or theory of pro- 
jective geometry in existence before the work of Poncelet. 

By way of instances of projective outcroppings in metric geometry before 
the time of Poncelet we may mention the following problem and theorems. 
The problem to which we refer is to divide a given line segment internally and 
externally in the same ratio. This is essentially the same problem as the pro- 
jective problem, to construct the fourth harmonic of a given point with respect 
to two given points on a straight line. Moreover, one of the fundamental 
theorems of projective geometry, namely, that the cross ratio of four collinear 
points is invariant under projection and section, is due to Pappus of Alexandria. 
About 1000 years after him lived Desargues of Lyons (1593-1662), to whom we 
owe two well known theorems of projective geometry. Of these the first is 
perhaps the more familiar. It can be stated as follows: If two triangles are so 
situated that lines joining pairs of vertices are concurrent, then pairs of sides 
intersect in collinear points. The second theorem of Desargues states that, if 
a complete quadrangle is inscribed in a conic, then a transversal meets the conic 
and pairs of opposite sides of the quadrangle in four pairs of points in involution. 
Finally, there is the famous theorem of Pascal, which was discovered by him 
in 1640 at the age of sixteen, and which states that, if a simple hexagon is 
inscribed in a conic, then pairs of opposite sides intersect in collinear points. 

3. Development of synthetic and analytic projective geometry. Synthetic 
geometry is pure geometry. It uses intuition as a guide and logic as the instru- 
ment by which its results are obtained. To be contrasted therewith is analytic 
geometry, which introduces a coordinate system and employs the methods and 
machinery of algebra and analysis to demonstrate geometrical theorems. 
Naturally, we have synthetic projective geometry and also analytic projective 
geomeiry. 

Immediately after the publication of Poncelet’s book in 1822, synthetic 
projective geometry had a phenomenal growth, flourishing most luxuriantly 
in the first half of the last century. Some of the most distinguished synthetic 
projective geometers were Gergonne, Mobius, Steiner, Chasles, Von Staudt, 
and Cremona, of whom Gergonne was born first in 1771 and Cremona died last 
in 1903. 

Analytic projective geometry seems to have grown most rapidly a little 
later, toward the middle and latter haif of the last century. Some of the most 
distinguished analytic projective geometers were Pliicker, Hesse, Clebsch, 
Grassmann, and Salmon, of whom Pliicker was born first in 1801 and Salmon 
died last in 1904. 

Space and time do not permit to give an adequate account and appreciation 
here on this occasion of the mighty works accomplished by these intellectual 
giants. It must suffice to say that they are an inspiration to those who live after 
them. 

4. Projective differential geometry. Differential geometry studies the proper- 
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ties of a configuration in the neighborhood of a general one of its elements. So, 
for example, the differential geometry of a curve studies the curve in the 
neighborhood of a general one of its points. The well known definition of the 
tangent line at a point of a curve as the limit of the secant line through this 
point and a neighboring point, as the second point approaches the first along 
the curve, illustrates the processes of differential geometry. Clearly, the 
definition requires a knowledge of the curve only in the neighborhood of the 
point of tangency. Moreover, the definition involves a limiting process, and 
such limiting processes are characteristic of differential geometry. In view of 
this fact it is not surprising that differential geometry uses the differential cal- 
culus extensively, and has for the most part been developed since the invention 
of the calculus. 

The terms metric differential geometry and projective differential geometry are 
now self-explanatory. The former grew to maturity before the latter was born. 
Isolated instances of projective differential properties of figures have been 
known for a long time, to be sure. The aforementioned definition of a tangent, 
for instance, is quite old, and is of a projective differential nature. But it was 
not until the last quarter of the last century that projective differential geometry 
was consciously studied, and an attempt was made to create a science of this 
subject. Cockle, Laguerre, Brioschi, and Halphen, whose lives were spent 
within the last century, discovered projective differential theorems. In the 
cases of the first three of these men, the results referred to were more or less 
incidental. Halphen was the first ever to undertake a systematic projective 
differential investigation. He studied rather thoroughly the projective differ- 
ential geometry of plane and space curves about 1878 and 1880. 

Wilczynski, from about 1900 to about 1923, studied the projective differ- 
ential geometry of curves, ruled surfaces, general surfaces, and rectilinear con- 
gruences, confining his investigations usually to ordinary space. He founded 
what may be called the American school of projective differential geometers, 
and perfected a method of his own in the new science, which was adopted and 
used by the geometers of his school. According to his method the projective 
differential geometry of a configuration is studied by means of the invariants 
and covariants of a completely integrable system of linear homogeneous 
differential equations under a suitably chosen group of transformations. For 
the purpose of setting up complete systems of invariants and covariants he 
used infinitesimal transformations according to Lie’s theory of continuous 
groups. 

Since about 1916 there has arisen in Italy a new school of projective dif- 
ferential geometers, of whom Fubini at Torino is the leader, and among whom 
are included Bompiani at’'Rome, Terracini at Torino, and others. Cech at Brno 
in Czechoslovakia should be mentioned in relation with this school of geometers. 
According to their method, the projective differential geometry of a configura- 
tion is studied by means of a system of invariant differential forms. They em- 
ploy, as is natural for the study of a system of differential forms, the absolute 
calculus of Ricci. 
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5. Present tendencies. We are now prepared to understand what seem to 
be the present tendencies in projective geometry. The emphasis at present is 
on analytic projective geometry, and, more specifically, on analytic projective 
differential geometry. In this field there are three recognizable tendencies, each 
of which will be discussed briefly. 

First of all, there is a tendency toward unification of the methods and results 
of the Italian and American schools, which is being accelerated by exchange of 
publications and by the oral interchange of ideas made possible when professors 
of each country visit the universities of the other. Moreover, there is a close 
scientific connection between the methods after all. For, one of the problems 
that arises in the Italian work is to determine the configuration defined by a 
given set of differential forms. This determination is accomplished by setting 
up a system of differential equations whose solution gives the configuration. 
These are precisely the differential equations with which the American school 
would start as fundamental. As an instance, the Italians show that the theory 
of a surface referred to its asymptotic net in ordinary space may be based on 
a consideration of the following system of differential forms: 


28ydudv, 2By(Bdui + ydv*), pdu? + qdv?. 


Then they show that a surface defined by this system of forms can be deter- 
mined by integrating the following system of partial differential equations: 


Luu = px + bu Xy + Bx», 
Loy = Gx + Xu + Ondy (0 = log By). 


The Americans would begin with these equations as fundamental and would 
obtain the forms later. 

In the second place, particularly in the work of E. Bortolotti, there seems 
to be a movement toward unifying the theories of projective differential 
geometry and the modern non-riemannian geometry. This is quite recent and 
at present little can be said concerning it. 

Finally, there is a tendency to attempt to extend the methods already found 
effective in ordinary space to hyperspace. The method of the Italian school is 
available for many configurations in ordinary space, as has already been 
indicated, and for curves and hypersurfaces in n-space. But in spite of the fact 
that considerable work has been done on the projective differential geometry of 
varieties in m-space by Segre, Bompiani, and others, no comprehensive sys- 
tematic theory exists. For n >4 the Italian method breaks down for a variety 
of k dimensions with 1<k<n-—1, either because of the lack of an invariant 
quadratic differential form, or else because of the lack of an absolute calculus 
for an n-ary p-adic differential form. On the other hand, the American method 
is theoretically applicable, but the amount of labor involved when x is large 
seems at present to be, in most situations, prohibitive. Perhaps the method 
can be refined and improved so as to carry us much farther into the projective 
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differential geometry of general varieties in hyperspace than we have yet ad- 
vanced. Recent progress makes us optimistic and hopeful of more successes 
yet to be obtained by means of this method. 


ON THE HISTORY OF DETERMINANTS 
By G. A. MILLER, University of Illinois 


The history of determinants is an unusually interesting part of the history 
of elementary mathematics in view of the fact that it illustrates very clearly 
some of the difficulties in this history which result from the use of technical 
terms therein without exhibiting the definite meaning which is to be given to 
these terms. Many modern writers have based their definitions of a determ1- 
nant on the existence of a square matrix. This was done, for instance, in the 
widely used Weber-Wellstein Encyklopddie der Elementarmathemattk, volume 1, 
4th edition, 1922, page 304. From this point of view a determinant does not 
exist without its square matrix, and, judging from many of the textbooks on 
elementary mathematics, it is likely that many students consider the square 
matrix as an essential part of a determinant, so that the term determinant 
conveys to them a dual concept composed of a square matrix and a certain 
polynomial associated therewith. When they speak of the rows and columns of 
a determinant they naturally are thinking of its matrix and when they speak of 
the value thereof they are naturally thinking of the polynomial implied by the 
term determinant. 

When a student who is familiar with no definition of the term determinant 
except the dual one noted in the preceding paragraph meets with the common 
statement that the discovery of determinants is usually ascribed to G. W. 
Leibniz, he naturally concludes that a square matrix and a polynomial were 
associated by G. W. Leibniz in about the same way as they are associated at 
the present time. This is, however, not the case. In fact G. W. Leibniz associ- 
ated a polynomial with two square matrices and he derived this polynomial 
therefrom in a way which differs widely from the one now followed in expanding 
a determinant. Hence the question arises whether it is desirable to associate 
the name of G. W. Leibniz with the discovery of determinants. To throw 
some light on this question it may be desirable to consider here the motives 
which led to some of the early developments which are now commonly as- 
sociated with the beginnings of the theory of determinants. 

The three subjects which are commonly associated with the early history of 
determinants are: The solution of a system of 7 linear equations in ” unknowns, 
the elimination of the unknowns from a system of ~+1 linear equations in 7 
unknowns, and linear transformations. The first of these subjects is naturally 
one of the oldest in the history of mathematics and when general methods 
relating thereto are considered they are apt to have something in common with 
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the polynomials which are now used to exhibit the general solution of such a 
system of equations. Hence some mathematical historians have been inclined 
to trace the history of determinants to methods used by the ancient Chinese 
and the ancient Japanese in regard to the solution of a system of linear equa- 
tions. In view of the great disparity between their methods and those now com- 
monly employed it is difficult to exhibit any definite contact between their 
methods and our modern ideas of determinants. 

Much closer approaches to such contacts are exhibited by the work of G. W. 
Leibniz since he employed a notation which is almost equivalent to our double 
subscript notation and thereby was able to write the general formulas for the 
eliminant of a system of linear equations as well as for the solution of such a 
system. There is, however, a wide difference between the motives involved in 
finding such general formulas and those relating to the study of the advantages 
gained by associating a square matrix and a polynomial as is now being 
commonly done in the use of determinants. Hence it would appear to be entirely 
justifiable to say that the work of G. W. Leibniz had no direct connection with 
determinants, and thus to distinguish sharply between work motivated by the 
desire to find general rules for obtaining the polynomials involved in solving a 
system of general linear equations or in eliminating the unknowns from such a 
system, and the work relating directly to studying the advantages resulting 
from the association of a square matrix and a well defined polynomial related 
thereto. 

We do not mean to imply that the dual definition of the term determinant, 
according to which this term implies both a square matrix and a certain poly- 
nomial associated therewith, is the only one for which there is good authority. 
In fact, some of the best authorities define the term determinant without any 
reference to the existence of a square matrix. Our object is only to exhibit here 
some of the advantages resulting from this definition as regards the history 
of elementary mathematics, and especially as regards the simplification of the 
history of the subject of determinants itself. In particular, it may be noted 
here that if this definition had been adopted in the very useful work by Thomas 
Muir which appeared in four volumes under the title The theory of determinants 
in the historical order of development, a large number of the titles contained 
therein could have been omitted. These omissions would include all the titles 
of works which antedate the beginning of the nineteenth century and hence 
they would affect very fundamentally the commonly accepted view as regards 
the origin of determinants. 

In particular, our common method of solving a system of general linear 
equations in 2 unknowns by means of determinants is commonly spoken of as 
Cramer’s Rule. In view of the fact that the dual view of determinants noted 
above was unknown at the time of G. Cramer (1704-1752) it is clear that this 
rule could not have been known in its present form at the time when G. Cramer 
lived and hence could not be due to him in this form. We have here, therefore, 
a striking instance of the danger of misleading the reader by being too generous 
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to certain individuals in giving credit. If the square matrix is an essential ele- 
ment of a determinant then it must be said that determinants were first used 
about half a century after the death of G. Cramer. On the other hand, the poly- 
nomials which are such an important part of determinants were used by G. 
Cramer and his use thereof had a great influence on the development of deter- 
minants. Many of the methods and theorems which have been named after 
certain mathematicians have naturally become much richer in the course of 
the development of our subject than could have been foreseen at the time 
when these mathematicians lived, and credit should usually not be withheld 
on account of this additional richness, but in the present case this additional 
credit affects fundamentally the definition of the term involved and hence it 
seems questionable whether the noted rule should now be called Cramer’s 
Rule. 

While the modern student of mathematics usually becomes familiar with 
the theory of determinants for the first time in connection with the solution of 
a system of 1 linear equations in 7 unknowns, it is probable that the subject 
of linear transformations influenced most profoundly the early development of 
determinants if we adopt the dual meaning of the term determinant noted above. 
In fact, it appears that the first association of a square matrix and the corre- 
sponding polynomial in the modern sense is due to C. F. Gauss and was em- 
ployed in connection with linear transformations. Moreover, the fundamental 
subject of multiplication of determinants was developed in connection with 
linear transformations. The date at which determinants were first multiplied 
is also greatly affected by our definition of the term determinant since the poly- 
nomials which result from successive linear transformations were studied before 
the multiplication of determinants, as the term is now commonly understood, 
was considered. In the special case when the determinants are of the third 
order the theorem for multiplication can easily be inferred from the work of 
C. F. Gauss as given in the fifth chapter of his noted Disquisitiones Arithmeticae. 

The main points which we aimed to exhibit in the present article are that 
unless the contrary is explicitly stated the term determinant should be used in 
the histories of elementary mathematics with the dual meaning implying botha 
square matrix and a certain polynomial associated therewith, and that the his- 
tory of determinants would thereby be greatly simplified. While the general 
formulas involved in the solution of 1 linear equations in » unknowns are closely 
related to the determinants it is undesirable to regard the efforts to develop 
such formulas as developments in the theory of determinants. The separation 
of these developments and the theory of determinants enables us to distinguish 
sharply between the development of a general algebraic notation which made 
it possible to use the modern mathematical formulas and the special notation 
relating only to the subject of determinants. Just as the use of our ordinary 
complex numbers was first greatly stimulated by their appearance in work re- 
lating to the solution of the cubic equation and not by their appearance in the 
solution of the quadratic with which we now generally associate them most 
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closely, so the development of the theory of determinants was first greatly 
stimulated by linear transformations and not by the usefulness of determinants 
in the solution of a system of linear equations. 

The use of double subscripts may serve the same purpose as that of rows and 
columns in the square matrix of a determinant and it is of some interest to 
note that G. W. Leibniz used number pairs as coefficients which served the 
same purpose as double subscripts. The credit commonly given him for the 
discovery of determinants is partly based on this fact. In view of the fact 
that Webster's New Iniernational Dictionary is widely used by teachers of 
mathematics it may be desirable to refer here to a slight error which appears 
therein under the term “determinants”. It is correctly stated thereunder that 
Jacobi employed determinants “powerfully”, but the date 1823 assigned for 
this employment is not quite correct. As Jacobi was born on December 10, 
1804, he became 19 years old late in 1823 and hence if the given date were 
correct it would imply that he was a youthful prodigy and hence his biography 
would be of especial interest to teachers of our subject. As a matter of fact, 
however, his important contributions to determinants were published much 
later after he had made very valuable contributions toward the advancement 
of mathematics along other lines. The date 1823 should therefore be replaced 
by 1841 in the later editions of Webster’s New International Dictionary. 


A MATHEMATICAL THEORY OF THE TRANSMISSION OF 
SUCCESSIVE IMPULSES THROUGH A MUSCLE 


By H. E. BUCHANAN, Tulane University 


1. Introduction. We assume that a muscle of uniform physiological proper- 
ties will transmit, with uniform velocity, an impulse resulting from a stimulus 
applied at one end. This assumption has been justified for impulses in nerves 
by Gasser and Erlanger! who have given an interesting formula to represent 
the transmission. It is generally accepted by physiologists? that such impulses 
are transmitted uniformly through a muscle if the muscle is thoroughly re- 
covered from any previous impulse. 


2. Definitions. If a second stimulus be applied immediately after the first 
the muscle refuses to respond. The absolutely refractory period is a time interval 
during which the muscle is in contraction and refuses to respond to a second 
stimulus. The relatively refractory period is a time interval, beginning with the 
end of the absolutely refractory period, during which the muscle is less than 


1 American Journal of Physiology, vol. 73 (1925), pp. 613-634. 
2 The problem of impulse transmission in muscle was suggested to me by Dr. Richard Ashman 
of the Tulane University College of Medicine and the numerical data were supplied by him. 
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normally responsive to stimuli and during which the impulses are transmitted 
with less than normal velocity. 
Given a muscle, OP, of length 0. Any effective stimulus applied at O will 


b 
0 CP 


Fia. 1. 


create an impulse which will be transmitted to P, the space transversed being 
given by the equation 


(1) Sy = vl. 


The velocity of transmission is ds,/dt=v, and the total time required to 
travel from O to P is 7,=b/v. 

A second stimulus applied before the end of the relatively refractory period 
creates an impulse which will be transmitted to P more slowly and the corre- 
sponding 7» will be larger. The velocity of propagation of this second impulse 
will depend in some manner on the length of time the muscle has rested. 

If a third impulse is started following the second it is found, experimentally, 
that there is a new absolutely refractory period and a different total time of 
transmission 73. The curves, A and B, in figure 2 give the graphical representa- 
tion of T, and 73 for various starting conditions. They were determined 
experimentally. 

The purpose of this paper is to set up a mathematical theory for the trans- 
mission of these three successive impulses and in particular to determine 
whether or not the less precipitous descent of curve B in figure 2 can be ex- 
plained in terms of the character of the propagation of the s, impulses. 


3. The second impulse. The velocity of the second impulse at any point in 
the muscle certainly depends in some way on the time which has elapsed since 
the first impulse passed that point diminished by the absolutely refractory 
period. The simplest of all the possible laws of dependence is that of direct 
proportion. Assuming that this is the correct law we have the following as the 
differential equation which describes the motion of the second impulse: 


dS» 


(2) Se (1-4-2) = -— 4 K~ KA, 


where A is the absolutely refractory period and K is the proportionality factor. 
We measure the time from the instant of departure of the first impulse. The 
solution of equation (2), subject to the condition that ss=0 when t=A-+a, by 
well known methods is 


v — Kva v2 + KvA 


(3) So = e-K(t-A—a)/v 4 yf — ———_—_.. 
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The velocity at any instant of time is found by differentiating equation (3): 


dSo 
(4) —_ = 9 — (v — Kaje“Kt-4-a)/0, 
dt 
The constant K must be determined so that s.=b when t—A—a=T>. This 
will obviously give a different K for every value of a. It can be seen by inspec- 
tion of equation (4) that Ka<v, for otherwise dso/dt could become larger than 
v, which is impossible. 
From curve A, figure 2, we obtain the following data: ss=1, v=2.1, T,=.6, 
a=.02. When these values are substituted in equation (3) and the equation 
rearranged we find 


4.41 — .042K — (4.41 — .302K)e28% = 0. 


The value of K which satisfies this is, approximately, 14.7. A similar compu- 
tation for ss=1, v=2.1, T,=.5, a=.24 gives K=7.8. From the curve A it 
appears that for values of a21, K must equal v/a since, for all such values of 
a, ds/dt must equal v. 


4. The third impulse. Again we assume that the velocity at any point of 
the muscle varies directly as the time which has elapsed since the second impulse 
passed that point diminished by the new absolutely refractory period, B. 
We might set up the differential equation which describes the motion of the 
third impulse by solving equation (3), after replacing s;, by s3, for T-A—a as 
a power series in Ss; and subtracting the result from t— A —B—a, but this method 
leads to serious complications. We can secure an approximation which is 
probably more accurate than any of the experimental observations by dividing 
ss; by the average velocity of ss and subtracting from t-A—B-—a. This is 
what was done to get equation (2), but in that case the average velocity of 51 
was the constant v and no approximation was introduced. Since se starts out 
with a velocity Ka and ends with a velocity very nearly equal to v, the average 
is 3(Ka+v). Hence we write for the differential equation of the third impulse: 

dS3 — 2Ls3 
(5) — = — +ix—-LB, «=t—-A-a, 
ax Katy 
and B is the new absolutely refractory period. The solution of this equation 
subject to the condition that s;=0 when x=B-+68 is 


Ka+y 
$3 = ———§(Ka + y— 2LB)e~ 2h (2-B-B)/ (Ka+v) 
6) AL 
Ka+y9 (Ka + v)(Ka + 0 + 2LB) 
_ x — 7, 
2 AL 


The velocity at any instant is 
dss Ka+v (Ka+v-— 2L£) 


(7) _ Ne ——____p—2L (2—B-8) | (Kat) | 


ax 2 2 
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5. The relation of curvesAandB. An examination of curveB in figure 2 shows 
that for equal values of aw and B the time of transmission of the second impulse 
from O to P is shorter than it is for the third. One would naturally expect this 
to be true since the ss impulse would be held back by the s_. impulse more than 
so is held back by s; because s; moves more slowly than s,. We inquire as to 
whether or not our mathematical theory accounts for this fact. 
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In equation (6) let a=G=.02, K=L, B=1, s3=1, v=2.1. Solving for 
x—B—B we find 73=.88. The corresponding value for 7, was .6. Similarly 
for a=6=.24 we find 73;=.51. The corresponding value of 72; was .5. One 
could make a general discussion for every value of ~a=68 and K=L, but these 
two numerical examples are sufficient to show that the less precipitous descent 
of curve B results from the character of curve A because it depends on K which 
was determined by curve A. 


6. The S shaped curves. The graph of s;=vt is a straight line. For v=2.1 the 
graph is shown by the line labeled s; in figure 3. The graph of se for A =1.6 and 
a=.02 is also shown. Dr. Ashman® suspected the existence of S shaped graphs 
for some of the s3 functions. Equation (7) may be used to show that there are 
such curves for certain values of a and 8. 


3 Loc. cit. 
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Let a be small, say .02, and let 6 be relatively large, say .95. Then 8 and 
B are approximately the same size. At x=B-+ 8, ds3/dx=LB, which must be 
very nearly equal to v. Hence L=v/8 approximately. The third impulse then 
starts off with a large velocity, say v~3=2. By equation (7) this velocity has 
decreased to 1.76 when .3 seconds have elapsed. This is obviously due to the 
fact that the rapidly moving s3 is catching up with the more slowly moving 52 
and consequently is getting into more and more refractory muscle. At about 
.4 seconds s; must begin to regain its velocity since s; has completed its course 
1.75 seconds before. Hence there are s shaped curves for small values of a and 


1 %3 54 for a small and £ large 


A+a | B+8 
Fic. 3. 


large values of 8. However not all the ss curves are of that type. Many of them 
resemble the s. curves very closely. 


7. The formula of Gasser and Erlanger. Drs. Gasser and Erlanger‘ of 
Washington University, Saint Louis, gave an empirical formula connecting 
space and time for the second impulse in a nerve. From the experiments of 
these gentlemen it seems that the mathematical theory of this paper holds as 
well for impulses in nerves as in muscles, with, of course, suitable adjustments 
of the constants. Their formula is 

y 


¥ 
t = — + — logip — - 
A’ m BMG 


In our notation this formula becomes 


Loc. cit. 


224 INFINITE SERIES [May, 


s 
(8) t= —-+ log. s. — log.C. 
v 


Differentiating with respect to ¢ gives 


Thus the impulse can reach the velocity v only when s2 is very large with respect 
to v?. Such a situation could never exist in any of the data that the author 
has seen in muscles and it seems improbable that it could ever be realized in 
either muscles or nerves. Further, in equation (8) when s.=0, ¢ becomes nega- 
tively infinite. Thus Gasser and Erlanger’s formula does not give accurate 
results for small values of ss. They were aware of this defect. 

Contrasted to the formula of Gasser and Erlanger, formulas (3) and (4) 
give accurate results at both ends of the muscle. They exhibit the various 
constants concerned with the motion and can be adjusted to fit any data. 
Formulas (6) and (7) are not so accurate but still serve a very useful purpose 
in discussing the character of the s3 curves. 


8. Concluston. In conclusion the author ventures to hope that his excursion 
into the field of physiology may prove interesting to the mathematician and 
not distasteful to the physiologist. Possibly such efforts may lay a foundation 
for a more mathematical treatment of certain phases of the biological sciences 
and at the same time serve to humanize and broaden the field of mathematics 
itself. 


INFINITE SERIES FORMED BY ASSOCIATING THE 
TERMS OF A SERIES OF FUNCTIONS WITH THE 
POINTS OF A SEQUENCE 


By NORMAN MILLER, Queens University 


We consider a series }/uvn(x) of functions of a real variable x and a sequence 
(x1, X2, x3, - - :) of points on the x-axis. By taking the values of the successive 
terms of the series at the successive points of the sequence we obtain the series of 
constants >_Un(xn) whose convergence or divergence is the subject of discussion. 
The most interesting cases are those in which the points of the sequence from a 
certain point on lie entirely within an interval of convergence or an interval of 
divergence of the series >)u,(x). In what follows some simple general cases are 
first discussed, with certain sufficient conditions for the convergence of the 
resulting series > #n(%n), which on account of their origin are in the present 
discussion termed pointwise series. The method of forming such series is then 
illustrated by obtaining a number of examples of convergent and of divergent 
series which form useful material for the application of the classical conver- 
gence tests. 
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THEOREM 1: Let it be assumed (1) that the series > \un(x) converges absolutely in 
the interval aSx Sb, (2) that there exist in this closed interval a finite number of 
points, Vi, Vo, ° + *, Ve SUCh that for values of x in ab | in (20) | has tis upper limit at 
one of these points, and that for every n. Then tf (xn) denotes any sequence of points 
in ab the series > Un(Xn) converges absolutely. 


Proor: The series >)un(x) may be divided into & series of which the 7th 
includes those terms whose absolute values have their upper limits at y, 
(t=1,2,---k). Since the points of the sequence (x,) are in one-to-one corre- 
spondence with the terms of the series, a corresponding division of these points 
into & partial sequences (x, ), (%,//), - - -(4,) may be made. From the con- 
stant term series ) \u,(x,) we get then & partial series un® (ex), ¢=1, 
2,---k), of which at least one is infinite. Since the series >) Un® (en) | is 
dominated by the series >| un“? (y;) |, whose convergence follows from the first 
hypothesis, it follows that each of the partial series and hence the series 
> un(xn) converges absolutely. 


Remarks on Theorem 1: The second hypothesis of the theorem is satisfied by 
power functions x”, by exponential functions n*, n~*, and by all functions which 
are monotone in the interval ab. 

For a power series > a,x” the hypotheses are satisfied if a and } are within the 
interval of convergence or if one or both of these points are end points of the 
interval of convergence provided the series converges absolutely at these points. 

An ordinary Dirichlet series >)(a,/n*) conforms to the hypotheses of the 
theorem provided the series converges absolutely at the point a(a <b). 

It is easy to build up arbitrary convergent series whose terms do not con- 
form to the second hypothesis of the theorem. Thus if wn(x)=0 when x+#1/n 
and u,(1/n) = 1, the series )u,(x) converges for all values of x while the point- 
wise series formed by taking the successive terms at the points of the set (1/7) 
diverges. Again if u,(x)=1/n? when x41/n and u,(1/n)=1/n, the series 
> un(x) converges uniformly along the whole axis of x. But again the pointwise 
series ) un(1/n) diverges. Other examples in which the terms of the series are 
continuous occur among Fourier series. Thus the series sin x —4sin 2x-+ 4sin 3x — 
tsin 4x-+ - - -converges uniformly in the interval —47SxS47, but the series 
formed by taking the values of the terms at the successive points of the sequence 
((—1)*-44/2n) diverges. A theorem which applies to a trigonometric series is 
the following: 


THEOREM 2: In the series > jun(x) suppose that Un(Xx) =GnUn(x), where an is con- 
stant, and (1) that >\a, converges absolutely, (2) that on (x) | <M, a constant for 
as<xSb, n=1,2,3---. Then if (x,) is any sequence of points in ab >) Un(Xn) 
converges absolutely. 


For we have |tn(%n) |= |dn| -|0n(x%n)|SMla,|, and >» |a, | converges. 
It follows that any pointwise series formed from a trigonometric series in any 
interval converges provided the series of coefficients converges absolutely. If 
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however the series of coefficients does not converge absolutely a sequence of 
points can always be found (if the interval is not restricted) over which the 
pointwise series will diverge. 


Exambles: If the series > u(x) converges within the interval ad and diverges 
at b and if (x,) isa sequence of points in a) having the limit point 0b, then the point- 
wise series > uUn(%,) may converge or diverge depending on the rapidity with 
which the points of the sequence approach their limit. A similar statement holds 
in case ab is an interval of divergence and ) a point of convergence of the series 
> un(x). The method isa useful one for obtaining series for practice in testing 
convergence. The following table exhibits a number of series formed from cer- 
tain power series and Dirichlet series. The first column gives the series of func- 
tions > un(x), the second gives the end point of a convergence or divergence in- 
terval, the third gives the character of the series (convergent or divergent) at this 
point, the fourth gives the n** point of a sequence having this point as limit point, 
the fifth records the character of the resulting pointwise series which’ is itself 
given in the sixth column. It will be noticed that the sixth column includes, for 
the sake of completeness, a few series of an elementary character. 
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A NOTE ON MATRIX POWER SERIES. 
By I. M. SHEFFER!, Pennsylvania State College 


Let A: | |a.;|| be a square matrix of order &, and let 
(1) f(a) = Difas” 
n=0 


be a power series with non-zero radius r. We consider the condition that the 
matrix power series 


io.6) 


(2) f(A) = >of,A” 


r= 


be convergent. This problem has been studied by Hensel? and others, but a 
simpler treatment than theirs seems possible. 
The characteristic equation for A is 


Oi— AN aig + + + OE 
(3) ayel feo 
it On, * * kk — X 
or, on expanding, 
(4) A(d) = 69 + OA +--+ + 8,A* = 0, 
where the 6; are readily determined. It is well-known that a matrix satisfies 
its characteristic equation 
(5) A(A) = 5 +6:A +--+ +6,4*=0, 


where I is the identity matrix. On multiplying through by A” we obtain the 
relations 


(6) bp5A™ + GyA™t1+ --- + 6,A7t* = O, n=0Q,1,°:°:-:. 
Now set 
(7) At = |lag;™|, ma=0,1,---, 
so that 
(0) lt~=J 
8 Qjij = > Ai;y = Qj}. 
(8) | logy ? = a 


Then (6) can be re-written in terms of the ay” : 


1 National Research Fellow. 
4K. Hensel, Uber Potenzrethen von Matrizen, Journal fiir die Reine und Angewandte Mathe- 
matik, vol. 155 (1926), pp. 107-110. 
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(n) (n n 
(6’) 00Qij “| Bias; iS Bross = 0, n= 0,1, wae 


That is, for each (4, 7), a:; considered as a function of 2 satisfies the difference 
equation of order k with constant coefficients: 


(9) OnUn+tk + O4—1Un4+k—1 ++ + bung + Oo, = 0, n= O,1,---. 


Let the characteristic equation (4) have the zeros Ai, Ae, - + *, Ag, of order 
Si, Se, - + *,Sg, SO that sit - + -+s,=k. Then, as is well-known in the theory of 
such difference equations, the general solution of (9) is given by 


(10) 
q 
tin = Dok pf + bp tdBE Ho = thos am — 1) ++ (m= Sp + DAS"), 


p=1 


where the £,,’s are arbitrary constants. 
Let us now return to the series (2). It converges? if for each (2, 7) the series 
do fri j™ converges, and then (definition) 


[oo] 
> fnoij” 
0 


On appealing to (10) and to the fact that a,;™ satisfies (9), we see: 


THEOREM 1. Series (2) converges, and to the sum-matrix (11), af the following 
series converge :4 


Dif az, Dy frmdpr, a) > fan(n — 1) _ (MW — Sp+2)Ap tI, p _ 1,2, mt yg. 


COROLLARY. Series (2) converges if 

(i) Ip | Sr, p= 1, . "5d; 

(i1) for every Xp Such that Np | =r, the power series® for f(z), f'(z), - + -, f%p ? (2) 
converge at Z=Ny. 


The converse of this theorem is not strictly true, as may be seen by the 
following example: Choose A =I (the identity), and let f(z) => 0°f,2" be any 
analytic function satisfying the conditions: (i) the radius of convergence is unity; 
(ii) Sof, converges; (iii) }>9”nf, diverges. Now f(A) =f(D) =IQo0°fn), so that 
>0 fl” converges. But J has\ =1 asa k-fold root of its characteristic equation, 
so that were the converse to hold universally, the series for f’(z), - - -, f-» (gz) 
should all converge for z=1. But this is not the case. 

Let M be a matrix of order k. It generates a linear transformation in vector- 


3 We take this as the definition of the convergence of (2). 

4 It may be noted that the convergence of the last of these series implies the convergence of 
all that precede it, as Hensel (loc. cit.) points out, so that it suffices merely to demand that 
> fre dp” converges, p=1,2,°--+, 4. 

5 See footnote 4. 
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space of & dimensions: yar jx ;=y; or M(x) =y carries vector x into vector 
y. Adirection is invariant under M if there is a scalar \ such that for every vec- 
tor xin this direction, M(x) =)x. 


Lemma. If mairix A of order k has k linearly independent invariant directions, 
there exists a matrix ® with non-vanishing determinant such that 


(12) A = ©-14*6, 
where 

Ai, QO 
(13) A* = , ; 

0 NG 
M1, ° «+, Ax bDetng the zeros® of the characteristic equation (3). 
Proof: Setting P= | bi; | and expanding the equation PA =A*®, we obtain a 
system of k equations in the k unknowns ¢i;, diz, - - -, iz (@ fixed =1, 2,-- -, R), 
the determinant being A(A;)=0. The hypothesis on the invariant directions 
assures that there are & linearly independent sets (@i1, - - -, diz), 7=1, 2, °° *, R, 


so that ® has a non-vanishing determinant. 
DEFINITION. A is regular if it has k linearly independent invariant directions. 


Coro._uary 1. If A is regular then a;; is a linear function of the k quanitties 
Aa, Ae, °° +) Ak. 


COROLLARY 2. If A ts regular, then 
| P(\). 0 


(14) P(A) = | De POs 


for every polynomial P(z) . 


From the definition of convergence it follows that f(A) => 9 “faA* =lim 
>> n<0fn4"; whence from corollaries 1 and 2, 


Spar 0 
(15) (A) = lim 3) & 
SP 8 Re 
nq 0 
ween pO 
s=0 , ae » f(z) 


Hence we have the sharper result: 


6 They need not be distinct. 
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THEOREM 2: If A is regular then a necessary and sufficient condttion that doo fnA” 
converge is that the series for f(z) converge atz=Mi, ° + +, Xz. 


GRAPHICAL INTEGRATION OF DIFFERENTIAL EQUATIONS 
IN A POLAR COORDINATE SYSTEM 


By E. A. KHOLODOVSKY, New York, N. Y. 


The methods of graphical integration of differential equations in the Carte- 
sian codrdinate system, in other words when the Cartesian coordinate system 
is chosen for the geometrical representation of functions, are well known and 
have been fully expounded by J. Massau, R. Mehmke, C. Runge, H. Sanden, 
Fr. Willers, and others.1 In some cases the differential equations are of such 
a form that the geometrical constructions for graphical solution of the equa- 
tions are easier and simpler, if we interpret geometrically the variables of the 
equations as polar coérdinates. In particular that occurs when the equation 
contains trigonometric functions of the independent variable. 

Graphical integration of differential equations in a polar coordinate system 
is based on the same principles as in a Cartesian system; and in our exposition 
we shall limit ourselves to the peculiarities of graphical integration of differen- 
tial equations in a polar codrdinate system without repeating the explanations 
and proofs which are common to both systems. 


1. Ordinary differential equations of first order 
A. Method of charactertstics 


Let a differential equation f(x, y, dy/dx) =0 and the initial values of the 
variables xo and yo be given. Suppose the function whose analytical expression 
is y=(x) is the solution of this equation. For convenience we substitute the 
letters 6 and p for the letters x and y; then dy/dx =dp/d§ =p’ and the equation 
f(8, p, p’) =0, the initial values, 9, po, and the integral of the equation, p=¢(@). 
We interpret 6 and p, geometrically, as polar codrdinates of the points of the 
curve whose equation is p=¢(9). The problem is to construct the curve which 
passes through the point Mo(6o, po) and whose equation is p = (0). 

The construction of the curve p=@(0) is analogous to the solution of this 
problem in a Cartesian codrdinate system and is based on the principle of con- 
tinuity and on the geometrical meaning of the derivative p’ or of other analytical 
expressions containing this derivative. The method of characteristics consists 
in a Cartesian codrdinate system of drawing a system of isoclinal lines (charac- 


pe 


1 Encyklopidie der Mathematischen Wissenschaften, B. IIz3, N2; J. Massau, Mémoire sur 
l’intégration graphique (1885); B. Mehmke, Leitfaden zum graphischen Rechnen (1924); C. Runge, 
Graphical Methods (1912), Graphische Methoden (1914); H. Sanden, Praktische Analysis (1914); 
Fr. Willers, Graphische Integration (1920). 
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teristics). At each point of an isoclinal line the tangent to the required integral 
curve has the same slope. Practicality of the graphical method depends very 
much upon the simplicity of drawing these characteristics. 

If we transform the given differential equation f(0, p, p’) =O into the form 
F 6, p, p (p’) |=0, where p(p’) is a function of p’, the geometrical meaning of 
which is known, and if the drawing of the curve F(0, p, K)=0, where K is a 
constant, is easy, it is advantageous to apply the method of characteristics 
in the polar coérdinate system. 

Depending upon the geometrical meaning of the function p(p’) we apply 
different constructions to get the simplest one. Let us consider several partic- 
ular cases. 

Case (a). Let the given equation F(@, p, p’) =0 be of such a form that the 
construction of the curve F(@, p, K)=0, where K is a constant, is easy. In this 
case p(p’)=p’. Then, taking into consideration the fact that the geometrical 
meaning of p’ is the value of the subnormal of the required curve, p=¢(@), 
we substitute in the given differential equation, F(@, p, p’) =0, arbitrary con- 
stant values, Ko, Ki, Ke,--- for p’, taking Ko=po’; the initial value of po’ we 
compute, or construct, from the given equation. In this way we obtain a sys- 
tem of equations: 


(a) F(6,p, Ko) = 0, 
(A) (d) F(6,p,K1) = 0, 
(¢) F(6,p,K2) = 0. 
We construct (Fig. 1) the curves (a), (8), (¢),- +--+, which we call character- 


istics, represented by these equations, the first curve passing through the . 
point Mo(6o, po). On the perpendicular through Oto the vector OM) we lay 
the segment ON)=Ko. (If Ko is positive, we lay it in the positive direction, 
that is so that the angle between the vectors OM, (first) and ON, (second) is 
positive; if Ko is negative we lay it in the opposite direction.) Through the 
point My we draw? Mom, perpendicular to MoNo. It is evident that this line 
Mm, is the tangent to the required curve, p=@(0) at the point Mo, as the 
coérdinates of the point M> and the value of the subnormal, Ko, satisfy the 
equation (a) of the system (A). 

We may continue this tangent to the intersection with the curve (}); con- 
sidering this point of intersection as the point of the required curve we may 
construct in the same manner the tangent through this point, taking into con- 
sideration the value K, of the subnormal, and so on. We shall obtain a more 
correct graph if we continue the tangent through the point Mp to some point 
m;, approximately in the middle between the curves (a) and (0), and draw a 


2 Tt is not necessary to draw the line MyNp. 
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tangent through this point, taking the length On, = Ki as the value of the sub- 
normal. At the point WM, of intersection of this tangent with the curve (0) we 
draw a tangent in the same way as for the point M), taking the length ON; = Ky 


Fic. 1 


as the subnormal for this point. Proceeding in the same manner we obtain a 
broken line of tangents through the points Mo, Mi, Mz, ---. Acurve tangent 
to this broken line at the points Mo, Mi, Me, --- is the first approximation 
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to the required integral curve which we shall denote by the equation p= ¢;(@). 
(On the diagram this curve is not drawn, for better clearness of the sketch.) 

To get a better approximation we proceed as in a Cartesian codrdinate 
system: On the rays OM), OM,, OMe, --- we put the lengths OP»=Ko, 
OP,=K,, -:-. The curve PoP; ---Ps3 (on the diagram the curve is not 
drawn) whose equation can be written p=¢,'(@) represents the change of the 
derivative ¢;'(0). Integrating this curve by methods of graphical integration 
in a polar coérdinate system,® we obtain the second approximation. On the 
diagram (Fig. 1) the curve RoR3 represents the curve p=/ [2¢1'(0) | and the 
curve 1f,M;’ the second approximation, p=@2(8). If the second curve coin- 
cides with the first, we consider it as the required integral curve. If the correct- 
ness is not sufficient, we get in the same way the third approximation, taking 
into consideration the points M,’, M,’, -- - of the intersections of the integral 
curve with the characteristics (b), (c), ---andsoon. A reasoning analogous 
to the reasoning in a Cartesian codrdinate system proves that in general we can 
obtain an approximation of desirable exactness.+ It is advisable to construct 
with sufficient accuracy a short part of the required curve and then proceed 
with further construction. 

Case (b). p(p’)=p/p’. The given equation f(6, p, p’)=0 is transformed 
into F(6, p, p/p’) =0. It is known that p/p’ =tan uw where p is the angle between 
the positive direction of the radius vector and the positive direction of the 
tangent. With initial values #0, 99 we construct or compute from the given 
differential equation the initial value po/po’ =tan 9 = Ko and we construct the 
curves 


(a) F(6,p,Ko) = 0, 
(0) P6,9,Ky) = U, 
(GC) F(O6,p, Ke) = 0, 
where Ky, Ke, --- are arbitrary values; K,;=tan mw, Ko=tan Mo, ---. The 


point M4 (@o, po) is on the curve (a). At this point we construct the angle po 
(Fig. 2), at the point® m, an angle equal to 4,1, and so on. 

The broken line 4@,)M,M, --- represents the tangents to the required in- 
tegral curve. To get the second approximation we construct the curve p =¢1 (6), 
using the formula tan u=p/p’, p’=p cot uw. To perform this construction we 
may, on the perpendicular to the radius vector OM, put the length OM,’ =OM 


3 E. A. Kholodovsky, Graphical integration and differentiation of functions in a polar coordinate 
system, in this Monthly, vol. 36 (1929), pp. 3-21. 

4C. Runge, Graphical Methods, p. 124. 

5’ The meaning of letters and signs in this and other cases is the same, as in case (a). 
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and through the point M,’ draw a line parallel to MyM; the intersection of 
this line with the vector OM), the point Po, is the point of the curve p=¢’(0) 
on the ray OM), and so on. Then we proceed as in the case (a). 

The values of p’, certainly, can be found in all cases by means of constructing 
the subnormals. 


Tk (d) 
\ D> 
SI 
ji (6) 
(a) 
0 x 
M: 
Fic. 2 


Case (c): p(p’) =(p?+p”).1/2 The given differential equation is transformed 
into F[6, p, (0? -+p’2)1/2]=0. The geometrical meaning of the expression 
(p?+p’")1/2 (equal to K) is the length of the normal, and the construction is 
analogous to case (a); the characteristics having been drawn, we find the 


points No, Ni, No, cos (Fig. 1) as M,No=Ko, M,N,=K,, M.Ne= Keo, 
For the second approximation we construct the curve p=4¢,’, (9) by means 
of the lengths ON y=po’, ON: =p1', ON2=p2’ «++ as in case (a). 


Case (d): p(p’) =p?/p’. We put p?/p’=K (the subtangent) and we proceed 
as in case (a). On the diagram (Fig. 3) the subtangent, OT>=Ko, OT,=K,, 
and so on. 

For the second approximation we have to construct the subnormals, ON 
=p)’, and so on. ; 

Case (e): p(p’) =(p/p'(p?+p”)2. The construction is analogous to that 
in case (d) if the given equation can be reduced to the equation F(6, p, 
(p/p’)(p? +p”)/2 =0, as the geometrical meaning of the expression (p/p’)(p2+p”)}/2 


236 GRAPHICAL INTEGRATION OF DIFFERENTIAL EQUATIONS [May, 


(equal to K) is the length of the tangent. The points Jo, 71, T2, «++ (Fig. 3) 
are obtained as MypT)=Ko, Mit: =Ki, MoT2.=Kzy, 


For the second approximation we construct the subnormals as in case (d). 
B. Method of successive approximation 


When the given differential equation F(0, p, p’) can not be represented in a 
form which allows us easily to construct the curves of the system (A), we can 


Fie. 3 


apply another method of construction of tangents (successive approximation). 
We construct the tangent M,)M, (Fig. 4) through the initial point Mo as in 
case (a), after the value of the subnormal has been found from the given 
equation by measuring or computing. We take point M, on this tangent at 
a sufficiently small arbitrary distance from Mo, measure the coordinates 4; 
and p; of this point and we find the value of ;’ from the given equation by 
measuring or computing. The value p;’ is the subnormal of the required curve 
at the point M,. In the same way as before we draw the tangent M,M, 
through the point M4, and so forth. 

Also as in other cases we can obtain the second approximation, the third, 
and so on, constructing the curve of derivatives p’ and integrating it. 
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2. A system of two ordinary differential equations of the first order 
with two unknown functions® 


Given a system 


p’ — f(8,p,¥), y = g(6,p,v). 


Fic. 4 


and the initial values 90, po, vo. The problem is to construct the curves p = ¢(@) 
and v=yW(@) satisfying this system. We shall use the method of constructing 
consecutive tangents to the required curves. From the equations of the given 
system we find (by computing or constructing) po’ and v9’ for 0@=6@). We con- 
struct the points Mo(@, po) and m(, vo) (Fig. 5). For convenience we have 


Fic. 5 


taken different drawings for the curves p=o(9) and v=y¥(@). We construct 
ON y=po’ and Ony=v9’ and we draw the required tangents through the points 
M, and my. We draw the vectors OM, and Om, making the same angle 4; 
with the polar axis, sufficiently close to the vectors OM» and Om. We measure 
the values of 6;, pi, vy at the points M, and m, and from the given equations 
we find corresponding values of pi’ and »,’, and we proceed as before. 

To get a better approximation of the integral curves we construct on the same 


6 Method of successive approximation. 


238 GRAPHICAL INTEGRATION OF DIFFERENTIAL EQUATIONS [May, 


vectors, or on another drawing with vectors making the same angles, the values 
of po’ =OT», pi’ =OT;, -++ and vo = Obo, vy’ =O, -++. Thus we obtain the 
curves p=¢;1'(8) and v=y,'(6), the curves p=¢i(6) and v=Y(0) being the first 
approximations. We integrate them graphically taking for the initial points 


My and mp. We obtain new values of the vectors pi, po, °°: 5 1, ¥2, °° for 
the same values of the angles 0;, 02, - --. With these values we find new values 
for pi’, po’, +++, v1, ve’, «++ and construct a second approximation of the 


required curves and so on until two consecutive approximations coincide. 
The same method may be applied to any system of m differential equations 
of the first order with unknown functions. 


3. Ordinary differential equations of the second order 


Given the differential equation 
p’’ = f(9,p,0’) 
and the initial values 60, po, po’. With the substitution p’ =» we get the system 
pl=v, v' = f(,p,”), 


which can be integrated as shown in §2. The curve p=¢(@) is the solution of 
the given differential equation. 
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In the same way an ordinary differential equation of any order can be 
graphically integrated. If, for instance, a differential equation of third order 
is given, p’’’=f(6, p, p’, p’’) we put p’ =v, v’ =R and replace the given equation 
by the system 


R’ = f(6,9,v,R); pl =v, Vv =R. 


4. Linear partial differential equations of the first order 


Given partial differential equation 


X(dz/d«) + Y(dz/dy) = Z, 


Fic. 6b 


where X, Y, and Z are functions of x, y, and z, and initial equations y=a(x), 
z= B(x). From the equations of the characteristic dx/X =dy/Y=dz/Z we get 
dz/dx=Z/X, dy/dx=Y/X, taking x as independent variable and y and gz as 
functions. 

Substituting 6, p, v for x, y,z and putting Z/X =f(0, p, v), V/X =g (, p, v) 
we obtain the system 


v’ = f(0,p,v), p’ = g(9,p,), 


From the initial equations p =a(@), v=G(@) we obtain (by computing or con- 
structing) a series of values 


240 THE NODAL CUBIC IN THE PLANE [May, 


90, 20,¥05 01, P1515 se 5 Any PnyYn 


where @o, #1, -- - 0, are arbitrary values. 

On the diagram (Fig. 6), 69=0O, 0:= ZXOA, 6.= ZXOB,603= ZXOC. For 
each group of these values we construct curves p=¢,(0), v=Y,(0) (¢=0, 1, 2, 

-,n) asin §3. On the diagram these are the curves 0, 1, 2,3. To find the 
value v for given 6=©, p=P, we draw, on the diagram for p=¢(@), the vector 
OK making the angle © with the polar axis and we put on it the length Om equal 
to P. If the point m lies on a curve p = ¢;(6), the vector OM, drawn on the dia- 
gram for y=Y(0) and making the same angle @ with the polar axis, intersects 
the curve »=y,(6), corresponding to the curve p=¢;(0), at the point M and 
is the measure of the required value of v. If the point m is between two curves, 
we find the measure of » by interpolation. 


AN UNUSUAL USE OF THE NODAL CUBIC IN THE PLANE 
By BESSIE I. MILLER, University of Illinois 


Until recently manufacturers of lamp reflectors usually employed a reflector 
approximating the mathematician’s paraboloid of revolution. Such a surface 
throws light in parallel rays provided there is a point-source of light at the focus. 
Practically the manufacturer found it satisfactory to use a V-shaped filament 
lying in a horizontal plane on the axis of the reflector. The axis of the V coin- 
cides with the axis of the reflector; the vertex of the V is directed away from the 
vertex of the reflecting surface. This provides for some latitude in “fore and aft” 
focussing. Now the manufacturers wish to use two filaments one above the 
other, so arranged that one can be used for distance lighting during fast travel, 
the other for conditions occurring in city driving or in passing vehicles moving in 
the opposite direction. The parabolic reflector of the past fails in this case, since 
any displacement above or below the axis causes the light to break into diver- 
gent beams. 

Wm. H. Wood, M.D., of Cleveland, Ohio, who is a specialist in the treat- 
ment of disorders caused by the improper functioning of the glands and who isa 
well-known inventor of commercial and scientific instruments concerned with 
the reflection of light, has recently added to his long list of patents. He has con- 
structed a new generating curve for an automobile lamp reflector to replace the 
parabola of the older reflectors. His method was wholly experimental, and the 
surface eventually obtained was the result of an extraordinarily delicate process 
used in the polishing of the surface point by point, until the desired corrections 
on the parabolic reflector were obtained. The engineers to whom was submitted 
a plane section of the surface obtained by measurement were unable to analyze 
the curve, but were able to determine a construction for it. It was however not 
difficult mathematically to find the equation of the curve which, unexpectedly 
to the inventor, I found to be a nodal cubic, a thing of which he had never heard. 
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The relation between the old parabola and the new nodal cubic can easily be 
seen if their equations, 


(1) y? = 4px 
and 
(2) y® — cy? — 4pxy + 4cx? = 0, 


are graphed. The constant c in (2) is the distance above the axis on the latus 
rectum of (1) at which the second filament is to be placed. The node of (2) is at 
the vertex of (1). The loop lies almost wholly but not quite in the first quadrant. 
The upper branch of the loop and a portion of the curve in the fourth quadrant is 
used in the reflector. The result is that upward divergence of rays from the 
axis is entirely removed and the beam itself is directed slightly downwards from 
the horizontal. Hence an on-coming driver is not annoyed. 

The manufacturer cannot conveniently use a cubic curve for a generator of a 
surface, so after determining the cubic it was necessary for me to determine a 
parabola which approximated the cubic within the region in which it is used. 
This was done. The formulas both for the particular cubic and parabola have 
now been patented and the reflectors based on the cubic are on the market. 


ON CERTAIN FINITE SUMS OF BINOMIAL COEFFICIENTS 
AND GAMMA FUNCTIONS 


By MIGUEL A. BASOCO, California Institute of Technology 


The purpose of this note is to exhibit certain finite sums involving binomial 
coefficients and gamma functions which are the immediate consequence of the 
orthogonality property of certain systems of polynomials. Indeed, the results 
here given are equivalent to the orthogonality property in the sense that one 
implies and is implied by the other. The explicit results are given for the more 
common orthogonal polynomials such as those bearing the names of Laguerre, 
Jacobi, Hermite, etc., but obviously, analogous results may be derived from any 
such system. Thus the polynomials recently given by Romanovski (Comptes 
Rendus, t. 188, No. 16, April 1929) will yield the value of certain finite sums, 
which however, are fairly complicated. It may be pointed out that all of these 
results would, perhaps, be difficult to establish without reference to their source. 

The details of the work; being simple, will be omitted; the definite integrals 
which have to be evaluated are well known and may be expressed in terms of the 
beta and gamma functions. In what follows reference is made to Pélya-Szeg6, 
Aufgaben und Lehrsdize, Il, chapter VI. 
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1. The Generalized Laguerre Polynomials. 


These polynomials have the form, 


(1) 1) = XH (rr =, at 


k=0 k 


where a> —1 but otherwise is arbitrary and ("**) is the coefficient of x” in 
the expansion of (1-++x)"++. They have the property that 
Oif mAn, 


“ (a) (a) 
2 -eyap © (x) x)dx = 
2) J ea tLem (x) Ln (a)d x (“Yea +1) ifm =n. 
nN 


If (1) is substituted in (2) and the order of integration and summation be inter- 
changed, it will follow, after a slight reduction, that the following sum has the 
value indicated: 


nm a a\ (— 1k 0 if m¥n. 
ye (rt \(rre) Mk +l tat 1) = he . 
o ( \r@+1) ifm =n. 
nN 


For the ordinary Laguerre polynomials, which correspond to the case when 
a=0, the particularly simple result is obtained: 


EBON) aN 


2. The Jacobi (Hypergeometric) Polynomials. 


The Jacobi polynomials may be written in the form: 


(eB), 5 ee (H+ a\ (nt B\ (x — 1\"" “a+1\* ; _ 
3) Ps = x ( eres (S). Bok 


They satisfy the following relation: 


l 0 if mAn. 
4) J (1 = 2)@(L + 2) Pm (x) Pal) (ade = | gereer nto t Um t+ 6 +1) 
~ mtatbBti nTatatéet+i) 
ifm =n. 
If (3) is substituted in (4), it will be seen, after some reduction, that the follow- 
ing holds: 


(5) Ee yer) a tm tan kT B+k+i+1) 


k=0 1=0 n—k 
OiimAn 
' 1 Bntati,n+64+1) 
ee —_——— ifn=m, 


2ntateB+i Bant+1,n+a+6+4+ 1) 
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The case a=0, 8 = 0 is of interest, for then (5) reduces to 


(6) » oC . ) ‘ont 


——ifm=n, 
ni? 

which is a consequence.of the orthogonality of the Legendre polynomials, when 

these are expressed in the form corresponding to (3). It will be seen in the next 

section that another formula may be obtained when the Legendre polynomials 

are written in a different form. 

If a= —%, B= —%, the Jacobi polynomials reduce to Tschebyscheff poly- 
nomials (to within a constant factor) so that (5) with these values of a, B is 
essentially a consequence of the orthogonality of the Tschebyscheff polynomials. 

3. The Legendre Polynomials. 
These polynomials may be written in the form: 
ke n/2 db | 
P(x) = du (— 1)* __ ma 2h nn ek 
(1 — 2k)\(n — k) IR! 


If this expression is substituted in the integral, 


1 OifmAn, 
(7) i) Pa(x)Pa(addx = fo, 
~ ifm =n, 
2n + 1 
it will be seen that 
0 if m#n and 
kin/2lem/2 n\ (m\ (2n —2k\ (2m — 21 1 m +n = 0mod 2 
So (—yyetel VE Yh Ve ) 

(8) a a 1) Celt n ( m \e Fn HET) _ 

! mt. 


It is clear that formulas (6) and (8), having their source in the same ortho- 
gonality property (7), are equivalent. 


4. The Tschebyschef Polynomials. 


These polynomials are defined by the expression 


1 
T,(x) = cos v0, x = cos 6 
Qn-1 


which may be written in the form 


ona Bi— aee(5)( Brn nth BP 


k=0 2-1 s=0 


where k& ranges from 0 to $(n—2) if 2 is even or to 4(n—1) if 2 is odd, and where 
e(7) is zero or unity according as 7 is odd or even. 
When (9) is substituted in the integral, 
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0 lf mA n, 
1 Tin( x) T(x) { 


————d x 7 
4 VW1-— # on m=, 
it will be seen, after evaluating the necessary integrals and reducing, that the 
following formula holds: 
m+n+2r+2p—2k—2I— yee 


se oe > x etlirt n m kh l 
mer Mo )G) 
k=0 1-0 r=0 oy i 2k/\21/\7/\p mtr tp ka! 


Le m/2 m+ 2p — al + 2s — Spor 


+ e(n)(— Imran Dy > Si 1yivee ale yr) ( tp —lts 
2 


+ em)(—1) mr Se ogy Karte ( : ( \("") (" ve ~ RF e ‘yee 


k=0 r=0 @=0 zrrckre 


rtnce noone Became (AYU E re 


s=] 
oo 1) (ormt2)/2Qntm—-1 if m An and m+n =0 mod 2 


(— 1)"4122"-2 if n = m, 


For either m or 1 odd this formula obviously reduces to a fairly simple one. 
An analogous formula may be derived from the polynomials, 


1 sin (n + 1)6 
U,(“%) = —— Tryil(x) = —-—— —>, x = cos8@, 
Ww) n-+1 +4( sin 6 
and the integral 
; 0 if mAn, 
/1— x?Un( x) Um (x) = TC 
| 7 il m=n. 


5. The Hermite Polynomials. 


Employing the notation of the preceding section, the Hermite polynomials 
may be written in the form: 


oe k a k n—-2k (— 1)! . 
Hx) = Y(— 1) HC") ) am + en) 


k=0 


The orthogonality relation for these polynomials is 


0 if nm, 


i) ec? He, (x) m(a)dx = ‘ 
we 2*nl/ar, if m =n. 


Proceeding as before the following result is obtained: 
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— | (n+m+2) [247 147! 
(no enim! if m~#~n and m+n=0 mod 2 


2(n/2)'(m/2)! 
an! be e(n) ee ifm = 1. 


2(n/2)!? 


In case either m or v are odd this formula obviously simplifies considerably. 


ON THE REDUCTION OF THE GENERAL QUARTIC 
TO BINOMIAL FORM 


By RAYMOND GARVER, University of California at Los Angeles 


In a recent issue of the Bulletin of the American Mathematical Society! I 
pointed out that the quartic equation, considered from the standpoint of the 
Tschirnhaus transformation, may be said to occupy a unique position, between 
the quadratic and cubic on one hand, and the higher degree equations on the 
other. For the equations of lower degree can be reduced easily to binomial form 
by simple linear or quadratic transformations, while equations of the fifth de- 
gree and higher can be reduced to a form lacking the second, third, and fourth 
terms by a fourth degree transformation, the determination of whose coefficients 
requires the solution of no equation of degree higher than the third. A trans- 
formation of this type was first set up, for the quintic, by Bring, and later, in 
general, by Jerrard. Now these two problems, reduction to binomial form and 
removal of three intermediate terms, become equivalent for, and only for, the 
quartic equation. 

The question as to whether or not this reduction of the quartic was possible 
still remained, and seemed to be of someinterest. First, the Bring-Jerrard proc- 
ess does not apply to the quartic, nor can the direct method of transforming the 
general cubic to binomial form be extended to the quartic. For it is easy to see 
that if the attempt is made to remove three intermediate terms with the aid of a 
simple cubic transformation, a sixth degree equation will be arrived at. And 
while it is true that Lagrange’? was able to give an elegant proof that this sixth 


1 Vol. 33 (1927), pp. 677-680. 
2 References to Lagrange and Sylvester are given in my Bulletin paper. 
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degree equation factors as the product of three quadratics whose coefficients 
are themselves roots of cubics, it is hardly feasible to carry out this factorization 
in practice. Secondly, Lagrange’s conclusion itself was contradicted later by 
Sylvester, who said: “Five is the minimum degree of equation from which three 
terms may be removed without solving an equation above the third degree.” 
I showed, however, that Sylvester’s statement was invalidated by the fact that 
he was actually treating, in his proof, a slightly different problem than the one 
he proposed. And finally, in my Bulletin paper, I effected the reduction of the 
general quartic to binomial form by employing two successive transformations, 
properly chosen. Lagrange’s work did not go this far. 

It turns out that the matter can be treated somewhat more nicely by pro- 
ceeding indirectly. We shall start with a binomial equation, in fact, with the 
form 


(1) yi—1=0, 
and apply to it the transformation 
(2) x= Ayt+ By? +Cy. 


The transformed equation is easily set up; and we shall show that it can be 
identified with the general quartic (with second term removed), 


(3) x4 + dex? + a3x + a, = 0, 


by choosing properly the parameters A, B, C. This method of attack was sug- 
gested by the fact that the transformation of the Brioschi normal quintic into 
a general principal quintic is simpler than the direct transformation of the 
general principal quintic into the Brioschi form.’ A well-known solution of the 
cubic, which is due to Euler, employs the same principle. Incidentally, a point 
of interest in the method of this paper is that it leads to a convenient algebraic 
solution of the quartic equation. 

In setting up the transformed equation which results from applying (2) to 
(1) we require the values of the sums of certain powers of the roots of (1). If s, 
represents, as usual, the sum of the kth powers of the roots it is obvious that 
s,=0 unless kis a multiple of 4 and that s,=sg= - - -=4. If wesum (2) for the 
roots of (1) we then have > %;=0, and the transformed equation thus has no 
term in x. The coefficients of x? and x may be obtained by multiplying > x and 
> x, respectively, by —} and —2. These summations are evaluated by squar- 
ing and cubing (2), and summing over the roots of (1). In forming x’, it is neces- 
sary to retain only the terms involving y® and y4, since the others will disappear 
upon summing. The numerical work is thus very simple, and we find —2(B?+ 
2A C) as the coefficient of x?, and —4B(A?+ C?) as the coefficient of x. 

The constant term in the transformed equation can be obtained with the aid 
of >\«;4; this would be the usual procedure. But we may also work directly from 


3L. E. Dickson, Modern Algebraic Theories, pp. 214-218, 247. 
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(2). The four roots of the transformed equation are obtained by substituting 
for y in (2) the values 1, —1,72, —2z, from (1), in succession. The constant term 
is the product of these four roots, or (A +B+C) (-A+B-—C) (—A1—B+(1) 
(Ai—B—Ci). The first two factors give at once (B?—A?—2A C—C?*), and the 
last two, (B?+A?—2AC+C*). The final product can then be put in the form 
(B?—2A C)?—(A?+C?*)?. 

The transformed quartic can be identified with the general quartic (3) pro- 
vided we can solve the following system of equations for A, B, C, in terms of 
Qo, 13, M4: 


(5) 4B(A2 + C2) = — a3 
(6) (B? — 2AC)? — (A? 4 C*)? = ag. 


If we substitute for A and C from (4) and (5), (6) becomes 
(7) 64B° + 32a,B4 + 4(af — 4a,)B? — ag = 0. 


This is exactly the resolvent equation which appears in Descartes’ solution of 
the quartic; it is of course solvable algebraically, and its roots may be denoted 
by Bi, Bz, Bz; and their negatives. In particular, we shall satisfy (7) by taking 
B = By. 

We now note that, by (7), B2+B?2+ Bf? = —a./2, BSB? B? =a?7/64. We 
may consider B; chosen so that B,B,B;= —a;/8. Equations (4) and (5), with 
B= B,, may now be written: 


(8) AC = (B? + B3)/2 
(9) A?+C = 2BoB3. 


It is not difficult to show that these equations can be satisfied by taking 
A = 3B2(1 + 7) + 2B3(1 — 2), 
C 5B.(1 ~~ 7) + 5B3(1 + 1) . 


This completes the proof that (1) can be transformed into the general quartic 
(3). It is then well known that a transformation can be set up leading in the 
opposite direction, that is, from the general quartic (3) to the binomial form (1). 
This transformation will not be valid, however, when (3) has a double root; it 
clearly could not be, since (1) does not have a double root. Except for this case, 
the explicit transformation leading from (3) back to (1) may be set up by a 
method given by Dickson‘, or by other known methods. It does not seem neces- 
sary to do this here. 

For the sake of completeness, it may be noted that while a quartic with a 
double root cannot be transformed into (1), it can be transformed into a bino- 
mial quartic whose constant term also vanishes, that is, y*=0. For in this case 


(10) 


4 Loc. cit., p. 211, exercise 5. 
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the left-hand side of (3) will have a third degree factor, say P(x), which vanishes 
for all four roots of (3). Hence if we set y= P(x), the transformed equation will 
have all of its roots equal to zero. Thus any quartic can be transformed into a 
binomial quartic. 

Finally, if B =B, and the values of A and C from (10) are put in (2), and if 
the roots of (1), 1, —1, 2, —7z, are substituted successively for y, we obtain the 


four roots of (3). These can easily be put in the form: 
(11) x, = By + Bo + Bs, x3 = — Bi + Bo — Bs, 
Xo = B, — Bo — Bs, 4,= — B, — Be + Bs. 


These values are, of course, well known, but this method of obtaining them is, 
perhaps, new. B; may be any root of (7), Bz, may be any other root except — Bi, 
and then B; must be chosen so that B,B.B;= —a3/8. 


QUESTIONS AND DISCUSSIONS 
Edited by R. E. Gi.mMan, Brown University, Providence, Rhode Island. 


The department of Questions and Discussions in the Monthly 1s open to all forms of activity in 
collegiate mathematics, including the teaching of mathematics, except for specific problems especially 
new problems, which are reserved for the department of Problems and Solutions. 


A TABLE OF SINES AND COSINES 
By J. P. BALLANTINE, University of Washington. 


Any table of sines and cosines may be regarded as a tabulation of the values 
of sin 76 and cos 7@ for integral values of ~ and for some particular value of 6. 
Usually @ is chosen some integral divisor of a degree or a radian, or some other 
convenient unit. The size of the unit, as far as we know, is never determined 
with the convenience of tabulation in mind. In the present paper we introduce 
certain new units which give the tables of sines and cosines interesting and useful 
properties. 


From trigonometry we have 
4) sin (n + 1)@ — sin (n — 1)0 = 2 cos n6 sin @, 
cos (7 + 1)6 — cos (m — 1)6 = — 2sin n@ sin 6. 


Let us, therefore, choose @ so that 
(2) 2sin@ = (.1)*, 


where k is some such convenient number as 1, 2, or 3. Equations (1) then reduce 
to | 


sin (n + 1)6 = sin (n — 1)6 + (.1)* cos 8, 


(3) , 
cos (7 + 1)@ = cos (x — 1)@ — (.1)* sin 76. 


l 
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For k=0, 26=60°, a rough approximation to a radian. As k increases, 20-10* 
approaches the radian very rapidly. This is not surprising, since a radian is so 
chosen that the derivative of the sine is the cosine, while 26 is so chosen that the 
differences of the sine are simple multiples of the cosine. For finely tabulated 
functions differences and derivative are nearly the same. 


Note by the Edttor 


What unit of angular measurement would it be best to use if all trigono- 
metric computations had to be carried out to twenty (20) significant figures? 
This question is suggested by the preceding article of Professor Ballantine’s 
which may or may not therefore be regarded as furnishing an answer to it. 
Would one of Professor Ballantine’s @ angles for some suitable value of k be a 
better unit for such extended calculation than any now in common use? 


R. E.G. 


A PECULIAR FUNCTION 
By J. P. BALLANTINE, University of Washington 
I sometimes show my beginners in calculus the following function: 
A pie reposes on a plate of radius R. A piece of central angle @ is cut and 


put on a separate plate of radius 7. How large must 7 be? Obviously 7 isa 
function of #. It turns out to have the following formula: 


r= 0 6 = 0 

y= tRsecdd - 0 <é6S 90° 
ry = R cos 46 90° < 6 S 180° 
r= R 180° < @ S 360°. 


The function has one discontinuity at 6=0, and its second derivative has 
various discontinuities. 


Note by the Editor 


The preceding example by Professor Ballantine seems an uncommonly good 
one to use when introducing the notion of discontinuous functions to an elemen- 
tary class as illustrating how naturally such functions arise. It might be of 
considerable interest and value to make a collection of some more examples of 
this sort. Can anyone suggest another one equally simple and equally free from 


an appearance of artificiality? 
R. E.G. 


252 RECENT PUBLICATIONS [May, 


REVIEWS 


Elements of the Differential and Integral Calculus. By W. A. Granville, P. F. 
Smith, W. R. Longley. Ginn and Company, Boston, 1929. xi+516 pages. 
$3.20. 


The reviewer of this book approached his task with great pleasure. He had 
studied Granville’s calculus in his undergraduate days and had taught the book 
in later years. We students liked the old book because of the many worked-out 
examples in the text, the answers that were given with the exercises, the many 
fine figures and curves, the systematic rules of procedure (such as the famous 
four step rule for differentiation), the many formulas that were quoted from 
earlier courses in mathematics, the large and clear print, the way important 
definitions and theorems stood out on the pages, the ease with which topics 
could be found in the book. In revising this book Professors Percey F. Smith and 
William R. Longley have retained all these good points of the older edition, have 
corrected some faults, and have added many improvements. They have prac- 
tically rewritten the whole book and yet they have not been too radical in 
their changes. For one thing they are Yale men, just as was Professor Granville, 
and they therefore have followed out his purpose more closely perhaps than an 
outsider would have done. 

We teachers of the old Granville’s Calculus liked the book for the same rea- 
sons as did the students, and also because of the large number of topics to choose 
from, because of the logical order in which the text proceeded from topic to topic, 
because of the multiplicity of problems, because the book almost taught itself in 
that a student could read any section of the text and then study the illustrative 
examples and work the assigned problems himself. Even in these particulars the 
new revision is an improvement on the old text inasmuch as the arrangement of 
the topics is greatly altered for the better. Most of the unnecessarily difficult 
problems have been omitted, more problems have been introduced from D. D. 
Leib’s Problems in the Calculus, and the sets of exercises have been better graded 
as to difficulty. We quote from the preface of this new edition: “.... Clearness 
and simplicity in the text, numerous illustrative examples solved in the text, a 
wealth of problems both to acquire practice in technique and to stimulate in- 
terest—these distinctive features have been retained. A change in arrangement 
is to be noted. The calculus for functions of one variable, both differential and 
integral, is developed completely. This is followed by the calculus for functions 
of more than one variable..... Some topics in the old edition have been o- 
mitted. But this is more than compensated for by the addition of several topics 
of importance and interest.” 

In this latest edition the print is even clearer and the formulas stand out bet- 
ter than in former editions. The numbering of the sections is different, some of 
them being thrown together and others changed in position. The formulas for 
derivatives are divided now into two parts, algebraic and transcendental. First 
all the derivatives of algebraic functions are taken up (with their applications to 
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rates and to maxima and minima); they are followed by successive differentia- 
tion and its application to velocities, accelerations, and curve tracing. Next the 
derivatives of transcendental functions are studied. (In this connection we 
might ask why the use of trigonometric functions in solving maxima and minima 
problems is not stressed more.) 

There follows a chapter (Chapter VIII) on “Applications to Parametric 
Equations, Polar Equations, and Roots” in which are collected discussions that 
are scattered in the earlier editions of the book. Here is introduced Newton’s 
method for finding the roots of an equation. Chapter IX deals with differentials; 
init the treatment of infinitesimals is much improved. Chapter X treats of 
curvature, radius and circle of curvature. The final chapter discusses the theo- 
rem of the mean value. This is an excellent place in the book for this discussion, 
because Chapter XII begins the study of the integral calculus in which this 
theorem plays such an important role. Less space is given to change of variables 
for derivatives. Fewer formulas are stressed in the new book; this makes for a 
less formal knowledge of the subject by the student. Asymptotes and singular 
points of curves are omitted from the book. Also ¢is replaced by @. The authors 
postpone partial differentiation and multiple integrals until after differential 
equations; also series and expansions of functions are taken up after integration 
and its applications. 

When we come to integration, we note that on page 194 the authors collect 
together the solved problems instead of leaving them scattered. Integration by 
parts is put on page 224 and not further on with the reduction formulas. The 
topic of integration as a process of summation is placed right after the definite 
integral, these two topics not being separated from each other by a discussion 
of rational fractions, rationalization, and the reduction formulas. On page 234 
more emphasis is put on initial conditions and more examples are given under 
this heading than in the older editions of the book. More work and figures are 
given in the discussion of areas. The mean value of a function is put later with 
centroids. Simpson’s rule and the trapezoidal rule for the approximate evalua- 
tion of definite integrals are given right away instead of at the end of the book. 
Chapter XVIII is an excellent discussion of centroids, fluid pressure, and other 
allied topics, using one variable. In the older book such work was done mostly 
by multiple integration. The authors have added, on page 362, integration and 
differentiation of power series; also they give more space to approximations 
from power series. They give less space to integration by rationalization and 
by the reduction formulas, but more space to training in the use of the tables of 
integrals. In the case of series the authors introduce binomial and other series; 
also they start the discussion from the standpoint of sequences and go from 
there to series. On page 354 they give Maclaurin’s series first and operations 
with series, then Taylor’s series. This in an improvement from the viewpoint 
of the teacher. 

The new treatment of differential equations is a great improvement over 
the old; the subject matter is entirely rearranged, the discussion is less formal, 
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more stress is placed on applications to mechanics. Also the discussion of second 
order and special equations precedes that of the general equation of the nth 
order. The topic of partial differentiation is better treated than of old. Total 
differentials are discussed before total derivatives. The proof that 0?u/dxdy 
=0?u/dydx follows the formula. The authors prove the law of the mean for 
functions of more than one variable; also they put here Taylor’s and Mac- 
laurin’s series for functions of several variables. The notation |0F/0x |, is used 
instead of 0F,/0x;. Not much change is noticeable in the treatment of multiple 
integration, except a rearrangement of the material. 

The above review of the changes in the new edition will show that the book 
has been brought up-to-date and its weaknesses corrected. The original book 
was written when mathematics was still looked upon as good mental discipline. 
This attitude is not evident in the new edition. The emphasis of the older 
editions was too much on the geometrical applications of the calculus. This 
fault has been largely corrected. Students will not gather from the new book 
the false impressions we gathered from the old, namely that dy/dx was a 
derivative, but not ds/di or dr/d@; that partial derivatives are not like ordinary 
derivatives; that the words increment, infinitesimal, and differential mean the 
same thing; that definite integrals are approximations; that every algebraic 
fraction can be split into partial fractions for the purposes of integration. 
The reviewer fears that no calculus book will ever get around the students’ 
troubles with dy/dx considered as a quotient of differentials until derivatives 
are represented by D,, yz, etc. as in the English books; also that definite 
integrals will always be confusing when treated after indefinite integrals in- 
stead of vice versa; and that similarly multiple integration will always be the 
weakest spot in a calculus book until it is treated less formally. The new revision 
has removed the causes of the teacher’s criticisms of the older book, that it was 
a drill-book that got results just as cramming helps a student to pass an exami- 
nation, but after all the student did not really understand the calculus even 
though he could work the problems with facility. 

It is very refreshing to come back to this conservative calculus book brought 
up-to-date by Professors Smith and Longley, after using newer books that have 
been experimenting with other ways of teaching the subject. If the students 
can be persuaded or compelled to read the text and follow through the steps 
in the illustrative problems, the Granville-Smith-Longley Calculus will demand 
less of a teacher than a book with a briefer text and with a mixture of differ- 
entiation and integration such as many new books have. This book does not 
lead the reader up to the various ideas of the calculus in perhaps the most 
approved modern way with much fine writing; rather it uses the old fashioned 
methods of laying down definitions and proving theorems like a book on plane 
and solid geometry. It is strongly urged however that every teacher try such a 
beautifully written book as this where the ideas of differentiation and integra- 
tion, of ordinary derivatives and partial derivatives, and other such pairs of 
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ideas, are kept clearly distinct, and compare the results with those achieved 
when teaching a book where all these ideas are closely interwoven. 


ALAN D. CAMPBELL 


The Mathematics of Investment. By W. L. Hart. Revised Edition. New York, 
D. C. Heath and Co., 1929. xii+253+11 pp. 


The revision pertains to Part I, relating to compound interest and annuities 
certain, which has been entirely rewritten. The new arrangement—in line with 
the rest of the text—lends itself especially well to a choice between a “minimum 
course” and a “maximum course” (or even other “courses”). In the minimum 
course the work in annuities is restricted to those annuities where the payment 
interval is the same as the interest period. The maximum course includes 
supplementary material both in the form of exercises and chapters. The 
general treatment of annuities is postponed to a fairly late stage. A chapter 
involving a second or “re-investment” rate of interest has been added. 

Answers to the odd-numbered problems are provided with the text while 
answers to the even-numbered problems can be obtained separately. This text 
is notable for the large number of exercises included. 

C. H. ForsytTu 


Curve piane specials algebriche e trascendentt. Teoria e storia. Volume I.—Curve 
algebriche con 122 figure illustrative intercalaie nel testo. Prima edizione 
Italiana. By Gino Loria. Ulrico Hoepli, Milano, 1930. xvi-+574 pp. 


The German editions (1902, 1910) of Loria’s treatise are well-known, and 
the second edition is one of the most widely used books of reference in the 
entire field of geometry. Although we are under great obligations to Teixeira 
and to Wieleitner for treatises of somewhat similar type, yet the usefulness of 
Loria’s work has not been impaired by these later publications. 

It may not be well known that the Teubner 1902 German edition of Loria’s 
treatise was the first edition, and that no Italian edition has been brought out 
until this year. This edition must be a source of great satisfaction to Professor 
Loria. 

This first volume is divided into five books, bearing the titles: 

Libro I. Luoghi piani e luoghi solidi. 

Libro II. Curve del terz’ordine. 

Libro III. Curve del quart’ordine. 

Libro IV. Curve algebriche particolari di un ordine determinato superiore a 

quattro. 

Libro V. Curve algebriche particolari di ordine qualunque. 

In general, the text bears no striking departure from the second German 
edition. The five books are the same, and the chapter headings are also the 
same except in book IV where there is a slight rearrangement and compression 
from seven chapters to five. As noted in the title, the figures now appear in 
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the text, a great improvement. The results of many recent investigations 
appear in this edition, including many from relatively obscure journals. In the 
reviewer's judgment the book is thoroughly up to date. There are approx- 
imately 75 additions to the index of names, bringing this to the surprising total 
of 650. The volume lacks a subject index, presumably a temporary omission 
which the second volume will remedy. 

At the risk of seeming ungracious we must note the fact that the proof- 
reading is badly done. This does not appear in the text to the extent that it 
does in the foot-notes, where the errors are even worse than those in the German 
editions. The numerical references seem to be accurate, but the titles, partic- 
ularly the English and German titles, are very inaccurate and at times gro- 
tesque. The user of this volume will find it is unsafe to use Loria’s references 
without checking them. This seems to us unfortunate. 

Despite this, we prefer to end the review with deep appreciation to the 
author for his scholarly production, and for enriching and bringing up to date 
the most useful treatise of its kind. May the second volume soon follow. 

B. H. BRowN 


Plane Analytic Geometry. By N. J. Lennes and A. S. Merrill. Harper & Brothers, 
New York, 1929. xv+305 pages. $2.50. 


In this day of the multiplication of books on every subject, when, indeed, 
the aphorism of the Hebrew essayist in the biblical Ecclesiastes about the mak- 
ing of many books becomes significant, it is a considerable task to pick out 
the really superior books and say: “These are the very best available.” There 
are so many good productions, and inferior, too, each unfortunately having 
some blemish, that one wonders why it should seem necessary to continue to 
write and to print new works on old subjects. Why not do as was done with 
Euclid’s Elements: issue the same work decade after decade until the number 
of editions exceeded one thousand, and drill rising youth through the same 
work? 

But these are days of progress, wonderful progress, and better expression. 
Verily he that followeth the plow knoweth more than the bishops. 

Professors Lennes and Merrill of the University of Montana have written 
a commendable book under the title, “Plane Analytic Geometry.” Two quo- 
tations from the prefaces (permission to quote being assumed) will be in order. 
The co-operating editor, Professor Slaught, says: 

“The leaders of tomorrow in the mathematical world must come from the 
small group of exceptional pupils in our classes of today. Hence, any pedagogi- 
cal procedure that best promotes the scientific stimulation of this group, while 
by no means overlooking the welfare of the larger group of average pupils, is 
to be commended and encouraged.” 

And the authors themselves say: 

“Much has been said and written in deprecation of ‘mere memory work.’ 
But what is deprecated is not the remembering, but memorizing without under- 
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courses better established, we shall be getting closer to the English university 
system—and it is a pretty good system. The problems are copious and fine. 


F. M. McGaw 


Darstellung und Begriindung einiger neuerer Ergebnisse der Funktionentheorte. 
By Edmund Landau. 2nd Edition. Published by Julius Springer, Berlin, 
1929. 122 pp. 


This monograph, which appears now in a second edition, is a veritable mine 
of important results in the modern theory of functions of a complex variable. 
In eight chapters, it treats successively bounded power series, summability of 
higher order, converses of Abel’s theorem, peculiarities of power series. on the 
circle of convergence, relations between the coefficients of a power series and its 
singularities, maxima and mean values of the modulus along circles, Picard’s 
theorem, functions with one-valued inverses. 

One of the most interesting changes in the new edition will be found in the 
chapter on Picard’s theorem. The older elementary proof of Borel is replaced 
by one based on the highly novel and extremely simple method recently given 
by Bloch. Other new material is Fatou’s theorem to the effect that an analytic 
function which is bounded within a circle approaches a limit radially except, 
perhaps, on a set of directions of zero measure, and Fabry’s gap-theorem. 

The monograph is composed in the individual, really inimitable, style 
which characterizes Landau’s publications. A minimum of initial knowledge is 
assumed of the reader. Every proof is perfectly polished and no detail of reason- 
ing or calculation is left to be filled in. No statement is made in ordinary 
language which can be made more briefly in terms of symbols. All remarks of 
motivation are made concisely, in a purely objective manner and with no 
attempt at literary effect. In this last connection, many will recall, however, 
that the pages of Landau’s Zahlentheorte are interspersed with classroom jokes. 

On starting to read anything written by Landau, one knows in advance that 
one will be able to read it successfully. There are never any snags. But it 
frequently results, from the absolute completeness of detail, that the central 
ideas of a proof do not stand out conspicuously. 

To students of analysis, or of number theory, one cannot recommend too 
highly the study of Landau’s writings, both original and expository. Their 
richness of substance, depth of scholarship and technical perfection give them 


an outstanding position in the current literature. 
J. F. Ritr 
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PROBLEMS AND SOLUTIONS 


EpItTepD BY B. F. FINKEL, Otto DUNKEL, AND H. L. OLSON 


Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All 
manuscripts should be typewritten, with double spacing and with margins at least one inch wide. 


PROBLEM FOR SOLUTION 


Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well-known textbooks or results found in readily accessible sources, will not 
be proposed as problems for solution in the Monthly. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


3425. Proposed by Pauline Sperry, University of Caltfornia. 


Cauchy’s linear equation > c,x«"-iD*~-‘y = X (x), where the c; are constants, 
t=0 


is reduced to an equation with constant coefficients by the substitution x =e’. 
k-1 
Then x*D*y = dla,“ D*-‘y, where Dy =dy/dz. Show that the a,“ build a sort of 


Pascal’s triangle with k elements in the & th row, in which any element of the 
k+i1st row may be obtained from those in the kth row by taking the two 
numbers diagonally above it to the left and right and subtracting k times the 
former from the latter with the understanding that if either of the diagonals 
takes one outside the triangle the corresponding term is zero. 


3426. Proposed by B. C. Wong, Berkeley, California. 
f r\ (2r — 21 — 1)! 
Prove or disprove: y(- v( \- ee = (r — 1)! 
1=0 
where t=7/2 if ris even and t= (r—1)/2 if ris odd. 


3427. Proposed by L. S. Johnston, University of Detroit. 
Let 


Sn, = 3n(n +1), Crore = (— 1) Saga 


show that the equation 


has no negative roots, and that the number of positive roots is two or zero 
according as 7 is odd or even. 
3428. Proposed by Wm. B. Campbell, Judson College, Rangoon, India. 


A closed vessel in the form of a right circular cylinder, of radius a and height 
2h, contains liquid of volume 7a?k. It is rotated about a horizontal axis per- 
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pendicular to the geometrical axis at the center. With a view to ascertaining 
the maximum torque, find the maximum displacement of the center of gravity 
of the liquid. 


3429. Proposed by Paul Wernicke, Washington, D. C. 


Given a tetrahedron ABCD and a point P not on one of its edges. Draw 
through P three lines, each meeting two opposite edges. Express the ratios in 
which the latter will be divided by these points of intersection in terms of 
four quantities a, b, c, d, the edge AB being divided in the ratio a:), etc. 


3430. Proposed by Richard M. Sutton, California Institute of Technology. 


It is physically possible, given a large number of unit resistances, to make 
any resistance ~/g between two points A and B, where # and gq are integers. 
The result may be accomplished by connecting in parallel g groups of p resist- 
ances each, requiring (pq) resistances. However, it is usually possible to accom- 
plish the same result by a fewer number of unit resistances. The problem is: 
“Find the minimum number of unit resistances necessary to make a resistance 
b/q between two points A and B in an electric circuit, and gq being both 
integers.” 


3431. Proposed by W. H. Rasche, Virginia Polytechnic Institute. 


The letters a and 6 designate respectively two fixed, non-complanar lines, 
the angle between which is a, and the perpendicular distance between which is /; 
the letters P and QO designate two points on a third line c such that the distance 
PQ is constant; moreover, points P and Q of line c move on lines a and 0, respec- 
tively. Show: (I) that the locus (relative to the frame formed by lines a and )) 
of any third point S of line c is an ellipse whose plane is parallel to lines a and b 
and whose semi-major and semi-minor axes are 


(n — m)? — TP? (n—m)?—P)12 J (n — m)? — PhP 
(SME Maman, {Oot a 
4 sin’ a (n — m)* 2 sina 
and 
(wm emt Pyt [n= mt 
(ORME, game fom ae — Hh 
4 sin? a@ (n — m)? 2 sin a@ 


wherein ” and m represent the linear segments QS and PS, respectively; 
(II) that the angles which lines a and b make with the semi-major and the semi- 
minor axes, respectively, are 


(3) y = 45° — z(a + 8B), 
and 
(4) 56 = 45° — 3(a — 8B), 


wherein @ is given by the relation, 
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(5) tan 8 = (n — m) cota/(n+™m). 


Note: The linear segments 2 and / of expressions (1) and (2) are regarded 
as positive for all configurations; m in these expressions is positive or negative 
according as point S divides segment PQ externally or internally; angles 
a and B, in equations (3), (4), and (5), are regarded as positive for all configur- 
ations; y and 6 may be either positive or negative, depending upon the position 
of point S on line c. 


SOLUTIONS 


3387 [1929, 397]. Proposed by Nathan Altshiller-Court, University of 
Oklahoma. 

With the same vertex of a given triangle as center, two circles are drawn 
respectively orthogonal to the nine-point circle and to the conjugate circle of 
the triangle. Show that the ratio of the squares of the radii of the two circles is 
1:2. 

Solution by Laurence Hampton, Alabama Polytechnic Institute 


Let the vertices of the given triangle be O(0, 0); A (a, 0); B(0, c); let H denote 
the orthocenter, which is the center of the conjugate circle; and let BH intersect 
the opposite side of the triangle in E. The coordinates of H are found to be 
[b, bc4(a —b) |; the radius R of the conjugate circle is defined by R°8=HB-HE, 
and this product is found to be 6(b—a)+0?c~*(b—a)?. Hence the equation of the 
conjugate circle is 


CC, = c(x? + y*?) — 2bcx — 2b(a— dytabc=O0. 
The equations of the nine point circle and the circum-circle are, respectively, 
2cC, = 2c(a? + y?) — cla + 2b)e —-(ab+e—-—P)y+abc=0, 
CC. =e (a? + yy?) —acxe—(P+e—-—ab)y=0. 


Hence 
2C,—-— Ch = Ci, 


and this says that the circum-circle is one of the coaxial system of circles 
determined by C,=0 and C,=0, and that the square of the tangent from any 
point of the circum-circle to the conjugate circle is equal to twice the square of 
the tangent from the same point to the nine point circle. There are exceptional 
cases where no real tangent can be drawn. 


Note by the Editors: The exceptional cases for which there exist no real 
tangents may be provided for in the statement of the problem by replacing the 
words “square of the tangent” by “power of the point with respect to the circle.” 
If the equation of the circle is x?-++ y?+Ax+By+C=0, where A, B, C are real, 
then for any point x, y of the plane the left hand side of the equation is called 
the power of this point with respect to the circle. If A4?+B?—4C>0, the circle 
is real and the power of the point with respect to it is the product of the two 
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segments on any secant drawn through the point, the segments being measured 
from the point to the intersections of the secant with the circle. If the point is 
outside the circle, it is also the square of the tangent to the circle, since the two 
segments then coincide. If A?+ B?—4C<0 the circle is imaginary. In this case 
the power of the point is the square of the hypotenuse of the right triangle 
with the right angle at the center (—A/2, —B/2) formed by the segment from 
this center to the point as one side and the segment of length 2-!(4C —A?— B?)1/2 
as the other side. The case for which the expression is zero is easily interpreted. 

With this interpretation of the problem the proof is easy by geometry. 
If ABC is the triangle, and if An, Bz, Cy are the feet of the altitudes meeting in 
Hf, then by definition the conjugate circle has the center H and the radius 
R such that RP =HA-HA,=HC-HC,=HB-HB,. If we denote by P,, the 
power of B with respect to the nine point circle, then from certain right triangles 
in the figure we find 2P,,=BA,:-BC=BC,:BA=BH-BB,, and similar rel- 
ations for A and C. These equations are true in sign and magnitude for all 
cases. If the triangle has only acute angles, A lies within the triangle and R? 
is negative. In this case if a circle be drawn with BB, as diameter and the chord 
TT’ be drawn perpendicular to this diameter at H, then R?=HB-HB,= 
AT-HT'=—HT*. Hence P,»=BT?=BH-BB,=2P,s. The reasoning is 
similar for A and C. 

If the angle at C is greater than 90° then A lies outside the triangle and R? 
is positive. In this case real tangents may be drawn from A and B. If S is 
the point of tangency of a tangent from A to the conjugate circle, then Py. 
=AS*=AH-AA,=AB,:-AC=2Py,. Similarly P,y>=2P,5. On the other hand 
C is within the circle (H) and CH-CC;, is negative. If the chord TCT” is 
perpendicular to CH at C, then P,,.=T’C:CT = —CT*=CH-CC,=CB,:CA= 
2Pr. If Cisa right angle then (4) is a null circle and P;,=2P,,=0. 

Since the three circles have their centers on the same straight line we have 
more than enough to infer their linear dependence. 

Also solved by J. W. Clawson, A. Pelletier, O. J. Ramler, and William 
Hoover. 


3388 [1929, 397] (Corrected). Proposed by S. A. Corey, Des Moines, Iowa. 

Prove that, if the tenth and higher derivatives of f vanish identically, 
F(t) +f (— 1) = 120f (0) + 30f(1) + 30f(— 1) + 640f (7) + 640f(—71) — 405f(s) — 405f 
(—s) —324f(t) —324f(—2t), where i=+/(—1), r=V/4, s=V3, t=; and where 
fisanalytic. It follows that when the tenth and higher derivatives are negligibly 
small the indicated relation holds approximately. 


Solution by the Proposer. 


The function f being analytic, may be written thus: 
f(x) =x? +ax8-+ bx! + cx +dxb+ ext+ fait gx?+thx'+k. Whence, we get 


(1) fa +f(- 1) =%a-cte-—gtA), 
(2) 30f(1) + 30f(— 1) = 60(a+e+tet+egt+h), 
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(3) 640f(r) + 640/(— r) = 80a + 160¢ + 320¢ + 640g + 12808, 
(4) 405f(s) + 405f(— s) = 10a + 30c + 90e + 270g + 810k, 

(5) 324f(t) + 324f(— t) = 1284 + 192c + 288 + 432g + 6482, 
(6) 120f/(0) = 120k; 


whence (1) =(2)+(3)+(6) — (4) — (5), as required. 

From the given relation we may deduce formulas such as the following: 
405 log (3x + 5) + 324 log (3x + 4) + log («+ 3) + 640 log2 = 60 log (x + 2) + 30 log 
(x+1)+640log(2x+3)+729log3, approximately, (obtained by taking f(z) = 
log] VW (x+2)+z], and log(x+12) =30logx+640log(«+3)+60log(x+6) —324 
log(x+2)—405log(x+4), (obtained by taking f(z)=log[V/(x+6)+2,/6], 
approximately, x being large enough that the sum of the omitted derivatives 
becomes small. 


3390 [1929, 448]. Proposed by Paul Wernicke, Washington, D. C. 


With the altitudes of a triangle t;=A,B;C; as sides construct a consecu- 
tive triangle ¢,4; in the series of ¢;(---—1,0,1,---). Compare the areas of 
the triangle t; in the series. Under what condition does the construction become 
impossible? 


Solution by Otto J. Ramler, the Catholic University of America. 


Denote the sides of the zth triangle by a;, 5;, c;, and its area by 7;. Then, 
since its altitudes are the sides of the (¢+1) th triangle, we have 27; =a;a;4, = 
bbign = CiCinns 2 = igi dize = Opi dbigg = CiniCigg. Hence Ti4i/T;= Ai42/Ai= 
b542/b;=Ci42/ci; and so alternate triangles of the sequence are similar. It 
then follows that ai42./a2=Tj42/T;. Using one of the above equations to elim- 
inate the a’s from this last, we find that T4y41/7;= Ti42/Ti4:.. Hence when the 
construction is possible the areas form a geometric progression, and alternate 
triangles of the sequence are similar. 

Let c; be the side of the zth triangle which is as small or smaller than either 
of the other two sides of this triangle. The sides of the (2+1)th triangle are 
proportional to the reciprocals of the sides of the zth triangle, and, hence, we 
must have 1/a;+1/b;>1/c; in order to have an (1+1)th triangle and an 
(:—1)th triangle. The construction is possible when and only when the 
smallest side of a triangle of the sequence is greater than half the harmonic 
mean of the other two sides of that triangle. 


Also solved by the Proposer. 


3392 [1929, 448]. Proposed by V. M. Spunar, Chicago, Iil. 


Two points M and WN are taken on the sides AB and AC, respectively, of the 
triangle A BC; and then the point P is taken on the line MN. If these points are 
chosen so that BM/MA =A N/NC=MP/PN, find the locus of P. 
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Solution by Irene Ramler, Washington, D. C. 

Let the common ratio BM: MA=AN:NC=MP:PN equal t:1. Then 
letting ABC be the triangle of reference in a system of areal coordinates, we 
find the coordinates of M, N, and P to be, respectively, (¢:1:0), (1:0:2), 
(27/(14+4:1/114+4:f/(1+08). 


Hence the parametric equations of the locus of P are 
X, = 2t, x2 = 1, 43 = 2. 


Eliminating ¢, we find the equation of the locus to be x,2=4%x.x3, a parabola 
tangent to AB at Band to AC at C. The median through A is a diameter, and 
the line MPN isa tangent at P. 

Thus the parabola is not only the locus of the point P, but it is also the 
envelope of the line PWN as well. 


Note by the Editors: This system of coordinates has been used in the 
solution of other problems in this Monthly, see, for example, the solution of 
3335 [1929, 401]. It is sometimes called the barycentric system of coordinates. 
Following this order of ideas the coordinates of P are proportional to masses 
which placed at the vertices A, B, C of the triangle of reference have P as their 
center of mass. Thus the masses ¢(¢-+1) at N and (¢+1) at M have P as their 
center of mass. Now replace ¢t(t+1) at N by two masses at A and C whose 
ratio is 1:¢ and whose sum is ¢(t+1): they are easily seen to be ¢ and ??. In the 
same way (t+1) at M may be replaced by ¢at A and 1 at B. Hence we may write 
the coordinates of P as 2¢, 1, #. 

The final conclusion of the above solution suggests the idea of first seeking 
the envelope of ZN. This line cuts two projective ranges on AB and AC, re- 
spectively, such that A, B, M, © is projective with C, A, N, ©. Thus the 
envelope is a conic tangent to AB and AC at B and C, respectively. Since it is 
also tangent to the line at infinity it is a parabola. Conversely, if AB and AC 
are any two tangents to a parabola at B and C, any other tangent as VN cuts 
AB and AC so that A, B, M, ~ 7 C, A, N, ~. Hence AM:MB=CN:NA. 
Now use MN and AB as the initial tangents of the same parabola, and let MN 
be tangent at P. Then, AC being tangent at C, we have as before M, B, A, 
oP, M, N, ©; and hence AM:MB=NP:PM. Since the three ratios are 
equal, P the point of contact of MN with the parabola is the point of the 
problem. 

This property of the parabola is useful in elementary instruction, since it 
gives a simple illustration of the construction of a curve by means of its tangents. 
The line AC is divided into » equal segments and the points of division are 
numbered consecutively from A to C. Similarly, BA is divided into n equal 
parts and the points of division are numbered from B to A. The straight lines 
joining the points with the same numbers are the line elements of the parabola. 

Also solved by W. E. Buker, P. S. Dwyer, L. W. Johnson, J. H. Neelley, 
A. Pelletier, H. E. Schoonmaker and Paul Wernicke. 
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3395 [1929, 492]. Proposed by J. Rosenbaum, Milford, Conn. 


Given an n-gon, AiA2-+:-An, show how to locate a point X such that the 
vectors XA, XAo,---, XA, formed a closed n-gon. 


Solution 
Let V be the origin of vectors and X any other point. Then VX +XA;= VA; 


nN nN 
and hence nVX+)/XA;=)/VA;. A necessary and sufficient condition for 
y= 1 z=1 


41= 


1 1 
VXA;=0 is nVX=DVA,, 


1=1 t=1 
Set mVBn= >, VA;, where Bi} =A, and B,=X. Then 
i=1 


VA mai = (mM+1) VBingi—MVBmn=(m+1)[VBnsi-— VBn|+ VB. 


Hence BnA mii=(M+1)BaBmii,m=1,2,--+-,m—1. If we suppose that equal 
masses are placed at the A-points, then it is clear from the formula for the 
construction of the B-points that B,, is the center of mass of the first m masses 
(m=1,2,---,n—1) and X is the center of mass of all the 2 masses. 


Also solved by A. Pelletier. 


NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending items to 
Professor H. W. Kuhn, Ohio State University, Columbus, Ohio. 


The Annals of Mathematical Statistics is the name of a new periodical pub- 
lished by the American Statistical Association under the editorship of 
Professor Harry C. Carver, of the University of Michigan. It is a quarterly jour- 
nal devoted to the theory and applications of mathematical statistics. The 
first issue appeared in February. The Journal of the American Statistical 
Association will continue to be the official journal of that organization, but 
articles involving advanced mathematics will be published in the Annals 
rather than in the Journal. The Annals will deal not only with the mathe- 
matical technique of statistics but also with the applications of such technique 
to the fields of astronomy, physics, psychology, biology, medicine, education, 
business, and economics. An announcement in the first issue says: “The edi- 
torial policy will be to select articles that will best meet the needs of the time. 
There can be no questioning the statement that at the present time there are 
in this country many more who need stimulation in the fundamentals of 
mathematical statistics than there are individuals whose prime interest is the 
advancement of statistical theory. Therefore particular stress will be laid on 
articles of a fundamental nature during the first few years of the life of the 
Annals.” 
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The Franklin Institute has awarded a medal to Sir William Bragg, 
director of the Davy-Faraday Research Laboratory of the Royal Institution 
of Great Britain, in recognition of his contributions to the knowledge of 
atomic structure. 


The Rockefeller Institute has given funds to endow a new institute of 
mathematics at the University of Gottingen. It will be directed by Professor 
R. Courant. 


Professor R. W. Babcock, head of the department of mathematics at De- 
Pauw University, has been appointed dean of the division of general science 
of the Kansas State Agricultural College. 


Assistant Professor F. R. Bamforth, of Cornell University, has been ap- 
pointed assistant professor of mathematics at the Ohio State University. 


Professor J. W. Barker, of Lehigh University, has been appointed dean of 
the faculty of Engineering of Columbia University. 


Dr. O. E. Brown has been appointed associate professor of mathematics 
at Lawrence College. 


Professor H. M. Dadourian, of Trinity College, is on leave of absence dur- 
ing the present semester. He is spending the time in Europe. 


Dr. Lincoln LaPaz, of the University of Chicago, has been appointed 
assistant professor of mathematics at the Ohio State University. 


Professor Cassius J. Keyser, of Columbia University, delivered a lecture 
at the New Jersey College for Women, Rutgers University on January 7, 1930. 
His lecture dealt with the meanings of the terms Mathematics and Science. 


Associate Professor J. H. Neeley has been promoted to a professorship in 
mathematics at the Carnegie Institute of Technology. 


Dr. Tibor Radé, of the University at Szeged, Hungary, has been appointed 
professor of mathematics at the Ohio State University. Dr. Radé was visiting 
lecturer at Harvard University during the first semester of this year, and is 
lecturing at Rice Institute during the present semester. 


The following courses in mathematics are announced for the summer of 
1930: 

Stanford University, June 19 to August 30. In addition to the usual courses 
in calculus and differential equations, the following advanced courses will be 
given: By Professor Harald Bohr (University of Copenhagen): Theory of 
functions of a complex variable (and another course to be decided upon later). 
By Associate Professor Harold Hotelling: Probability and statistics. 


University of Texas, first term, June 10 to July 19; second term, July 21 
to August 29. In addition to freshman courses, both terms, the following courses 
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are offered: First term—By Professor R. L. Moore: Foundations of geometry; 
Theory of sets. By Professor E. L. Dodd: Mathematical statistics; Almost 
periodic functions and generalized Fourier series. By Professor A. E. Cooper: 
Advanced calculus. By Professor P. M. Batchelder: Teaching problems in 
mathematics; Difference equations. By Professor Mary E. Decherd: Calcu- 
lus. Second term—By Professor H. J. Ettlinger: Differential equations; 
Ruler and compass constructions. By Professor R. G. Lubben: Non- 
Euclidean geometry; Functions of real variables. By Professor H. V. 
Craig: Advanced calculus; Vector analysis. By Mr. C. W. Vickery: Calculus. 


University of Vermont. By Professors Bullard, Butterfield, and Millington: 
Courses in algebra, plane trigonometry, solid geometry, differential and integral 
calculus, and differential equations. 


Professor G. W. McCoard, of the department of mathematics of the Ohio 
State University, died on March 19, 1930 at the age of 80. He had taught in 
this department for forty-eight years. 


Associate Professor E. A. Pattengill, of Iowa State College, died on Feb- 
ruary 10, 1930 at the age of 55. 


THE INFORMATION BUREAU FOR APPOINTMENTS 


Members of the Association are reminded that the Association maintains 
an office for supplying information with regard to men and women available 
for appointment to college positions in mathematics. This office does not handle 
detailed recommendations, after the manner of a teacher’s agency, but supplies 
certain essential facts with regard to each candidate, together with the name of 
a sponsor from whom further information about him can be obtained. The 
aim is to keep the files as complete and up-to-date as possible. To this end, 
candidates for appointment, especially candidates for a first appointment, 
are invited to put their names on record with the office and departments in 
search of instructors are urged to avail themselves of its facilities. There is 
no charge for its services, either to department or to candidates. Registration 
blanks and information may be obtained from Professor H. W. Kuhn; Ohio 
State University, Columbus, Ohio. 


~« IMPORTANT NEW TEXTS ~ 


MODERN GEOGRAPHY, By Roger A. Johnson 


This book is designed for use as a text for college students, and especially for those who 
are planning to become teachers of high school mathematics. It provides a thorough 
introduction to the geometry of the triangle and the circle. The first part of the book 
develops a number of basic methods and principles, including the theory of inversion 
and the properties of coaxal circles, as well as a general theory of similar figures. The 
geometry of the triangle is then taken up in detail, and all the more important notable 
points and circles are discussed. While there are full proofs of all leading theorems, 
many of the corollaries, extensions, and applications are left to be worked out inde- 
pendently by the reader. Every exercise has some direct bearing on the general theory. 

$3.50, postpaid. 


AN INTRODUCTION TO MECHANICS, By John W. Campbell 


The distinctive purpose of this book is to provide an introductory text which will 
present a coherent and logical development, and which will keep Newton’s laws and 
other fundamental principles in evidence throughout. It presupposes no previous 
knowledge of mechanics, but rather builds a theory entirely independent of mechanical 
theory obtained from other sources. Calculus methods are used throughout and funda- 
mentally correct ideas and sound methods are developed from the beginning. 

$3.50, postpaid 


NUMERICAL TABLES OF HYPERBOLIC AND OTHER FUNCTIONS, By 
John W. Campbell 


An important contribution to mathematics matertals. $1.25, postpaid 


FOUR PLACE TABLES OF LOGARITHMS AND TRIGONOMET- 
RIC FUNCTIONS, By Edward V. Huntington 


The chief features of these Tables are:—the decimal division of degrees instead of 
the cumbersome minutes and seconds; the ingenious marginal tabs which make possible 
quick and accurate reference; the aids to interpolation in the tables of tenths of tabular 
differences given at the end of each line; the special tables for small angles; the ready 
legibility of the figures themselves. Much auxiliary material is included. 

75 cents, postpaid 


ELEMENTARY THEORY OF FINITE GROUPS, By L. C. Mathewson 


An elementary text, suited to graduates beginning the subject or to advanced under- 
graduates. The presentation is largely by proposition and proof, thus providing the 
student with definite facts. In proofs two methods are frequently employed,—the 
reduction ad absurdum and the quotient—group theory. The book is provided with 
carefully selected exercises for classroom use. The author is Assistant Professor of 
Mathematics at Dartmouth College. His text appears under the editorship of Dr. J. W. 
Young. . In press 
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K & E Slide Rule in College Mathematics 


The Slide Rule as a check in Trigonometry 1s now regu- 
larly taught in colleges and high schools. Our manual 
makes self-instruction easy for teacher and student. 
Write for descriptive circular of our slide rules and for 
information about our large Demonstrating Slide Rule 
for use in the Class Room. 


KEUFFEL & ESSER CoO. 


NEW YORK, 127 Fulton Street General Offices and Factories; HOBOKEN, N. J. 
CHICAGO ST. LOUIS SAN FRANCISCO MONTREAL 
516-20 S. Dearborn St. 817 Locust St. 30-34 Second St. 5 Notre Dame St. W. 


Drawing Materials, Mathematical and Surveying Instruments, Measuring Tapes 


“CCIENTI 99 INTERNATIONAL REVIEW OF SCIENTIFIC SYNTHESIS 
A Published every month (each number containing 100 to 120 pages) 
Editor: EUGENIO RIGNANO 


IS THE ONLY REVIEW the contributors to which are really international. 
IS THE ONLY REVIEW that has a really world-wide circulation. 


IS THE ONLY REVIEW of scientific synthesis and unification that deals with the fundamental 
questions of all sciences: the history of the sciences, mathematics, astronomy, geology, physics, 
chemistry, biology, psychology and sociology. 


IS THE ONLY REVIEW therefore which, while immediately interesting students of mathematics, 
astronomy, astrophysics and physics by its numerous and important articles and reports relating 
to these sciences, presents them also the means of knowing, in a summary and synthetic form, 
the chief problems of all the other branches of knowledge. 


IS THE ONLY REVIEW that among its contributors can boast of the most illustrious men of 
science in the whole world. A list of more than 350 of these is given in each number. 


The articles are published in the language of their authors, and every number has a supplement con- 
taining the French translation of all the articles that are not French, The review is thus 
completely accessible to those who know only French. Write for a free copy to the General 
Secretary of “Scientia,” Milan, sending 12 cents in stamps of your country, merely to cover 
packing and postage. 

SUBSCRIPTION: $10, post. free OFFICE: Via A. DeTogni Milan (12) 

General Secretary: Dr. PaoLto BONETTI 

Publishers: G. E. STECHERT & CO., New York; DAVID NUTT, London; FELIX ALCAN, Paris; 

AKAD. VERLAGEGESELLSCHAFT, Leipzig; NICOLA ZANICHELLI, Bologna; RUIZ HER- 


MANOS, Madrid; RENASCENCA PORTUGUESA, Porto; THE MARUZEN COMPANY, 
Tokyo. 


SNEPP’S 
TRIGONOMETRY 


"Tt contains much matter that is entirely new in a text book on 
Trigonometry and new points of views of much that is not new.” 


Thus comments its first reviewer who qualifies as the guide of 
the mathematical destinies of the university where attached and 
who adds: “I found the treatment of the subject very interesting 
and very good mathematically.” 


The work is illustrated by more than eighty geometric figures 
and many problems solved and proposed. 


Inquiries I nvited, 


Fabricoid—Pages 8 plus 196. Single copy $3.00 


The Montgomery Publishers Association 
7 East Fourth Street Dayton, Ohio 


The Fourth 
(Carus Mathematical Monograph 


©¢¢ 


Te CaRUS MONOGRAPH COMMITTEE is pleased to announce that the 
fourth number has been published and is ready for distribution. The 
title of this Monograph is ‘‘Projective Geometry’ by Professor JOHN W. 
YOUNG of Dartmouth College, now President of the Association. The 
preceding numbers are: (1) “Calculus of Variations’ by Professor GIL- 
BERT A. Buiss; (2) ‘‘Analytic Functions of a Complex Variable” by Pro- 
fessor Davip R. Curtiss; (3) “Mathematics of Statistics’ by Professor 
HENRY L. RIETZ. 


The price of these Monographs is $1.25 to institutional and individual 
members of the Association when ordered directly through the Secretary, 
one copy to each member; this is the bare cost of production. The price to 
all non-members of the Association and for all quantity orders for class use 
is $2.00 per copy, obtained only through the Open Court Publishing Com- 
pany, 339 East Chicago Avenue, Chicago, Illinois, distributors to the 
general public of Association publications. 
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DIRECTORY 

EDITORIAL CORRESPONDENCE should be addressed to the Eptror-1n-Cuier, W. H. 
Bussey, 106 Folwell Hall, University of Minnesota, Minneapolis, Minn. 

BOOKS FOR REVIEW should be sent to R. A. Jonnson, Hunter College, New York, 
N. Y 


BUSINESS CORRESPONDENCE should be addressed to the SECRETARY-TREASURER of 
the Association, W. D. Carrns, Oberlin, Ohio. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Fourteenth Summer Meeting of the Association, Providence, Rhode Island, Sept. 8-9, 1930. 


The following is a list of the sections of the Association, with dates of those section 
meetings which have been scheduled for 1930. 


ILtinots, Lake Forest, IIl., May 2-3. Missourl. 

INDIANA, Earlham College, May 2-3. NEBRASKA, Peru, Neb., May 9. 

Iowa, Ames, Iowa, May 2-3. Oxz10, Columbus, Ohio, April 3. 

Kansas, February 15. PHILADELPHIA, Philadelphia, Pa., November 

Kentucky, Lexington, Ky., April 5. 29. 

LouIsIANA-Mrississipri1, Cleveland, Miss., Roc yy OONTAIN Denver, Colo. April 
March 7-8. “a 

MaRYLAND-DIstTRICT OF COLUMBIA-VIRGINIA. SOUTHEASTERN, Atlanta, Ga. May 2-3. 

SOUTHERN CAtiForniA, University of South- 
Micuican, Ann Arbor, Mich., March 22. or ge bos Angeles, Calif, 
MINNEsoTA, Carleton College, May 17. TEXAS, 


AFFILIATED ORGANIZATIONS: THE New ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS. 
Tur NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS. 


CURTISS AND MOULTON: TRIGONOM- Freshman 
ETRY 


BAUER AND BROOKE: TRIGONOMETRY 
HART: COLLEGE ALGEBRA 
FITE: COLLEGE ALGEBRA 


CURTISS AND MOULTON: ANALYTIC 
GEOMETRY 


WILSON AND TRACEY: ANALYTIC GEOM. 
ETRY, REVISED 


Texts in 


Mathematics 


AES 
Se 


Trigonometry 


By A. R. CRATHORNE and E. B. LYTLE 
University of Illinois 


T HIS text provides a simple straightforward course in trigonometry adaptable to 
courses of various lengths. The trigonometry of the acute angle is considered first 
and the general angle taken up later, both authors having found from experience that 
this approach was easiest for the majority of students. Since numerical computation 
plays a considerable role in trigonometry, special attention has been paid to the subject 
of approximate calculation. Many problems involving the practical use of trigonometry 
are given, but all are within the range of experience of the student. The book contains 
two complete sets of exercises and problems; the answers for the set of odd numbers 
are provided in the back of the book, and the answers for both sets are given in a 
separate answer book. 


A special feature of this text is its elasticity for class use. The authors have out- 
lined in the Preface how the material in the book may be abridged in accordance with 
the needs of particular courses. Ready in June 


HENRY HOLT AND COMPANY 
ONE PARK AVENUE, NEW YORK 


NEW MATHEMATICS TEXTS 
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KENNEDY'S 
MANUAL OF 
TRIGONOM.- 

ETRY 


| 
Published in May 


This manual by E. C. Kennedy of the University of 
Texas will be welcomed by teachers of the subject. 
Its exercises cover the subject completely and may be 
used to parallel any textbook. It will eliminate much 
of the teacher’s routine work, free the class from the 
limitations of one textbook, and add to the student’s 
interest and achievement. Several pages of unusual 
and useful tables are included. The manual explains 
many important points not ordinarily found in text- 
books. 


This text by Thomas F. Holgate of Northwestern HOLG ATE ? S 


University is an unusually well organized introduction 


to the principles and methods of projective pure PROJ FECTIVE 


geometry. It meets a definite need for a textbook of 


this type. The author takes Von Staudt’s approach to PURE 
the projective relation as the most elegant and as best 


emphasizing purely geometric concepts. He has also GEOMETRY 


made free use of Reye’s Geometrie der Lage. Students 
will appreciate the author’s attempt to avoid technical 


Edited by E. R. HEDRICK 


phraseology. The text demands only a fair degree of Cloth, 286 pages 
mathematical maturity from its users. $3.00 


MOULTON’S 
DIFFERENTIAL 
EQUATIONS 


a 
Published in May 


This new text by Forest Ray Moulton occupies a field 
not hitherto covered by any book on the subject. It 
treats from both the theoretical and practical points 
of view the field of ordinary differential equations, 
exclusive of elementary and partial differential equa- 
tions. A feature of the book is the manner in which 
the author has combined high mathematical standards 
with a lively appreciation of the practical usefulness 
of the subject. He emphasizes the power of mathe- 
matics as a tool in interpreting the physical world. 
All the more important processes are illustrated by 
problems of considerable difficulty, some of which are 
of historic interest. 
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Adopted recently in many colleges 


GRAN VILLE-SMITH-LONGLEY 


Differential and Integral Calculus, Revised 


An outstanding textbook used by many of the foremost colleges 
of the country. The revision has been complete and stresses 
practical applications. The following are a few of the institu- 
tions now employing it: 

COLUMBIA U. OF MINNESOTA YALE 

NEW YORK U. U. OF MISSOURI U. OF PENNSYLVANIA 


VASSAR INDIANA UNIVERSITY U. OF NEBRASKA 
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A distinct departure in the teaching of 


CALCULUS 


By EGBERT J. MILES 


Associate Professor of Mathematics, Yale University 


and JAMES S. MIKESH 


Master in Mathematics, Lawrenceville School 
638 pages, 6 x 9, $3.75 


This book is an outgrowth of the authors’ conviction that it is desirable to make the 
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University, Va. 
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technic Inst. of Porto Rico, San German, 
Porto Rico. 
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Man., Canada. 
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RoBin Ropinson, Ph.D. (Harvard). Instr., Pror. Mrriam A. TuHompson, A.M. (North 


Dartmouth College, Hanover, N. H. Carolina). Registrar and Prof. of Math., 
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FIFTEENTH ANNUAL MEETING OF THE OHIO SECTION 


The fifteenth annual meeting of the Ohio Section of the Mathematical 
Association of America was held at the Ohio State University, Columbus, Ohio, 
April 3, 1930, the day preceding the meetings of the Ohio College Association, 
with an afternoon session, dinner, and evening session. The Chairman, Pro- 
fessor S. A. Rowland, presided at both sessions. 

Seventy-seven persons registered attendance, the largest attendance since 
ten years ago. Among these were the following fifty-two members of the Associ- 
ation: RB. Allen, L. C. Bagby, Grace M. Bareis, I. A. Barnett, P. E. Baur, 
H. M. Beatty, L. T. Black, H. Blumberg, M. G. Boyce, L.Brand, J. B. Brande- 
berry, C. T. Bumer, R. S. Burington, W. D. Cairns, F. E. Carr, R. Crane, 
W. Dancer, O. L. Dustheimer, P. S. Dwyer, T. M. Focke, B. C. Getchell, 
B. C. Glover, H. Hancock, R. C. Hildner, E. J. Hirschler, H. W. Kuhn, E. M. 
Justin, A. C. Ladner, Anna D. Lewis, C. C. MacDuffee, J. A. McLaughlin, 
Florentina Mathias, G. M. Merriman, C. N. Moore, C. C. Morris, J. R. Mussel- 
man, J. J. Nassau, R. L. Newlin, S. E. Rasor, G. Y. Rainich, P. L. Rea, B. H. 
Redditt, F. W. Reed, C. E. Rhodes, Hortense Rickard, S. A. Rowland, W. G. 
Simon, G. W. Spenceley, C. F. Thomas, M. O. Tripp, F. B. Wiley, C. O. 
Williamson. 
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The following officers were elected for the coming year: Chairman, W. G. 
Simon; Secretary-Treasurer, Rufus Crane; Member of Executive Committee, 
C. C. Morris; Member of Program Committee, F. E. Carr. It is expected that 
the next meeting will he held at the Ohio State University on Thursday, April 2, 
1931. 

The following ten papers were presented: 

1. “The solutions of a system of linear homogeneous differential equations 
with Laurent coefficients” by the Chairman, Professor S. A. Rowland, Ohio 
Wesleyan University. 

2. “Iterated integrals and difference equations” by Professor Louis Brand, 
University of Cincinnati. 

3. “Some theoretical considerations of the solar motion as determined by 
ether drift” (illustrated) by Professor J. J. Nassau, Case School of Applied 
Science. 

4. “A curve associated with a triangle” by Professor J. H. Weaver, Ohio 
State University. 

5. “The solution of linear equations by means of a computing machine” by 
Professor G. W. Spenceley, Miami University. 

6. “A topic in the theory of finite groups” by Professor B. H. Redditt, 
Kenyon College. 

7. “The mathematics club, its function and its vogue” by Professor Mary E. 
Sinclair, Oberlin College; with discussion opened by Professor F. B. Wiley, 
Denison University. 

8. “A non-technical survey course in mathematics” by Professor F. B. 
Wiley, Denison University. 

9. “Radio lessons in arithmetic” by Professor Ida M. Baker, Western Re- 
serve University (introduced by Professor Simon). 

10. “Linear vector functions, their applications and generalizations” by Pro- 
fessor G. Y. Rainich, University of Michigan, (by invitation). 

On account of the absence of Professor Sinclair, and of Professor Weaver at 
the time his paper was scheduled, the fourth paper was presented by Professor 
Crane and the seventh paper by Professor Carr. 


Abstracts of these papers follow: 


1. The method of successive integrations is used to establish a particular 
fundamental set of solutions of the system 


xi = ) O:i(t) +; (@= 1,2, +++), 
j=l 
in which the coefficients 0;;(t) are expansible in Laurent series, and the funda- 
mental equation is obtained. By using suitable transformations and making 
circuits about the origin, a canonical fundamental set of solutions is established 
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whose form depends upon the number and multiplicity of the multiple roots of 
the fundamental equation, and upon the rank of its matrix when a particular 
root is substituted in it. The functions in terms of which this canonical set is 
expressed are expansible in Laurent series whose coefficients, in turn, are ex- 
pressed by means of iterated integrals involving the particular fundamental set 
first employed. 

2. In this paper it is shown that certain n-fold iterated integrals over re- 
gions whose defining inequalities are symmetric in the variables, and whose 
integrands are likewise symmetric, may be evaluated by one quadrature and the 
solution of a difference equation. The method was exemplified by computing 
the volume of an n-dimensional sphere. 


3. Some of the difficulties of the optical theory of the Michelson interfero- 
meter were first discussed. This included the development of formulae for the 
reflection of moving mirrors and their effect in producing interference. Also the 
study of the width of fringes was given, and the possible first order effect. The 
main part of the paper dealt with the determination of solar motion (Astro- 
physical Journal, March, 1927, Nassau and Morse) assuming the second order 
effect given. In closing, the difficulties involved in reconciling Professor Miller’s 
observations with present theories were pointed out. 


4. Professor Weaver reported on his investigation of the properties of a 
curve which is associated with a triangle in the following manner. Let there bea 
triangle A,A,A; and let a point P in the plane of the triangle satisfy the equation 


LA,PA; = Lime +A) (i,j,n =1,2,3:14%j #7). 


Let A;=2/3—A/, (i=1, 2, 3). If |A/ |: |Ad |: |Ad | =i: pops (fp; relatively 
prime integers), the locus of P is an algebraic curve with multiple points of 
order p; at the points A;. If the #; are not commensurable the curve will not be 
algebraic. 


5. A Monroe computing machine is used. Transcription of numbers from 
machine to paper and back (a prolific source of error and delay) is reduced to 
the equivalent of recopying once the coefficients of the original set of equations. 
Checking at the end of each step isconvenient The method indicated a combi- 
nation of computing machines that would make the whole process automatic. 


6. This paper consisted of a discussion of the groups of movements by which 
a regular solid may be brought into coincidence with itself, special attention 
being given to the principles involved in Klein’s treatise on the Icosahedron. 
The ultimate purpose was a study of the group of degree six, and in this con- 
nection special use was made of the six lines joining the six pairs of opposite 
vertices of the icosahedron. 


7. This paper presented a resumé of the college experiance with mathematics 
clubs, especially as reflected in the Monthly and as developed in Ohio. The 
purpose of the club was discussed, and the means used to accomplish results. 
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Mention was made of such points as the composition of clubs, frequency and 
character of meetings, social features, and the use of outside speakers. Serious 
undergraduate interest and effort are a real reward to the promoters of clubs. 

8. This paper was in the nature of a report of a course given at Denison 
University, as an experiment, to non-mathematics students with the purpose 
of giving them some appreciation of the historical development and significance 
of mathematics, its philosophical background, and the logic it involves; also of 
showing, as far as non-technical methods allow, with what the different fields of 
mathematics are concerned. From the reactions of the students and the in- 
structor of the course, Professor Wiley feels that courses of this general nature 
might well receive more attention in our colleges. 

9. Is it possible to teach arithmetic by means of radio in such a manner that 
the learning process as well as the learning material is controlled and directed 
by the broadcaster? A year of experimentation in the public schools in Cleve- 
land has proved that this is possible. This experiment also points out that radio 
lessons can be built so as to eliminate waste by securing concentration and by 
furnishing carefully planned lessons and drill material; to employ efficient teach- 
ing methods that create and develop power to reason and ability to compute; 
to include useful and interesting learning material. Radio has a distinct con- 
tribution to make to education. 

10. The purpose of this paper was to point out the important role of the 
linear vector function as one of the unifying principles in mathematics. The 
idea was first introduced by several simple examples. Then the different forms 
in which the linear vector function appears (quadratic form, matrix, tensor, etc.) 
and the fundamental problems that arise-were briefly sketched and applications 
to various fields of mathematics were mentioned. The applications to mathe- 
matical physics were given more in detail, and the development in that field was 
shown to be characterized by the increasing use of tensors. Finally, the con- 
ceptions of vector and linear vector function were generalized to a space of 
infinitely many dimensions where they appear as a function and a functional 
operator respectively, and where the same fundamental problems were shown 


to arise as in the finite case. 
RuFus CRANE, Secretary 
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INTEGRAL EQUATIONS AS A METHOD 
OF THEORETICAL PHYSICS. 


By DIMITRY E. OLSHEVSKY, Yale University 


If the beginning of the development of integral equations is identified with 
the work of Volterra and Fredholm in 1897 and 1903, respectively, this chapter 
of analysis is only one generation old. Asa method of theoretical physics it is 
considerably younger, thus naturally lagging in development behind the older 
methods. As an unfortunate rule the presentation of integral equations is purely 
formal and corresponds to a point of view adapted from the methods of differen- 
tial equations. 

The popular opinion that any problem of integral equations can be reduced 
to a problem of differential equations is not only wrong, but neglects the fact 
that in most of those possible cases a simple integral equation reduces to a 
differential equation with a boundary problem. These boundary problems are, 
however, far away from the simplicity of the classical problems of differential 
equations. 

A deeper study of integral equations reveals a method of supreme possibili- 
ties, great simplicity, and direct adaptability to physical problems. The auxili- 
ary conditions are most naturally included in the integral equations. Thus the 
regions of both classical and boundary problems of ordinary differential equa- 
tions are joined and included in the integral equations. Also, problems 
ordinarily formulated by different orders of differential equations are taken 
care of by the same standard type of integral equations. Problems of one or 
many independent variables can be treated from essentially the same point of 
view, thus bridging the domains of ordinary and partial differential equations. 
Also, as will be shown in this paper, the treatment of physical problems by 
means of integral equations can be regarded as a method quite distinct from that 
of the differential equations. The resulting possibilities of generalization beyond 
the scope of the methods of differential equations combined with adaptability of 
integral equations to the methods of successive approximation, and to graphical 
and numerical solution, raises the method of integral equations to one of the 
most hopeful achievements of modern analysts. 


FORMAL CONSIDERATIONS 
Definition: An equation involving unknown functions under the sign of 
integral operators is called an integral equation. 


Classification: Integral equations are broadly classified according to the 
type of integral operators entering in the equations. An important case is 
represented by the linear integral operator of the first order: 


LUy(@]= [K(x py@ae. 
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The operator is distributive with respect to y(x). There exists a great 
variety of integral equations, new types being suggested by analytical con- 
siderations as well as by actual problems of theoretical physics and other 
domains of science. 

The linear integral equation: A linear integral equation involves only linear 
integral operators, as well as linearity with respect to the unknown function. 
For many reasons the linear integral equations have been so far the most 
extensively studied. Linear integral equations may be regarded as fitst ap- 
proximations to integral equations involving more general forms of integral 
operators. Also the possibility of regarding them as limiting cases of systems 
of ordinary equations (linear algebraic), the theory of which is already highly 
developed, yields fundamental methods of solution. 

The linear integral equations are classified according to the presence of: 

(1) a known function, not under the sign of an integral operator; 

(2) the unknown function, outside of the sign of the integral operator; 

(3) the type of limits of the integral operator; 

(4) the highest order of the integral operator. 

Thus we have the following standard types of linear integral equations (with a 
single dependent and a single independent variable): 


fe) =r J (Ko byae, 

The Volterra equation of the first kind, 
f(x) = vf Kw. or@at 

The Fredholm equation of the first kind, 
(a) =f K(x, 8) y(8a8. 

The Volterra equation, homogeneous, of the second kind, 
y(x) = vf Ke Do@ae. 

The Fredholm equation, homogeneous, of the second kind, 
yl) =f K(x By ae + f2). 

The Volterra equation, inhomogeneous, of the second kind, 


y(x) = rf K (2,8) 98d + fl2). 
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The Fredholm equation, inhomogeneous, of the second kind. 
The equation, 


h(x) + y(x) = f(x) +d i) K(«,8)y(8)dé, 


sometimes called! a Fredholm equation of the third kind, may be reduced to 
the form, 


ae f OP yeas, 


x) =——--+A 

OTS, Fe 
which is the Fredholm equation of the second kind. In the case when h(x) 
vanishes in the interval (a, b), generally (unless f and K do not vanish at the 
same points) singularities are introduced. Recently it has been proposed? 
to call this equation a singular Fredholm equation of the second kind. 

Restrictions and concluding remarks: We assume the constants a, b, and the 
variables (x, &) to be real; also, K(x, &) real and continuous for aSx,éSb. 
The known function K(x, &) is called the kernel of the integral equation. 

It may be noted that Volterra’s equations can be considered as particular 
cases of Fredholm equations. It is sufficient to substitute in the latter the 
expression, 0-K(x, &), where 0=1 for ESx, and 6=0 for &>~x, in the place of 
K(x, £) to prove the statement. This standpoint brings however only formal 
advantages; the physical meaning of a Volterra equation is quite distinct. 


RELATION OF INTEGRAL EQUATIONS TO THEORETICAL PHYSICS 


General considerations: The subject will be approached by considering: 

(a) Physical interpretation of integral equations. 

(b) Mathematical interpretation, by means of integral equations, of certain 
physical problems. 

The physical interpretation of integral equations: Physical interpretation 
of integral equations is closely connected with that of integral operators. This 
will be discussed in some detail. 

Integral operators of the general form, 


b1 bn n 
Ii(f) = { cc | K (x1%2 cc Xn S189 ms En) f(EEs cc En) [ae 


have a definite and important meaning. Consider two points in an » dimen- 
sional space. Let us suppose that an observer, situated at the (variable) point 
P(xix%2 ++ * Xn) studies the effect produced by a unit quantity (the cause) at 
another variable point Q(&é---&,). As a result of his observations he will 
obtain the function 


G(1,P,Q) = K(xi%2 ++ + Xn Eiba - + + En), 


1D, Hilbert, Grundziige einer allgemeinen Theorie d. Linearen Integralgleichungen, 1912. 
2H, T. Davis, Indiana University Studies, vol. 70 (1926). 
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which is the so-called Green’s Function for the m-dimensional space. Now let 
us assume the validity of two well known physical principles: (1) the principle 
of the superposition of the effects due to several arbitrary values of the quantity 
acting at the same point, 


(1) G(c,P,Q) = c-G(1,P,Q); 


and (2) the principle of superposition of the effects of two “unit causes” acting 
at any two different points in our space, within the specified region at the 
point of observation. This may be mathematically expressed as follows: 


(2) G1(1,P,01; 1,P,Qz2) = G(1,P,Q1) + G(1,P,Q2). 


The knowledge of (2), (3), (4) gives us the possibility of finding the effect at any 
point (xi%2 +--+ x) due to the action of the quantity “cause,” distributed with 
a known density; 


(3) f(E1&2 + + + En) 


in our “n”-dimensional space. The quantity comprised in an element of space 
at the point (&:£& - - - &,) will be represented by 


(4) c= fliéo- +> x) [Ides 
and the effect at the point (xix: - - -x») will be, according to (1), 
G(c, P,Q) = Kasia +++ tnikibe «+ + En)» fads - Gx) [Ides 


(2) gives us the right to make a summation over all points of our specified 
region. The total effect at the point (xi, - +--+ x,) will be represented by the 
integral operator: 


by bn n 
6) B= foes fo Keates oy Be fs) ods +) Tae 


It is a function of the x; only. The auxiliary variables “g;” “disappeared.” 
In the case of one-dimensional space, (5) represents the well known ex- 
pression, 


f K(x, (dé. 


The solutions of a linear integral equation have thus the following physical 
meaning: they represent functions .which (with or without addition of a 
known function) are proportional to the “effect” they produce when regarded 
themselves as “causes” in a space with properties described by the kernel. 
Thus the equation, 
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y(x) — f(x) =r i) K(x,8)9(é)dé, 


with proper form of the kernel, describes the vibrations of an un-uniform string 
under a general periodic loading. The deflection y(x) of the string with the 
addition of a known function f(x) (dependent on the kernel, loading and mass 
distribution of the string), is proportional to the integral operator. This integral 
operator, 


f KG,0 90-08 


represents physically the effect produced by y(x) in a one-dimensional space. 
The properties of this space are given the kernel K(x, £). It may be noted here 
that the solution is found to exist only for certain discrete values of the pro- 
portionality factor \. Since physically the proportionality factor represents 
in this case the square of the frequency, the problem may be interpreted as 
determination of proper values of energy for the vibrating system together 
with the proper -functions describing the corresponding shapes of deflections 
of the string. 

Mathematical interpretation of physical problems. The phenomenon of 
hysteresis: Let us start by considering the phenomenon of stretching of a wire. 
In the case of ordinary causal dependence, the strain, y would be expected 
to be a certain function of the stress p; let us say, y=f(p). Asa simple approxi- 
mation we shall expect Hooke’s law with all the advantages of simplicity in 
linear phenomena, 


(6) y=a-b. 


It was certainly a surprise to early investigators to find that the phenomenon 
simply cannot be described by such elementary mathematical methods. The 
stress strain “curves” were “not reproducible” with different specimens of 
the same material and also were dependent on the previous history in case of 
the same specimen. 

Volterra’ was first to realize that new, more powerful mathematical methods 
should be developed to describe phenomena with dependence on previous states. 
Later Painlevé pointed out that philosophically we are not forced to abandon 
the causality principle as such; it must be however abandoned formally when, 
as in phenomena of hysteresis, we reduce a problem of a great number of 
molecular variables (microscopic world) to a small number of macroscopical, 
“average” variables, capable of direct observation. 

Assuming for simplicity the validity of the superposition principle,* the 
strain at time “t” will be a sum of two effects. First, the “classical” elongation 
due to the stress p(/) according to (6); secondly, the sum of all the effects due to 


8 ee 


§ Clark University lectures, 1918; Fonctions des lignes, Paris, 1913. 
* Dropping of this restriction will lead to integral equations involving multiple integrals. 
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previous existence of stress at the moments &; running continuously from 
—o, up to the present moment, ¢. Each individual effect will generally de- 
pend upon both the time of its past activity, &, and the time of observation /. 
For unit stress each effect can be represented by the function, K(&, ¢); and if 
the past values of stress were given by a known function, p(&), the individual 
effects would be 


Now the sum of those individual effects will be represented by the integral, 


[ G00: 


and the strain under consideration is 


y(t) = ap(t) + | K(é,t)+ p(é). 


A linear integral equation is thus obtained when, physically, the variation 
of stress p(t) with time must be obtained from observations on the variation 
of strain, y(Z). 

Numerous other problems of vibrations, heat and hydrodynamics, optics 
and potential theory can be very naturally formulated and solved by integral 
equations. Their importance in the treatment of modern wave mechanics 1s 
now generally recognized.’ 


APPENDIX 
Solution of Integral Equations with Bilinear Kernel. 


Consider a Fredholm integral equation, inhomogeneous, of the second 
kind, with bilinear kernel: 


(7) y(x) = fla) +d f K(x,8) y(8)dé, 
(8) K(2,8) = Dp e)-a. 


The integral equation is supposed to be regular, i.e., the kernel K is supposed 
to represent a continuous, bounded function, finite between (a, 0); » may be 
finite or infinite; in the second case, however, the series (8) is supposed to be 
absolutely convergent. 

Substituting (8) into (7) we obtain: 


9) y(a) = fla) +f Cpaa)-qie) «y(Bae 


6 C, G. Darwin, Proceedings of the Royal Society, vol. 117A, (1928), p. 267. 
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Or 


f(x) + Dipde) «Qi, 


y(x) 
where 


0; f gilt)» y(B dk 


are certain (unknown) coefficients. 
The problem of solving the equation (7) is thus reduced to the determination 


of the coefficients Q;. 
Referring to (9) we see that 


(10) y(é) = fl +d Val’ + Qi; 


for Q; are constants. Now in the expression for Q;, 


Ov= f 9l8)-90-a8, 


make the substitution (10). 
This yields a set of equations: 


Os= f aie-se)-de +r DOr [ pale)-gueae 
Or 


(11) O1= B+ DOe-da, where Br= f gle)-/leae, 
Aw = fo pula od. 


The reader will see that (11) represents a set of linear equations with reference 
to Q;. It may be written in the form: 


Qi(1 — NA 11) — NA 1202 TF NA inQn = By, 
— NMA oii + (1— NA 22) 09— sae NA onQn = By 
— AAniQi- NA n2Q02 —™ rr + (1— NA nnJOn = By ° 


The solution is 0, =A,/A, 
where, as usual, 


(1 ~~ Ai) _ NA to sy _ NA in 
— An (1— Ag) + © + — NAop 
(12) Nef ee 
—_ NA ni —_ ANA ne "ss (1 _ NA nn) 


and 
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(1— Aq) — NA sts — Ai p41 By, — NA pt ys of — N\A 
— An (1 — Aon) > > — Ac pa Bo —dAapir  - Aon 

Ap= 
— Ant — Ang) —DNAnp-t Ba — Anpir + (1 — Ann) 


We observe that the question of the existence of a solution of an integral 
equation becomes thus closely related to the problem of the existence of a 
solution of a system of linear equations. The system is infinite if this happens 
to be the case with “zx.” 

We observe, further, that the determinant of the system, (12), depends on 
the kernel and the parameter, A, only. 

When the determinant of the system is equal to zero—this can be expected 
for not more than n different values of the parameter, \,—there exists no solu- 
tion for any f(x) =0 and a solutions (some of them identical) in the case when 
f(x) =0. The equation has thus a line spectrum of solutions, corresponding to the 
roots of (12). When the determinant (12) is not equal to zero, a continuous set 
of solutions exists for any function, f, not equal to 0. This band of solutions 
includes the trivial solution, 


y(x) = 0 for f(«) = 0. 
If we denote by a line perpendicular to the A-axis the existence of a solution, 


the results of this discussion may be represented by the following graphical 
’ scheme: 


I(x) 40 
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EVALUATION OF THE MODIFIED BESSEL FUNCTION 
OF THE FIRST KIND AND ZEROTH ORDER! 


C. C. FURNAS? 


A Bessel function is a solution of the differential equation, 
(1) ad’u 4 1 aa’ (: ~.) 0 
—— —_ ~~ u= . 
ax? x dx x? 


For real, positive integers the solution of this equation is usually represented 
by the symbol J/,,(x«), where stands for the “order” of the solution. The formula 
of this integral is 


n x? x4 
er) 
nea! 2(2n +2) 2-4(2n + 2)(2n + 4) 
The values of this integral have been determined for wide ranges of n and x 
and may be found in mathematical tables. 
If the argument is imaginary, then the substitution x =7t, where 7=+/(—1), 
transforms Bessel’s equation into 


2 J _-— 
(2) nx) = 


(3) pi? + me —(v+ f)y = 0. 
dt? dt 


One solution of this equation, for positive integral values of 1, is 


a a 
IG = 4 sana! + Tm 42) 24QnbDOnEH ) 


II represents the Gauss function and is equal to the factorial for integral values 
of n. 
The function ordinarily used, however, is 


00 1 t n+2s 
° 1 = PND = LY aeeyl) 


which is known as the modified Bessel function of the first kind. 
If n=0, 


00 1 28 
(6) i= > (=) | 


so [II(s) ]?\ 2 


1 Published by permission of the Director of the U. S. Bureau of Mines. (Not subject to 
copyright.) 

2 Physical chemist, North Central Experiment Station, Bureau of Mines, Minneapolis, 
Minn. 

3 Gray, Andrew, Mathews, G. B., and MacRobert, T. M., A Treatise on Bessel Functions, 
Second Edition, Macmillan & Co., 1922, page 254. 
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This is the modified Bessel function of the first kind and zeroth order and is 
very important in the study of certain types of heat transfer. However, the 
value of the function increases very rapidly with increasing values of ¢ and as 
far as the author knows has never been computed for values! greater than ¢= 
11.0 because of the very large numbers involved. 

It so happens in this case that there is an application which furnishes a 
means of empirical evaluation for any values of t and to any desired degree of 
accuracy. 

Consider a fluid stream flowing uniformly through a porous prism of broken 
solid particles when the initial constant temperature of the solid phase is 
different from the initial constant temperature of the liquid phase. Heat will 
be transferred from the liquid to the solid until the solid particles have acquired 
the temperature of the liquid. The equations that determine the temperature 
history of any point in the fluid or solid system have been developed and may be 
found in the literature.® 

From paper just referred to, 


oT, 
(7) —_To = I, ~~ Ts, 

02 

aT, 
(8) =1T,—T,, 

Oy 
(9) T, = T,)(U — V)e*, 
(10) T, = T(U+ Ver, 
(11) V = §1)(2iv/y2), 


where 7,=temperature of the solid at any time, 
T, =temperature of the fluid at any time, 
T)=initial temperature of fluid, 
y =a function of position in the prism, 
z=a function of the time. 
From the above equations it can be shown by simple algebra that 
T, —T, 
——— = 2Ve"¥#* = [)(2V/ ya)e7"*. 
To 
From equations (7) and (12), if y is constant, and if initial temperature of solid 
equals 0, 


(13) J ° — a J “To(2/ya)en-¥*ds. 


0 


(12) 


4 Reference 3, page 309. 

5 Jahnke, E., and Emde, F., Funktiontafeln mit Formeln und Kurven, B. G. Teubner, Berlin, 
1909, page 130. 

6 Schumann, T. E. W., Heat Transfer: A Liguid Flowing Through a Porous Prism: Journal 
of the Franklin Institute, 208, (1929), p. 405. 
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Equation (13) is the key to the solution of values of Io (2\/yz) for the integral of 
OT ;/To from zero time to infinite time must be equal to unity for the total possible 
change in solid temperature, 7, isequal to Jo. Therefore 


(14) J to2vysemrds = 1. 


A solution may be assumed for the Bessel function, and then its validity 
may be tested by the above criterion. The work may be done graphically by 
measuring the area under the curve of Jo (2 \/yz) e~¥-? plotted against z. If the 
assumed solution is correct, the area will be unity. The value of this function 
approaches zero so rapidly for large values of z that for practical purposes it 1s 


0.020 


TTPLELLLELILLLL1 
ne a - 
EE Pee \Fve200 
posh EE 7 TTI TEP 
. See TOON 
; ee a 
e poe an ee 
4 PEEP PTT PNET 
S o.oo Ok Sn 
S PEER CES i ee 
S ee a OO ee 
RE Ce A 
ee Epa 
pr TTT Hf 
Seneen ane > Sue panes SSEGemsnSenem 
Pe COOL RES 
100 125 150 179 200 225 250 275 
A 
M-4 


figure /.- Typical curve of the function [,(2Vyz)e-4* agamnst 
Z. Second approximatior?. 


not necessary to consider the function for large values of z. The rapid conver- 
gence of the function is shown by the curves of Figure 1. Since the function of 
e~¥-* can be evaluated to any required degree of accuracy, approximate values 
of I9(2\/yz) can be obtained when the trial solution has been shown to be 
approximately correct. If a planimeter is used in measuring areas, the degree 
of accuracy is limited by the possible experimental error in the use of the in- 
strument. In the present instance the largest error was 0.4 per cent. This was 
taken as the limiting accuracy of the determination. Greater accuracy could 
be obtained by using larger areas. 

In the solution, y of equation (14) was considered constant and the integral 
evaluated for the specified limits of z. 
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For simplicity it will be considered that 
(15) 2/ ys = x. 


For values of x greater than 10, Io (x) is closely approximated by the simple 
formula, 


QUANTITY TO BE ADDED TO COMPUTED LOG) Zo () 
] | + & 
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log Io(x) = ax + db. 


The first trial solution, obtained graphically, is 


logio Zo(x) = 0.433490” — 1.0840. 


(16) 


QUANTITY TO BE ADDED 


TO COMPUTED LOG joJ 0 (2) 
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This solution has been tested for error by the criterion given above and the 
quantity to be subtracted from the computed value of logiol o(x) for an accurate 
second approximation is shown in Figure 2. 

The correction terms represent the cumulative error in the integral from 
zero to infinity for the particular value of y considered. As an aid in operation it 
was considered that this error all occurs at the maximum point of the curve. 
This maximum comes at a point where 2 is approximately equal to y (y, con- 
stant). Therefore the correction term for each value of y is applied to the as- 
sumed solution when x =2y. 

It was found that it was possible to obtain a second correction curve (see 
Figure 3) within the prescribed range of accuracy thus giving a third approxima- 
tion. 

The computed values of I(x) for values of x up to 1,000 are given in Table 1. 


TABLE 1. 


Values of the Modified Bessel Function Jo(x) 
(The last significant figure is doubtful) 


x I(x) x I(x) 
12 1.901 10 90 5.177 X 1087 
14 1.285 105 100 1.084 « 10% 
16 8.867 X 105 200 2.037 X 10% 
18 6.107 X 108 300 4.467 X 10128 
20 4.274107 400 1.052 X10!” 
30 7.757 X10"! 500 2.541 10215 
40 1.498 x 1016 600 6.295 K 108 
50 2.955 x 102° 700 1.545 X 1080 
60 5.948 x 10% 800 3.846 x 10% 
70 1.211 1029 900 9.840 x 10388 
80 2.496 X 1038 1000 2.547 X 10482 


LARGE-NUMBER DIVISION BY CALCULATING MACHINE! 
By HARRY H. LAUGHLIN? 


In many laboratories which use calculating machines, there frequently 
arises the necessity for the division of numbers greater than the direct capacity 
of the particular available machine. Thus far no accurate and practical ma- 
chine-method for doing this has been worked out. In making such computations 
therefore, recourse is had to the usual and laborious “hand-method.” 


1 A new and practical method of accurate division in case the dividend and the divisor each 
comprises any number of digits keyond the direct machine-capacity. 

2 Eugenics Record Office, Carnegie Institution of Washington, Cold Spring Harbor, L. I., 
N.Y. 
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In the development of a useful machine-method for such division the 
following specifications must be fulfilled: 

1. The method must be accurate to any desired degree, which degree can be 
readily provided for and judged. 

2. The method must accommodate dividends and divisors of any number of 
digits. 

3. The principle must be direct and simple. 

4. Processes of trial and error, other than as in ordinary division to deter- 
mine the next digit of the quotient, must not be required. That is, more com- 
plicated processes of trial and error involving at one time a considerable block 
of the whole process must not be used. 

5. The process must be such that the probability of making mistakes will 
be relatively low. 

6. The amount of time and labor required must represent a great saving 
compared with the usual “hand-method.” 


Division: Case A. 


The division of large numbers by the calculating machine falls logically into 
two cases. The first of these cases is presented as follows. 

Case A: Division by calculating machine in problems in which the dividend 
(significant digits) consists of any number of digits greater than the direct 
machine-capacity, and the divisor (significant digits) is within the direct ma- 
chine-capacity. 

1. Method: Dividend Sectioning. 

2. Principle: Based on the fact that in the dividend the left-hand digits are 
first used up, while the right-hand digits (still beyond the number of digits of the 
divisor plus those consumed from the left of the dividend) are not yet reached. 
Consequently, at any stage before the first digit to the right of the particular 
dividend-block is required, the division thus far is correct; when carried to such 
a stage in the first dividend-block the quotient can be set down so far: the re- 
mainder of the first block of the dividend moved to the left; and additional 
digits of the original dividend added to the remainder’s right. This process can 
be repeated block by block as the divisor moves to the right. 

By this method a dividend of any number of digits can be handled by a 
machine of any direct dividend-capacity and the quotient can be carried to any 
desired number of digits. 

3. Procedure. 

(1) Set up on carriage the left-hand digits of the dividend, to the machine- 
capacity. 

(2) Work through with the complete divisor as far as possible, 7. e., to the 
capacity of the machine. 

(3) Set down on paper the digits of the quotient thus far found. Add, to the 
right of such quotient, ciphers equal to the number of digits of the divisor minus 
number of digits of the remainder. 
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(4) Set up on key-board the digits of the unused remainder of the dividend 
as shown on the carriage. Clear carriage. 

(5) Set up on the dividend carriage, to the extreme left, the remainder (4); 
and add on the next block of unused digits of the original dividend, until the 
dividend-capacity is again reached. 

(6) Continue the division with the original complete divisor. 

(7) Add on the new digits of the quotient to the right of the partial quotient 
(3) already found. Caution: If in any sectional division following the first, 
the first digit of the dividend < the first digit of the divisor, a zero will appear as 
the first digit of the quotient. Such an initial zero should be ignored, 7 e., not 
included in the quotient. 

(8) Continue this “dividend sectioning” process until the quotient is carried 
to the required number of digits. 

(9) Point off decimal places in the quotient by the usual rule. 

4. Example: On a calculating machine with a dividend-capacity of 15 
digits, a divisor-capacity of 8 digits, and a quotient-capacity of 8 digits divide 


493, 725, 812, 976, 932, 814 by 85, 675, 492, 


correct to the number of digits necessary to prove the work by restoring the 
dividend, by multiplying the quotient by the divisor, such product being correct 
to the number of digits in the original dividend—in this case 18. 
First sectional division. 
Dividend = 493, 725, 812, 976, 932 =first 15 digits of the whole dividend. 
Divisor = 85, 675, 492 = whole divisor. 
Remainder = 56, 857, 868. 
Second sectional division. 
Dividend = 56, 857, 868, 814=remainder of first sectional division plus 
added unused digits of the original whole dividend. 
Divisor = 85, 675, 492 =whole divisor. 
Remainder = 53, 845, 868. 
Third sectional division. 
Dividend = 53,845,868 =remainder of second sectional division plus 
added unused digits (if there be any) of the original whole dividend. 
Divisor = 85, 675, 492 = whole divisor. 
Remainder = 35, 997, 896. 


Fourth sectional division - - - and so on. 
Quotient =5, 762,742, 663.642,1 62, 85x, «x 
Digits Digits Digits 
from 1st. from 2nd. = from 3rd. 
sectional sectional sectional 
division. division. division. 


Carry to 8 decimal places. There being 8 integral digits in the divisor, the 
error in the product (quotient X divisor = dividend) is less than 1, as demanded. 
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5. Proof: Quotient X divisor 
=5, 762, 742, 663. 642, 162, 8585, 675, 492 
= 493, 725, 812, 976, 932, 814.117, 872, 20 
= the original dividend with anerror <1. QE. I. 


Division: Case B. 


The second type, here referred to as Case B, comprises those problems in 
which the dividend may be either greater or less than the direct machine- 
capacity, but in which the divisor comprises any number of digits greater than 
the direct divisor-capacity of the machine. The problem in which both the 
dividend, “a,” and the divisor “b-++c” are greater than the direct machine- 
capacity presents the greatest difficulty in machine-division. The method here 
worked out consists in converting the problem from one of division into one of 
multiplication. It requires finding the reciprocal of the final divisor which is 
first transformed so that such reciprocal can be found without using a divisor 
larger than the direct divisor-capacity of the machine. This transformation of 
the process from division to multiplication! is the essential feature of the present 
method, and it enables the computer, with accuracy and ease, to carry the quo- 
tient to any desired number of digits. 

One significant feature of the present method consists in the fact that no 
matter how many digits there may be in the divisor it is only necessary to 
separate the divisor into two sections—section “b” comprising the left-hand 
digits of the divisor to the direct divisor-capacity of the machine, and section 
“c” the remainder of the divisor-digits regardless of their number. 

The method, principle, procedure, example, and proof of this type of ma- 
chine-division are as follows: 

Case B. Division by calculating machine in problems in which the dividend 
(significant digits) consists of any number of digits greater than the direct ma- 
chine-capacity, and the divisor (significant digits) consists of any number of 
digits greater than the direct machine-capacity. 


1 Note: Because the simplified method of division of large quantities by the use of the cal- 
culating machine as presented in this article involves the multiplication of large numbers, the fol- 
lowing well-known method of multiplying numbers in excess of the direct machine-capacity for 
multiplication is here presented: 

Principle: (atb-++ +n)X(ptq-::+> +n’) =aptagq::: +an’+bp+bq-++ +bn'+np 

tng: ++ +nn! 
Example: Multiply 394,783,521,743 by 831,624,631,955 on a machine with a multiplication- 
capacity of 6 digits by 6 digits. 


a= 394,783 xxx, xxx bp =831,624, xxx, xxx 
b= 521,743 q= 631,955 
ap =328,311,017,592,000,000,000,000 
aq = 249,485,090, 765,000,000 
bp = 433,894,000,632,000,000 
bg = 329,718,097,565 


Product =328,311,700,971,421,115,097,565 
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1. Method: Transformation to multiplication by divisor-reciprocal. 

2. Principle: Based on the principle that if in all required divisions the divi- 
sor will fit on the key board (i.e., is within the divisor-capacity) the computa- 
tion can be completed on the particular machine. 

The task then is to find a method which will call for no divisions not within 
the direct divisor-capacity of the machine. 


a a/b a 1 
a) pro teen 7G) re) 


0 eel -G)+Q)-@) 


c\@ 
“G) | 
(3) Substituting (2) in (1), 


ree G)LG)+G)-G) 2G) } 


(3) calls for no divisor greater than 3, i.e., the divisor-capacity. It being pre- 
viously demonstrated (see footnote 1) that any two numbers regardless of size 
can be multiplied by a calculating machine of any limited capacity, and that 
(by Case A) a machine can divide any dividend howsoever large, by any divisor 
which is within the divisor-capacity of the particular machine, therefore the 
present computation can be readily carried out on any machine. 

3. Procedure: 

(1) Separate the divisor into two sections, “b” and “c”. 

(2) Let the first section “b” consist of the left-hand digits to the divisor- 
capacity of the machine (or fewer if more convenient), followed by ciphers equal 
to the number of remaining integral divisor-digits. 

(3) Let the second section “c,” consist of the remaining digits of the divisor 
so that the entire divisor equals b-+c. 

(4) If the particular section of the divisor be a decimal then of course the 
significant digits of such section should be preceded (instead of followed) by the 
correct number of ciphers, and a decimal point. 

4. Example: On a calculating machine with a dividend-capacity of 15 
digits, a divisor-capacity of 8 digits, and a quotient-capacity of 8 digits, divide 


493, 725, 812, 976, 932, 814 by 856, 754, 923, 849 


correct to the number of digits necessary to prove the work by restoring the divi- 
dend, by multiplying the quotient by the divisor, such product being correct to 
the number of digits in the original dividend,—in this case 18. 
Let a =493, 725, 812, 976, 932, 814 

b= 856, 754, 92x, xxx 

c= 3,849 
(1) (a/b) =576, 274. 2616, 364, 216, 2|85, x. 

l m n 
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Divide by the Case A method. Carry to 12 decimal places (i.e., the number of 
integral digits in the divisor), so that, when “quotient X divisor =dividend” is 
found, the error, as required, will be less than 1. Section into 8-digit places for 
multiplication. 


Find [1—(c/b)+(¢/b)?—(¢/b)§ - - -]. 


(2) (c/b) =.000,000,004,492 533,291 + 
Divide by the Case A method. Carry to 18 decimal digits, i.e., the number of 
integral and decimal digits in (a/b). 
(3)  (c/b)?=.000,000,000,000,000,020+ 
Use enough left-hand significant digits of (c/b).to make (c/b)? correct to 18 
decimal digits. 
(4)  (€/D)B Soo eee ; 
beyond range of accuracy required in present computation. Therefore neither 
(c/b)* or any higher power of (c/0) in this series is required. 
(5) 1—(c/b) =.999,999,995 507,466,709 
(6) 1—(c/b)+(c/b)? =.999,999,99 |5, 507,466, 7 |29 
r S i 


Section into 8-digit blocks for multiplication. 
In a/.b+c) =(a/b)- [1—(c/b) + (c/b)? — (c/b)? » » + (c/b)* | find quotient, Q. 


> cross-products of blocks /, m, n, in (a/b), and of blocks 7, s, #, in 


we G)+G)-G)#G). 


equals Q. 1Xr= 576,274-254,237,257,400 «xx «xx 
lXs= -003,173,811,297 xxx xxx 

IXt= -000,000,000,017 xxx xxx 

mxXr= -006,364,216,136, xxx xxx 

mxXs= -000,000,000,035 xxx xxx 

mxXt= -000,000,000,000 xxx xxx 

nxr= -000,000,000,085 xxx, xxx 

nxs= - 000,000,000 000 xxx xxx 

nxt= -000,000,000,000 xxx xxx 


Quotient => =576,274.263,775,284,970, 


which is correct to 12 decimal places. Cutting off right-hand digits, beyond 12 
decimal places, limits the accuracy of Q to 12 decimal digits, and therefore, 
limits the accuracy to the restored dividend (Q Xdivisor), since there are 12 
integral digits in the divisor, to 12 —12=0 decimal places, i.e., to <1 unit. 
5. Proof: Quotient X divisor 

=576,274.263,775,284,970 X 856, 754,923,849. 

= 493,725,812,976,932,813.720,624,249 530 

= the original dividend, with an error<1. Q.E.I. 
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SYSTEMATIC ARRANGEMENT OF WORK 
Sheets or cards printed or drawn in the following manner! enable the computer to arrange 
the work of division of large numbers in an orderly and convenient fashion: 
TO DIVIDE A DIVIDEND BY A DIVISOR, EACH TOO LARGE FOR DIRECT MACHINE-CAPACITY 
Each ruled space is for three digits. 


The first block of a should comprise digits equal to the dividend-capacity of the machine. 
Subsequent blocks of a generally will comprise digits equal to the divisor-capacity, but in special 
cases will comprise more. (See (5) under Case A, Procedure.) 


Block b should comprise digits equal to the divisor-capacity of the machine; block c the 
remainder of the divisor. 


Blocks J, m, n, and o; and 7, s, t, and u each comprise digits equal to the multiplier-capacity 


of the machine. 
pee | | TT TE | LL 
y TCU EEE 


6G F = ico 


x 
x 
° 
ll 


Cao NI Dn FF WwW 
“A 
x 
~ t 
| 


an 
x 
2 
ll 


uxt | | 1 | 

Quotient 

ssreoto=t | | | | ft | 
Error in e<(4)" m (¢ )= 


n-+ 1 = next unused power of (§) . 


1 This particular sheet is ruled for a machine-capacity of 15 dividend digits and 8 divisor digits. 
In practice, sheets 7 by 9 inches in size have proved generally satisfactory. 
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THE p» DIMENSIONAL ANALOGUE OF SMITH’S DETERMINANT 
D. H. LEHMER, Brown University 


Discussions of determinants of more than three dimensions are, as a rule, 
necessarily beset with such typographical difficulties that they are quite 
formidable to the casual reader. It is possible however, to give a simple treat- 
ment of certain determinants of any number, ~, of dimensions. The determinant 


discussed in this note is the outgrowth of the remarkable plane determinant of 
H. J. S. Smith 


n 


(1) la] =lFG,/ | = IL fe) 

po] 
where F(z,7) is an arbitrary function of the greatest common divisor (i, /) 
of 2 and 7, and where 


(2) Lif(6) = F(n), 

6/n 
the summation, as indicated, extending over the divisors 6 of n. According to 
the well known Dedekind inversion, 


(3) {(m) = uF (5)u(n/9) , 
Jn 

where p is the familiar Merten’s inversion function.! This plane determinant has 
been the subject of a number of papers by Smith, Cesaro, Mansion, Catalan and 
others.” Gegenbauer® has considered some highly general determinants whose 
elements are complicated functions of a general set of integers. He states that 
Smith’s determinant is a very special case of one of these. It is doubtless true 
that at least one of Gegenbauer’s determinants can be sufficiently specialized to 
produce the determinant discussed below. After several genuine efforts the 
present writer admits his inability to perform the necessary simplifications. 
Inasmuch as the result of the present note is simple and the proof not more 
difficult than that given by Cesaro in the plane case, it would seem of interest to 
bring to light the simplest extension of Smith’s determinant to » dimensions. 

Consider the determinant A,® of dimensionality or class p and order n 
whose general element is 


(4) Gizige ip = Pit, ie, a) tp), 
where Fis an arbitrary function of the greatest common divisor (41, 42, - - +, 4p) of 
the indices 71, 72, - * °,2p. 


1 Dickson, History of the Theory of Numbers, Vol. 1, Ch. 19. 

2 Dickson, loc. cit., Chap. 5. 

3 Sitzungsberichte, Akademie Wien, IIa, vol. 101 (1892), pp. 425-84, See also Lecat, Legons 
sur la Théorie des Déterminants ad n Dimensions, Gand, 1910, Book 2, Chap. 3. 
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Theorem: The value of A,” is independent of p and is 


IIf@) where Dif) = F(n). 
pol é/n 
Proof: If we fix one of the variables, say 7», at a certain value A, then 
Qisige++ép-,4 Will range over a matrix Sy, of class p—1 and order 2. Let us add to 
each element of the matrix S,(A=2) a linear combination of the corresponding 
elements of the matrices S; where 6 ranges over the divisors (less than 7) of n. 
This will not alter the value of the determinant.‘ Let us choose that linear com- 
bination in which all the elements of S, are multiplied by u(n/A). Then the 
elements of the matrix S, become 
(5) DF (it, is, a) tp—1,6)u(n/6) . 
é/n 
To evaluate this sum let us consider the function e(x) which is 1 or 0 accord- 
ing as x is or is not an integer. Then in view of (2) 
(6) dof (d)e(v/6) = F(n,»). 
é/n 
In fact the only terms which contribute to the sum are those for which 6 divides 
yas wellasn. Inverting (6) we get 


(7) DF (v6) u(n/d) = f(n)e(v/n). 
6/n 
To obtain (5) we set vy = (1%, te, - + -,2p-1) and since ( (a, 0), c) =(a, 0, c) we have 
DF (iti) +++, ip,8)u(n/6) = f(re(Se 2), 
b/n nN 


This shows that all the elements of S, are zero except the corner element for 
which 1;=22= + + +=%p_1=1,=n, whose value is f(z). Expanding the deter- 
minant by minors over the elements of S, and noting that the cofactor of the 
corner element is precisely A,_,), we have 


(p) (p) 
An = f(m)An. 


But A,” = F(1) =f(1). Consequently 


a? = TTyo), 


which is the theorem. 
Gegenbauer’s method consists in factoring the given determinant of class 
r-+s—2 into the product of two known determinants of class r and s. His 


4 See for example, Rice, Amer. Journal of Mathematics, vol. 40 (1918), p. 247. In case p 
is odd certain precautions are necessary in the general determinant on account of asymmetry. 
This does not affect the argument, however, because our determinant is p-way symmetric. 
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method is considerably simplified, at least in the present case, if we let r=2 and 
s=p. Our determinant can then be shown to be the product of the following two 
determinants: 


A? = [ae(=) 
J 


One finds without difficulty that Dz=1 andD, =I/,;_, fv). To carry out the details 
of this proof requires more of the theory of the general p-dimensional deter- 
minant than is necessary in the proof we have actually given. 


THE LAGRANGE SOLUTIONS OF THE PROBLEM 
OF THREE BODIES 


By W. MARKOWITZ, The University of Chicago 


In section 169 of his An Introduction to Celestial Mechanics, F. R. Moulton 
discusses the solutions of the problem of three bodies in which the ratios of the 
mutual distances are constants. He assumes that the plane containing the three 
bodies remains fixed in space or else moves parallel to itself. Let the masses of 
the three bodies be m;, m2, and m3, respectively, and let the £, 7-plane be the 
plane of motion. Then the differential equations of motion of the first body 
with respect to the center of gravity are 


dé, _ mo(Ey — &)  —ms3(E1 — &s) 
(1) di" i or - or 

d?ny _ meo(n1 — no) m3(m1 — 3) 

er ee ee 


The equations of motion for m:, and m3 are obtained by cyclical permutations 
of the subscripts. 

Suppose the coérdinates of m,, m2, and m3 at {=f are, respectively, (%1,y1), 
(x2, y_), and (x3, v3). Let the respective distances from the origin be 7,, 7, and 
r,©. Suppose the angles that 7,, 7, and 7; make with the £-axis are qu, 
d2, and ¢3; then, as Moulton shows, 


a1 = 71) cosdi, %2 = 72 cos de, «3 = 73 cos os, 


Vi 


(2) 


I 


mn sin di, Ve = 72 singe, y3 = 73° sin gs. 


The coordinates of the bodies at time ¢ are (£., 7;), (£2, 72), and (&, 73). The 
mutual distances at / are 


P71,2, P7%2,3, PY1,3; 
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p being the proportionality factor, and the 7’s being the values of the mutual 
distances at 4%. Since the shape of triangle formed by the three bodies does 
not vary with the time, it follows that the radii vectores “7, 72, and r3 have the 
following values: 


(3) n= rp, to = 42 p, R30 r3p, 


Moreover, the radii 7,, 72, and r3; will have turned through the same angle @. 
Hence 


€&; = 7, p cos (6 + 91) 
m = 7171p sin (6 + ¢1) = (41 sin @ + y; cos A)p. 


(x, cos 6 — y; sin O)p, 


(4) 


Similar expressions for &, 72, &, and 73 are obtained by permuting the sub- 
scripts in (4) cyclicly. 

If we transform the equations of motion, (1), by (4), and make use of a sub- 
stitution employed by Moulton, 


(5) ¥ = p*(d0/dt), 
then the following set of equations is obtained: 


d*o y, dy y? 1 te — Xo) n m3(x1 — =I 1 


dt? xip dt p8 


r yr 
1, 


me — - ys 4 mays — aa 1 
— >] 
dt? Vip dt p? yy 

1 


ma — ae) 4 males — i 1 


(6) 


——_—-—_-__-__. ; ) 
2,1 p 


1 frmloa — - a) 4 malas — =I 1 


a FO 


2 


d*p x, ap y ae — -y) 4 72 = uh 1 


v3 


2,3 p 
d*p x3 ap yy 1m — yy) m3 — el 1 
eee eee eee eee ed LL _ + ee 
dt? -ysp dt p® ys r r p? 


Equations (6) are the necessary conditions for the existence of solutions in 
which the ratios of the mutual distances are constants. Inasmuch as only two 
variables, p and y, are to: be determined by these six equations, it follows that 
all the constants entering in them cannot be independent. It is evident that 
solutions of (6) will exist if the coefficients of corresponding terms in p and y 
are the same in the different equations. That is, if 
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M(x — %2)  ms3(x1 — x) ; 
—_——— — = NX, 
r r 
1,2 1,3 
m(y1— Yo) | ms(y1 — ys) v5 
a int yn, 
r? r 
1,2 1,8 
M3(X2— X3) — mi( x2 — %1) 
(7) 4 = ny, 
73 v3 
2,3 2,1 
ms3(Yo— 3)  milyve — V1) 9 
a ae 5 
7 7 
2,3 2,1 
m( x3 — x1) Mo( x3 — Xo) 9 
+ = n'XxX3, 
r r 
3,1 3,2 
mi(ys— Vi)  m2(¥3 — Yo) 
—— + = n* yz, 


where 7? is the common constant value of the bracket in the right side of (6), 
and 


(8) dy/dt = 0. 
As an alternative to (8), Moulton gives 
(9) yi/ X1 = yo/ Xo = y3/ X35. 


Moulton states that these equations, (7) and (8) or (7) and (9), could be 
shown to be necessary by expanding the solutions of (6) as power series in t—t 
and then equating the coefficients of the various power of t—%. This process, 
however, is difficult to carry out in practise, and another method will be given 
to show the necessity of equations (7) and (8). 

Let us multiply equations (6) by —m, x1 y1, +71 %1 V1, — Mz X2 Yo, +My Xe Vo, 
— Mz X3 y3, and +ms3 x3 3, respectively, and add. The result is 


1 dy 
(10) —[mi(a2 + y2) + mo(ae + ye) + ma(ae + ye) J = 0. 
p 
Hence, the condition 
dy 
(11 —=0 
dt 
is a consequence of equations (6). 
By substituting this equation in (6), the set (7) is obtained. It follows, there- 


fore, that equations (7) and (8) are both necessary and sufficient conditions for 
the existence of solutions of (6). 
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A SPECIAL BIRATIONAL CUBIC TRANSFORMATION 
BETWEEN TWO 3-SPACES IN 4-SPACE 


B. C. WONG, University of California at Berkeley 


A general birational cubic transformation between two 3-spaces S3; and 
S3’ transforms a line or a plane in either 3-space into a twisted cubic curve or 
a cubic surface in the other 3-space. In S3 there is a sextic curve, J*, of singular 
points which transform into lines in S3’ forming an octavic surface 7’8 trisecant 
to a sextic curve J” of singular points in S3’. The points of J’* have for images in 
S3 lines trisecant to J® and forming an octavic surface 78. The two curves J, 
J’® and the two surfaces 78, 7’8 are all of deficiency 3. 

It is the purpose of this note to notice a special case of this transformation 
in which the curves J* and J’® degenerate in a certain manner. This case is not 
unknown but the manner of obtaining it seems new and interesting. 

To obtain this special transformation we assume in S, a quartic surface F 
which is the projection of a Veronese surface in S; and whose projection upon 
any S3in S,is a Steiner’s quartic surface. This surface F has one apparent triple 
point. From any point P in a given 3-space in S, let a line be drawn incident with 
F three times and let this line meet another given 3-space $3’ in S, in a point 
P’, Pand Pf’ are said to be corresponding points of the transformation. From 
the very nature of the construction we see that the transformation is birational. 
To show that it is of order 3 we notice that the lines meeting a plane once and 
F three times form a cubic hypersurface, for any 3-space through the plane meets 
the hypersurface in the plane itself and a quadric surface whose rulings are 
trisecants of the unicursal quartic curve in which F is met by the cutting 3- 
space. 

Let K4 and K” denote the unicursal quartic curves in which S3 and 53’ 
intersect F respectively; Q the quadric surface of trisecants to K* and Q’ that 
of trisecants to K”; s the plane common to S3 and S’3; and K? and K” the conics 
in which s meets Q and Q’ respectively. 

It is not difficult to see that the sextic curve J°(J"*) of singular points in 
S3(.53’) is made up of K* (K"”) and K” (K?) and that the ruled octavic surface 
78 (7'8) in S3 (S3’) is made up of the quadric surface Q (Q’) and asextic surface 
W (W’) whose rulings meet K? (K”) once and K* (K") twice. The images of the 
points on K” (K?) considered as points in S3 (S3’) are generators of Q’ (Q) in 
S3’ (S3) and those of the points on K* (K”) are the generators of W’ (W). 
The points of s not on K® or K” are their own images. 

A plane f in S3 (or f’ in S3’) has for image in S3’ (Ss) a cubic surface F” 
in S’s (or F8 in S3). Since f meets every line of Q, its image F”% passes through 
K*. The plane s meets F”? in K? and hence in a line besides. This line is the in- 
tersection of s with f. The image of the plane s is a degenerate cubic surface 
consisting of s itself and a quadric surface. This quadric surface is Q’ if s is 
considered as belonging to S3 and Q if s is considered as belonging to 5,’. 
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Now consider some further special cases. First, let S3’ remain general and 
S3 pass through a tangent plane of F,i.e., meet Fina pair of conics L, M having 
a point in common. L meets the plane vm of M in a further point P, and M 
meets the plane v, of Z in a further point P;. The lines of v,, and v: passing 
through P; and P,, respectively are to be considered as trisecants of the quartic 
curve K*=L+ WM and hence the quadric surface Q consists now of the two planes 
V1, Um and the conic K? of the two lines k:, km in which s meets v; and vm, respec- 
tively. The sextic curve J*in S; is now composed of three conics, L, M, and K”, 
the last conic being the intersection of s with Q’ in S’3, and the octavic surface 
78 of the two planes v:, v» and the sextic surface whose rulings meet the conic 
K" once and L, M also each once. The J” in S’s is composed of K* and the two 
lines 21, 2m and the 7’8 has degenerated into the quadric surface Q’ and two cubic 
surfaces. The generators of one of the cubic surfaces cut across k; and those of 
the other cut across km but the generators of both are bisecants of K‘. 

If both Ss and S;’ are tangent to F, then both J* and J’* are each composed 
of two conics having one point in common and two intersecting lines lying in 
s and each meeting a conic twice. Both 7® and j’8 are each composed of the planes 
of the conics and two cubic surfaces. 

Now if the quartic surface F in Si degenerates, we obtain further special 
cases. F can degenerate only in two ways, either into a quadric surface and two 
non-incident planes intersecting the quadric surface in two non-intersecting 
generators or into four planes one of which meets each of the other three which 
are non-incident in a line. 

Consider the first case. The curve K4 (K”) in which S3 (.S3’) assumed general 
meets the degenerate F is now composed of a conic C? (C’”) and two skew lines 
1, m (l', m’) each intersecting C? (C”) once. The lines incident with C’, J, m, 
(C’, 1,’ m') form the quadric surface Q in S; (Q’ in S3’) whose intersection K’ 
(K"*) with s common to $3 and S;’ forms with C”, 1’, m’ (C?, 1, m) the sextic 
curve J” in S3’ (J® in S3). The ruled octavic surface 7® in S3 (7’8 in S3’) is now 
composed of four quadric surfaces. 

The other case may be obtained by assuming three general planes uw, v, w 
in Sy. These three planes and the plane ¢ determined by the three points in 
which they intersect two by two may be considered as a degenerate Ff. An S; 
meets the configuration of these four planes in four lines /.,, /,, lw, J, of which the 
first three are skew and the last is incident with each of them. The quadric 
O is formed by the lines cutting across /,, J», ly and the 7? is now composed of 
O and three cones with vertices on the line /; where it is met by the lines /,, 
l,, /,. The configuration in S3’ is similar. 
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QUESTIONS AND DISCUSSIONS 


EDITED BY R. E. GILMAN, Brown University, Providence, Rhode Island 


The department of Questions and Discussions in the Monthly is open to all forms of activity in 
collegiate mathematics, including the teaching of mathematics, except for specific problems, especially 
new problems, which are reserved for the department of Problems and Solutions. 


A NOTE ON GEOMETRICAL APPLICATIONS OF COMPLEX NUMBERS 


By S. A. SCHELKUNOFF, Bell Telephone Laboratories Inc. 


The writer was greatly pleased with Professor L. L. Smail’s suggestion 
of geometric problems for illustrating the use of complex numbers.! On several 
occasions in his teaching (at the State College of Washington) the present 
writer used similar illustrations, although he favored a somewhat more direct 
application of the algebra of complex quantities. The purpose of this note 
is partly to point out the difference in the two methods of approach but mainly 
to say another word for the cause. To make the comparison of the two methods 
effective, we shall discuss some of the problems treated by Professor Smail. 

It is hoped that in this way we can illustrate the effectiveness of the algebra 
of complex numbers in certain types of geometric problems. We wish to em- 
phasize the fact that in the following proofs we do not separate the real and 
imaginary parts of complex numbers and that thereby we obtain simple and 
elegant demonstrations. It is readily granted that in some problems such 
separation, evidently preferred by Professor Smail, is advantageous. However, 
even in treating problems involving distances, it is often convenient to use 
conjugate complex numbers to avoid the separation into real and imaginary 
parts. 

In this article we shall make use of the following simple propositions: 


(a) If k ts real, then kz and z represent parallel vectors whose lengths are in 
the ratio k:1; 

(b) If 2: and 2% are the complex numbers representing respectively points A 
and B, then 3(%1 +22) represents the mid-point of the line-segment AB. 


C(zs) 


A (z,) B(z2) 


Fic. 1 


1Smail, Lloyd L,, Some geometrical applications of complex numbers, in this Monthly, vol. 36 
(1929), pp. 504-511, 
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We shall now prove a few geometric theorems: 


Theorem 1: Lhe line-segment joining the mid-points of two sides of a triangle 
1s equal to half the third side and 1s parallel to it. 


Proof: Let the complex numbers corresponding to the vertices of any 
triangle in reference to some origin be as shown in Fig. 1. Then, the complex 
numbers representing the mid-points / and F are immediately found, and we 
have: EF=3(z.—2). But, we have also: AB=2,—2,. Hence, the theorem 
follows. 


Theorem 2: The line-segments joining the mid-points of opposite sides of any 
quadrilateral bisect each other. 


Proof: The procedure is similar to the above. Thus, in the notation of Fig. 
2, the mid-point of EF is represented by the complex numbers, 


E13 (21 + 24) + (22 + 29) } = F(a + 22 + 23 + 24), 
and the mid-point of MJ is represented by 


L{ A(z) + ao) + Ez + 24)} = 2(21 + 22 + 23 + 24), 


which is equal to the above. Hence the theorem is proved. 
The complex number representing P can be also written as follows: 


(gy + go + 23 + 24) = $f 8 (21 + 22) + (ao + 2a) } 


where 4(2:+23) evidently represents the mid-point K of the diagonal AC and 
1(z.+2,) the mid-point L of BD; hence P is also the mid-point of KL. 
Thus, we have the following: 


Theorem 3: The mid-point of the line-segment joining the mid-points of the 
diagonals of a quadrilateral coincides with the point of intersection of the line- 
segments joining the mid-points of opposite sides of the quadrilateral. 
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Theorem 4: The lines joining mid-points of adjacent sides of a quadrilateral 
form a parallelogram. 


Again, referring to Fig. 2, we have: EM=3(23—21), and NF=4(z3—2), 
which proves that EM and NF are parallel and equal in length. Hence, the 
theorem follows. 


ENRIQUE CRUCHAGA’S SOLUTION OF THE QUARTIC EQUATION 


By RayMonp GarVER, University of California at Los Angeles 


In the last paragraph of a short paper which was published recently in 
this Monthly, I mentioned a solution of the quartic equation which seemed to 
me to have some advantages over the usual solutions, at least from the stand- 
point of presenting the matter to a class in the theory of algebraic equations. 
The details, which I did not give at that time, may be summarized as follows. 

If we consider the general quartic in the reduced form 


(1) x4 + aox? + asx + as = 0, 

with roots, x1, X2, x4, x4, the following identities may be written: 

(2) Qa, = (41 + x2) + (41 + x3) + (x1 + 24), 
2xg = (X2 + x1) + (2 + x3) + (x2 + x4), 

(x3 + 1) + (x3 + x2) + (x3 + x4), 

(x4 + x1) + (X4 + 2) + (x4 + 43), 


2X3 


2X4 


Or, putting Xi +x. = Ry, H+X3= Ro, Xi +x, = ks, 


(3) 2x, = ky + ko + ke, 
2x. = ky — ke — ks, 
2x3 = — ki + ko — ks, 
2x, — ky — ky + Bz. 


The four roots are thus expressed in terms of three quantities which are, in 
turn, square roots of the three roots of a cubic equation which is easily set up. 
For, knowing the values of the symmetric functions of the roots of (1), it 


1 Vol. 35 (Dec. 1928), pp. 558-560. 
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RECENT PUBLICATIONS 


EDITED BY RoGER A. JoHNsoN, Hunter College of the City of New York. 


All books for review should be sent directly to the editor of this departmeni and not to any of the other 
editors or officers of the Association. 


Foundations of Geometry and Induction. By Jean Nicod; translated by Philip 
Wiener. Harcourt, Brace, and Company, New York, 1930. 286 pages. 
$5.00. 


This book, which lies in the no-man’s-land between philosophy and mathe- 
matics, consists of two independent treatises: “Geometry in the Sensible 
World” and “The Logical Problem of Induction.” In his introduction to the 
former, M. Nicod states that he is concerned with the réle of physics as an ex- 
pression of sensory experience, and proposes “to ascertain in what way geometry 
is an aid to physics; how its propositions are applied to the order of the per- 
ceived world; how knowledge of them helps us in the formulation of experi- 
ments and laws.” He effects this examination by studying the geometries, or, 
indeed, the systems of physics, which might be constructed by hypothetical 
organisms variously simplified with respect to sensory faculties, and by then 
applying the results of this study to the more complicated human situation. 

He opens by acquainting the reader with the nature of pure geometry as 
the study of certain logical systems any one of which may admit of an in- 
definite variety of applications, or solutions, in the concrete world. He then 
discusses various relations between geometries, notably that of inseparability, 
by which he means the relation obtaining between two geometries such that 
entities satisfying the axioms of the first geometry can be defined by purely 
logical means in terms of entities satisfying the axioms of the second geometry, 
and vice versa. He then discusses Whitehead’s geometry of volumes, and shows 
it to lie in the relation of inseparability, in the above sense, with the ordinary 
point geometry. 

The next five chapters constitute a thesis on the relations of sense data, 
the purpose of which is to justify the applying “of the categories of logic to the 
flux of sensation.” It is here that Nicod makes the crucial point in his recon- 
ciliation of logic with perception. He shows that a sense datum can be interior 
to another without forming one of the latter’s essential parts. Interiority is a 
simple relation between sense data as such, and does not presuppose more 
fundamental reality in referent than in relatum. This paves the way philo- 
sophically for the construction of fictions, such as points, lines and planes, 
out of sensed objects occupying volumes, and endows such abstractions with the 
same validity enjoyed by classes. 

He now turns to his artificial universes, the first and simplest of which is 
that perceived by a being capable of locomotion along an open curve, and 
endowed with but one sense, audition. Every location on the curve is char- 
acterized by asound. The organism, by means of the relations of succession and 
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global (complete) resemblance, contrives a complete one-dimensional geom- 
etry. The idea of local identity is derived from the matter of a symmetric 
sequence of sounds, indicative of complete retracing of steps. Here we have 
thinghood in its minimum essentials. Nicod then complicates the situation by 
locus nodes and bifurcations, and finally extending it to two and three dimen- 
sions. 

The next monster dwells in a plane and is capable of no sensation except 
kinaesthesis. He constructs, quite ingeniously, a complete plane geometry 
identical in form with the Euclidean. Liberated to space, he meets with similar 
success. But of especial significance is the fact that in all of the above situations, 
from the simplest on, it has been possible for the organism to construct ad- 
ditional geometries, identical in form with the first, but concerned with second- 
ary logical constructions out of sense data instead of with the more obvious 
entities of perception. 

Thus Nicod proceeds through universes of increasing complexity, ending 
with a geometry of perspectives constructed by an animal who sees while at 
rest but not while in motion. He leaves it to the reader’s imagination to 
multiply the complexities sufficiently to derive therefrom the world we live in. 
By the device of illustrative simplification he has thrown philosophical light 
on the manner in which a geometry may admit of multifarious applications in 
the same universe. Above all, he has made a significant step in the task of 
relating pure geometry to pure experience. 

The second part of the book, The Logical Problem of Induction, is a quite 
rigorous criticism and extension of prevalent theories of induction, chiefly 
that of Keynes.!. The bulk of the work is divided into a discussion of (1) 
induction by invalidation (elimination of alternative laws) and (2) induction by 
confirmation. For the operation of induction of the first type, Nicod finds it 
necessary to postulate determinism; i.e., for any character A, that “any case 
of A is the case of some other character X every case of which is a case of A.” 
This assumed, every case of A furnishes a group of potential laws, the true one 
of which may be found by invalidating all the rest. He does not add explicitly 
what the ensuing matter reveals to be intended; viz., that the class of potential 
“causes” of A—the range of X in the above—must in some wise be limited so 
as to include only a finite number of eliminands. Otherwise, elimination would 
make no progress. Such a restriction of X to the class of “feasible causes,” 
however, would seem to the reviewer to introduce an extra-logical element of 
common sense. 

The author then examines the complications introduced by plurality and 
complexity of causes, in the presence of neither of which can elimination be 
complete. He devises principles, however, to act against each of these ten- 
dencies. The first, directed against complexity, assumes that the improbability 
of p-fold complexity increases with p. The second, directed against plurality, 


1A Treatise on Probability, London, 1921. 
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is analogous. Multiplying of instances thus, through the joint operation of 
invalidation and of increased protection against disruptive complications, 
increases probability indefinitely, but never beyond the joint probabilities of 
the truth of the two above laws and that of determinism. Still further com- 
plications arise in nature, he shows, inasmuch as our knowledge of the char- 
acters attending an instance is necessarily incomplete. Hence an additional 
law would have to be assumed here, namely that, as instances are multiplied, 
the existence of a single character common to the unobserved parts of all 
those instances becomes increasingly improbable. 

Turning to induction by confirmation, he begins, like Keynes, with the 
fundamental axiom that the probability of pg is equal to the product of the 
probability of p into the probability of p. > .q. With this as sole basis, he shows 
that the necessary and sufficient conditions, in order that the probability of a 
law be increased by a verification, are that (1) the law possess some initial 
probability, and (2) the verification possess some initial improbability. He goes 
on to demonstrate that one more condition, besides that of existent initial 
probability, is necessary and sufficient in order that the probability approach 
certainty as the instances of successive verification are multiplied without 
limit; this condition is that the verification of a false law in an infinite number 
of successive instances is infinitely improbable. Then comes destruction of 
various of Keynes’ deductions, and a conclusion pointing out that induction 
by elimination cannot surpass a mediocre probability, and that even in- 
duction by confirmation has not been demonstrated to yield infinite probability 
except on the basis of certain assumptions. 

At occasional passages in the book, the manner of exposition is lacking in 
clarity and preciseness. Confusion of “any” with “every,” of “includes” with 
“is included by,” and similar inaccuracies, whether due to author or to trans- 
lator, render the perusal labored at points. The organization of the treatise on 
geometry is not all that might be desired, for, although all three sections 
thereof vitally concern the same general problem, yet their real mutual 
significance does not enter the structure of the treatise in the closely knit 
fashion that one would expect. One misses the skilled pen of a Russell. The 
thought behind Nicod’s work, however, is rigorous and painstaking, and the 
matter presented is of considerable interest and unquestionable importance. 


W. V. QUINE 


Geometrische Konfigurationen. By Friedrich Levi. S. Hirzel, Leipzig, 1929. 310 
pages. 

The bulk of the energy of the American graduate student of mathematics 
is used in learning the essentials of algebra, analysis, and geometry. After he 
gets settled in his life-work, he seldom feels the urge to go through a lot of 
memoirs in the periodical literature to find out what a certain branch of his 
study is about. In the absence of a comprehensive, unified theory, there will 
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be few texts to guide his path, and probably he will forego exploration in that 
direction altogether. 

Until the publication of Dr. Levi's text, this has been the case with refer- 
ence to configurations. The author, in his preface, expresses the hope that the 
few topics he has selected will beguile more mathematicians into a study of 
configurations. He bears in mind the necessity of assuming more maturity than 
knowledge in his readers, and promises to unveil the hidden connections be- 
tween group theory and analysis situs, combinatorial topology and geometric 
figures. He plans a second book, to cover gaps in the present text. 

Without precedents to follow in his choice of subjects to be included, 
the author has consulted his personal tastes. The fifty odd-pages devoted to the 
Pascal diagram seem disproportionate, unless it be regarded as a case study 
exhibiting the rapidity and smoothness with which the classical results are 
unfolded by the notation and methods of the text. 

Chapters I and II offer a rapid introduction to group theory and to the 
foundations of combinatorial topology. In his desire for conciseness, Levi may 
perplex a neophyte. At the high-school age of mathematical development, it 
may be permissible to define a rectangle as a parallelogram possessing four 
right angles, but when an author compresses three distinct postulates and a bit 
more into a singie assumption, as in Levi's definition of group, it is questionable 
whether the average student benefits by the ellipsis. On pages 25 and 26 are 
two important notational conventions, which might be overlooked by a 
student eager to plunge into the material of the text proper. 

After the two introductory chapters come a pair on the “simplest projective 
configurations,” and “polyhedral configurations.” Among the suggestive 
sub-heads we find Mobius tetrahedra, and three dealing with various aspects 
of the Desargues configuration. To the fifth chapter, “The Pascal Figure,” 
we have already alluded. The last chapter discusses regular polyhedra, rotation 
groups, etc., in Euclidean, and non-Euclidean spaces. 

There are 58 well drawn figures in the text. 

The French have a proverb, “C’est le premier pas qui cofite!” The mathe- 
matical world is indebted to Dr. Levi for making this first text upon a fascinating 
topic. 

CHARLES A. RUPP 


Sir Isaac Newton, 1727-1927. Edited by Frederick E. Brasch. Williams and 
Wilkins Company, Baltimore, 1928. ix+351 pp. 


The two hundredth anniversary of the death of Sir Isaac Newton was the 
occasion for the publication of a series of essays which were first presented at a 
joint meeting of the History of Science Society, the American Mathematical 
Society, the Mathematical Association of America, and other organizations 
on November 25 and 26, 1927, the actual anniversary having occurred on March 
20 of that year. The purpose of the volume is expressed in its sub-title “A 
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Bicentenary Evaluation.” This appears again and again in the titles of the 
essays. For example, Professor Birkhoff writes on “Newton’s philosophy of 
gravitation with special reference to modern relativity ideas;” Professor W. W. 
Campbell on “Newton’s influence upon the development of astrophysics” ; 
Professor Ernest W. Brown on “Developments following from Newton’s 
work.” 

It was decided that each essay should be sufficiently popular to appeal 
to educated readers who are not highly trained in the particular topic under dis- 
cussion. This was a necessary provision. Otherwise, Newton’s influence in 
such fields as economics and theology would have been ignored or else the 
majority of readers would have been unable to profit from each of these 
discussions of Newton’s contributions. It inevitably follows that these essays 
are uneven in this respect, some being much more popular in character than 
others. But in no case has the general policy been disregarded. 

There is an occasional repetition of incident or of quotation as, for example, 
Newton's characterization of himself as a child playing on the sea-shore, per- 
haps finding a prettier shell than ordinary, while the great ocean of truth lay 
all undiscovered before him. These repetitions may best be explained by the 
circumstances of the preparation of these papers, and the deletion of these pas- 
sages by the editor would doubtless have done greater harm to the individual 
contributions than it would have done.good to the volume as a whole. 

In the first of these essays, Professor David Eugene Smith raises a number 
of questions regarding Newton and his appraisal by posterity, thus stimulating 
the reader to a more lively interest in Newton’s achievements than he would 
have had had he been allowed to continue in the usual placid and perhaps un- 
thinking acquiescence to Newton’s preéminence. These queries, substantiated 
by the lack of a definitive edition of Newton’s works although England has so 
honored lesser men, and backed by comments by various biographers, whet 
one’s curlosity to know of Newton’s work in optics as given by Professor Dayton 
C. Miller, to read of Newton’s dynamics as discussed by Professor Pupin, 
to hear Professor Newell’s comment on Newton’s work in alchemy and 
chemistry, and Dr. Heyl’s description of Newton as an experimental philoso- 
pher, and to have Newton’s often condoned career in London evaluated by 
George F. Roberts, a banker and sometime director of the United States Mint. 

To the student of the history of mathematics, perhaps the most interesting 
articles are those of Professor Cajori, the one dealing with fluxions, and the 
other studying Newton’s delay of twenty years in announcing the law of 
gravitation, and producing evidence that this delay was not due to the tradi- 
tional reason of the need for a more accurate determination of the radius of the 
earth. 

The scientist will perhaps be surprised to find that Newton had a place in 
the history of religious thought. Here, Professor George S. Brett of Toronto 
writes that “in bulk Newton’s theological writings are as big as his scientific 
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writings, that his interest was as keen, and that he felt no shadow of doubt 
about the importance of the subjects he undertook to elucidate.” 

Further, those who are apt to overlook the beginnings of scientific work on 
this side of the Atlantic will be interested in Dr. Brasch’s account of Newton’s 
first critical disciple in the American colonies. 

The work closes with an appendix which lists the principal materials relating 
to Newton and his contemporaries that were exhibited in the Museum of Na- 
tural History in New York at the time of the meeting at which these essays were 
presented. A valuable feature of this list is the grouping of the items according 
to the collections from which they were gathered: the Babson Institute, Mr. 
Plimpton’s library, Professor Smith’s collection, and Yale University. Only a 
brief note appears regarding the material concerning Newton’s predecessors in 
England and on the continent, exhibited in a corridor leading to the room where 
the meetings were held. It is perhaps not out of place, however, to repeat the 
comment of one speaker who quoted Newton’s remark that if he had seen far- 
ther than most, it was because he had stood on the shoulders of the giants, and 
who then dubbed this passage the “Giants’ Causeway.” 

VERA SANFORD 


A Source Book in Mathematics. By David Eugene Smith. McGraw-Hill Book 
Co., New York, 1929. 701 pages. 


A series of source books in the history of the sciences under the general 
editorship of Gregory D. Walcott was made possible by a grant of $10,000 to 
the American Philosophical Association in 1927 by the Carnegie Corporation of 
New York. These volumes when completed are “to present the most significant 
passages from the works of the most important contributors to the major 
sciences during the last threeor four centuries.” The volume dealing with mathe- 
matics, compiled by a special committee under the supervision of David Eugene 
Smith, has recently been published. 

The material in the “Source Book in Mathematics” covers such an extensive 
range that the book will be of use to teachers and students in preparatory 
schools as well as in colleges. The selections illustrate in a most illuminating way 
the theory and the processes that lie at the foundation of many of our most 
important mathematical concepts. In the earlier excerpts we find the style 
quaint and frequently amusing. Indeed several articles are so non-technical 
in character that they will be enjoyed by the general reader. A group of the 
most entertaining include: several pages from two famous arithmetics; the 
Treviso arithmetic, the first one to be printed, and one written by Robert 
Recorde as a dialogue called “The Ground of Arts”; passages from Berkeley’s 
“Analyst” addressed to an “Infidel Mathematician” wherein he denounces 
certain alleged inconsistencies of the calculus; and Bernoulli’s celebrated verses 
on infinite series. 

It may be well to consider first the distribution of the material among various 
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“material that is not so ultra-technical as to serve no useful purpose for any 
considerable number of readers,” and also the question of whether the “source 
material is stated succinctly enough for purposes of quotation has to be 
considered.” Nevertheless the reviewer ventures to suggest that in view of the 
fact that this collection contains five articles on hyper-geometry, three on non- 
Euclidean geometry and two each on the following: binomial theorem, slide 
rule, law of sines, and the nine point circle, it might have been well to sacrifice 
a few of the duplications in order to include some of the topics that are omitted, 
such as; the metric system, hyperbolic functions, elliptic functions, Fourier’s 
series, invariants, modular analysis, postulates, calculus of variations, differ- 
ential geometry, and point sets. In addition to this duplication of subject mat- 
ter, certain mathematicians are favored with several quotations, while others 
who are also among the foremost contributors to the science of mathematics 
are not mentioned. Among these omissions we note the following: Cantor, 
Dirichlet, Gibbs, Gordan, Jacobi, Klein, Kronecker, Lagrange, Lambert, 
Maxwell, Peano, Pliicker, Ruffini, Von Staudt, and Weierstrass. 

Certain items concerning the general plan of the book should be noted. 
The articles, more than ninety in number, are about equally divided among the 
fields of number, algebra, geometry, calculus, and function theory, with the 
exception that the geometry of the last century is emphasized somewhat, 
although this perhaps is not surprising since the term geometry covers a large 
variety of quite different phases of the subject. Classified by centuries, two 
mathematicians of the fifteenth century are quoted; seven of the sixteenth 
century; thirteen of the seventeenth century; nine of the eighteenth century; 
and thirty-two of the nineteenth century. Historical notes at the beginning 
of each article give the principal facts concerning the author’s life and explain 
the important contribution to mathematics contained in the selection quoted. 
The footnotes are frequent, elucidating the topic still further and providing 
many references for a more detailed study of the subject. Moreover the 
excerpts have been chosen and translated by prominent mathematical scholars 
and hence may be relied on as unquestionably accurate and authentic. The 
book contains eight full page portraits and many illustrations and diagrams. 
Very few misprints have been noted. A volume as attractive as this in form 
and in content is certainly destined to arouse interest in mathematics and its 
history and hence deserves an honored place in every mathematical library. 


L. P. CoPpELAND 


Compléments et Exercices sur la Mécanique des Solides. By Georges Bouligand. 

Paris, Librairie Vuibert, 1929. vili+132 pages. 

The aim of this book is to fill in a gap between the author’s tome I, Précis 
de Mécanique Rationnelle (Paris, Vuibert, 1925) and the forthcoming tome II, 
and to aid students preparing for the agrégaition. 

The book is divided into two parts, the first dealing with kinematics, and 
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the second with the theory of friction and impact with friction. This part is 
supplemented by a series of rather complicated problems taken from recent 
agrégation examinations. 

In the first part we find the elements of the theory of the motion of a plane 
on a plane, followed by an application to a definite problem. The more com- 
plicated problem of the motion of a solid is not treated in general, but is il- 
lustrated by exercises on rolling without sliding and rolling with sliding. 

In the second part, which takes up most of the book, the author insists upon 
the convenience of the use of the Lagrangian equations in general, along with 
the possibility of obtaining the forces of constraint without the use of Lagrange 
multipliers in many problems. The treatment of the theory of friction, while 
classic, is yet interesting because Professor Bouligand states clearly the funda- 
mental hypotheses in the special cases of sliding, non-sliding, and in the general 
case of sliding, rolling, and pivoting. Many problems are given to illustrate 
various possibilities, and to bring to light the shortcomings of the theory. A 
geometric form is given to the discussion of impact with friction, along the 
line of two articles by Pérés in the Nouvelles Annales, tome II, series 5, pages 
98-108, 216-231, and the assumptions are, again, clearly put into evidence. 

The theory of friction and impact with friction is followed by a note on 
unilateral constraints, in which the method of Delassus is developed, both 
analytically and geometrically, for the case of a holonomic system with two 
or more unilateral constraints. The book is completed by 14 problems with brief 
indications of their solutions. 

In checking over the problems incorporated in the main text the reviewer 
found a few typographical errors, as follows: 

On page 63, formula (2) should read ~’=0/sin’@ instead of ¥'=)/sin 6. 

On page 67, in line 1, 0’0 should replace 00’. 

On page 68, in line 7, 1+/?/B-+a?/A should replace 1+//B+a/A. 

On page 75, in line 30, R, =Mg cos @ should replace R, =fMg cos a. 

On page 82, in line 28, (—ab/mk?)[Vdr should replace (—2ab/mk?) [ Ydr. 

On page 86, in the last line, Adp/dr=cY—bZ should replace AdP/dr 
=cY—bdxX. 

On page 112, in line 4, d?f/di? = 0 should replace d’f/di?>0. 

On page 43, the auxiliary variable z introduced in the process of integration 
is not the z coordinate of page 42. 

This book, like the others of Professor Bouligand, is very carefully written. 
The judicious use of vector analysis and geometric discussions should make the 
book appeal to those who give graduate courses in mechanics, as well as to 
those who wish to make a technical use of the theory. The author is to be 
commended for stating very clearly his assumptions and stressing the danger 
of following too blindly those who “invoquent l’intuition mécanique (la meil- 
leure et la pire des choses!).” We shall look forward with interest to the pub- 
lication of tome II on the mechanics of continuous systems. 

W. E. BYRNE 
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Standard Table of Square Roots. By L. M. Milne-Thomson. London, G. Bell 
& Sons, 1929. $1.75. 


This is a table of “the square roots to eight significant figures of all four- 
figure numbers, with printed differences,” to quote the sub-title. From the 
preface: “The table is arranged with the square roots of x and 10 x side by side, 
four hundred roots at each opening..... A printed decimal point has been 
given to make the values perfectly definite... .. Each value has been printed 
in full so that it may be transcribed with the minimum of effort.” 

The explanations give directions for interpolation; it appears that in most 
cases simple interpolation gives eight correct figures, and in the cases where 
second differences must be used, a simple table of corrections is available. 

In the preface the statement is made that the table was originally prepared 
for the author’s own use, and was used in manuscript form in preparing tables 
of elliptic functions which are to be published in the near future. For this 
work it was necessary to determine square roots to fourteen figures, and the 
explanation shows how these may easily be found from the tabulated eight- 
figure values, by a simple and well-known rule. Namely, if 7 is a close ap- 
proximation to x!/?, then a much closer approximation is r’=}(r+«/r); if the 
error in 7 is e, that of r’ is e?/2r. Hence if the table yields a square root 
correct to eight places, the operation of this formula yields fourteen correct 


figures. With a calculating machine, the work is easy. 
R.A. J. 


PROBLEMS AND SOLUTIONS 


Edited by B. F, Finkel, Otto Dunkel, and H. L. Olson 


Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All 
manuscript should be typewritten, with double spacing, and with margins at least one inch wide. 


PROBLEMS FOR SOLUTION 


N. B. Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well-known textbooks or results found in readily accessible sources, will not 
be proposed as problems for solution in the Montuty. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


3432. Proposed by Vladimir F. Ivanoff, San Francisco, California. 

Given » points, A1, Ao, 43,:::+, An in a plane. Arbitrary lines, 4;A;, 
are drawn (joining pairs of these points) provided that they do not intersect 
each other. Prove that, regardless of the relative positions of the given points, 
the possible number of lines is 3(z—2) if n23. 


3433. Proposed by Thurman Andrew, Jamaica Plain, Mass. 
Consider three elastic rods of equal lengths and cross sectional areas. 
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The cross sections have the forms of a circle, an equilateral triangle and a 
rectangle whose long side is twice the diameter of the circle. What will be the ratio 
of the torques required to turn them through a given angle about their axes? What 
is the shape of the solid rod which requires the greatest torque? The elastic limit 
is not to be exceeded. 


3434. Proposed by Harry Gwinner, Baltimore, Maryland. 


Evaluate 


lim. (1-++-)!8=, 


x—0 


3435. Proposed by H. K. Hughes, University of Michigan. 
The function F(z) defined by the series 
ive) gn 
F(z) = —— — 
= LRT 
where k is any constant, real or complex, satisfies the differential equation, 


zg?" (2) + (2k — 1)-2-F’(z) + (Rk? — 3k — 2)F(s) = T-2(n + BR). 


Find the general solution of this equation and determine the arbitrary con- 
stants so as to obtain the particular solution given by the above series. 


3436. Proposed by Eugene M. Berry, Lynchburg College. 

Let », g, and 7 be concurrent lines. Through any point on ~ draw lines 
p’, a, b, c, d, such that p’ is perpendicular to p and that angles ad and cd are 
bisected by ». Show that the line ag-dr meets the line cr-bg on p’ and meets the 
line cq-b7 on p. 


3437. Proposed by Nathan Altshiller-Court, University of Oklahoma. 

A variable circle passes through a fixed point and is tangent to a fixed circle. 
Prove that the diametric opposite of the fixed point on the variable circle de- 
scribes a central conic of which the fixed point is a focus and the fixed circle is 
the auxiliary circle. 

State and prove the converse of this proposition. 

State the corresponding propositions for the parabola. 


3438. Proposed by the late F. P. Matz. 


Solve 
dy/dx cos wdw 1 
| ——_—_———- = — tan“! (2). 
0 16 + 9 sin?w 12 


3439. Proposed by W. H. Rasche, Virginia Polytechnic Institute. 
In the Pecqueur Bibasal Sextic Spur-Gear Train, one of the 105 angular 
velocity ratios which are associated with it is 


(1) N31/Ne1 = (22%425%6)/ (Se2424 2B — 23242526 — 223 Z4 zg ) ) 
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in which the eight 2’s designate the numbers of teeth on the eight gears of the 
train. In designing such a train the z’s must be chosen in accordance with the 
following fundamental requirements: 

(A) All of the z’s must be positive integers. 

(B) No z may be less than a certain minimum, say 12, nor greater than a 
certain maximum, say 60. 

Four questions now present themselves, in answering which it must be 
remembered that whatever special conditions may be imposed on equation 
(1), general conditions (4) and (B) must always be satisfied. The four questions 
are: 

(I) Between what limits lie the possible numerical values of the ratio 
Nsi/ Nei? 

(II) For an assigned, allowable value of the ratio N3:/Ne1,—say for the value 
1,000,000, if that should prove to be an allowable value,—select the 2’s. 

(III) If possible, so select the 2’s that the special condition 


N3i/ Nor = + 208425e 
will be satisfied. 
(IV) If possible, so select the z’s that the following special requirements will 
be simultaneously fulfilled: (@) the ratio N3:/Nei is to have an assigned numeri- 
cal value,—say 3,373,785 (=1809 1865) if that should prove to be an allow- 


able value; (0) the sum 2+23-+23’-+24+2,’+25;+25’+26 is to be a minimum. 


3440. Proposed by A. Pelletser, Montreal, Canada. 

A triangle is circumscribed about a circle. Prove that the following three 
lines are concurrent: (1) the line joining the points of contact of any two sides; 
(2) the line joining the points of intersection of these sides with the bisectors 
of the opposite angles; (3) the line joining the feet of the altitudes on these 
sides. 

SOLUTIONS 

2954 [1922, 81; 1930, 94]. Proposed by C. N. Mills. 

A machine-gun is placed on an armored train which is moving with a 
velocity v feet per second along a straight horizontal track. The muzzle velocity 


of the bullets is v feet per second. Find the greatest range, (1) in front and 
(2) behind the train. 


Solution by Frank L. Wilmer, Odebolt, Iowa. 


Let s denote the horizontal, and h, the vertical distance travelled by a 
bullet in the elapsed time ¢. Let a denote the angle of elevation of the gun, and 
T the time for the range R. Then s=v(l+cos a) t, h=v sinat—igi?, and 
v sin a—3g7T=0. Hence 


R = 2v°g-1(1 + cosa) sina. 


For the maximum range we have 
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dR/da = 2v*g-1[cos a + (2 cos?a — 1)| = 0. 


Then, for the maximum range, in front: cos a=%, a=60°, and R=33!%y?/2¢; 
in the rear: cos vw=1, a=0, and R=0. 
Also solved by B. W. Carrie and Paul Wernicke. 


2963 [1922, 129]. Proposed by Nathan Altshiller-Court, University of Okla- 
homa. 

Through a given point to draw a line so that the sum of the squares con- 
structed on the two segments cut off by it on the sides of a given angle should 
be equivalent to a given square. 


II. Solution by the Proposer. 
Let A4C=b, AB=c be the segments cut off by the required line BCD, 
through the given point D, on the sides 4 C, A B of the given angle, A. Denoting 
AD by d and considering the areas of the triangles ABD, ACD, ABC, we have: 


cd sin BAD+bd sin DAC=be sin BAC. 


We also have, by assumption, 0?+c?=s*, where s is a given quantity. If we 
divide both sides of the first equation by bc sin BAC, both sides of the second 
equation by d?, and put b/d=x, c/d=y, sin BAD/sin BAC=), sin DAC/sin 
BAC#=q, s/d=r, these two equations become: 


px*+qyt=1; x+y =7’, 
where p, gq, y are known quantities. Solving these two equations simultaneously 
we shall obtain the values of the ratios x, y of the required segments 0, ¢ to 
the given segment d. 

The elimination of one of the unknowns between the two equations leads 
to an irreducible biquadratic equation. It follows that the proposed problem 
cannot, in general, be solved by ruler and compasses. Such a solution may, 
however, be possible, in some special cases, as for instance, when p=q, Le., 
when the point D lies on one of the bisectors of A. 

See also the solution on p. 172 of vol. 36 (1929) of this Monthly. 

3034 (1923, 276; 1930, 94). Proposed by the late J. L. Riley, Stephenville, 
Texas. 

If every root of the equation f’(x) =0 be subtracted from every root of the 
equation f(x) =0, find the sum of the reciprocals of the differences. 


Solution by Andrew G. Clark, Colorado Agricultural College. 
Assuming that f(x) is a polynomial of degree n, we may write 


j=n—1 


fo) = Tea), f= TI (= 49, 


where a; and 0; are the several roots of f(x) =0 and f’(«)=0 respectivelv. 
Differentiating f(x), we have 


sa) = fl) De = a). 
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Now, if 0; is any given root of f’(x) =0, and if it is assumed that all the roots 
of f(x) =0 are distinct so that f(0;) #0, it is clear that when x =0; in the above 
nN 


identity, then >) (b;—a;)-!=0, and therefore 
t=] 


t=n j=n—l1 


d Di(b; _ a;)~1=0. 


Of course if f(x) =0 has one or more repeated roots, it is obvious to begin 
with that our result is infinity, and the fact that f’(x)/f(x) for x equal 0; (a 
repeated root) evaluates to infinity merely adds confirmation. 

Also solved by Raymond Garver, A. Pelletier, O. J. Ramler, Paul Wernicke, 
and F. L. Wilmer. 


3251 [1927, 216]. Proposed by J. V. Uspensky. 
Show that the system 
d(x, y) =x+y +A uxiy’ =1, x$,—ayd,=0, 
where A;,>0,a>0,2S71+k Sn. 
has one and only one solution in positive numbers. 


Solution by the Proposer. 
The sum >_A x‘y* is supposed to contain terms of the second and higher 
dimensions. The solution easily follows from the fact that the proposed system 
is entirely equivalent to the system, 


g(x,y) = 0, d(xry)/dx = 0, 


supposing y defined as a function of x by the first equation. 

To show that this system is satisfied by a couple of positive numbers, x, y 
consider a function of x, namely z=x*y, where y is defined by ¢(x, y) =0. 
For x=0 the equation ¢(0, y) =0 has one root between Oand 1; and for y=0 
the equation ¢(x, 0) =0 has a root between 0 and 1. Denoting by e the least 
positive root of this equation, we readily see that 


2(0) = 0, 2(e) = 0, 


while for very small positive values of x the equation ¢(x, y) =0 admits of a 
positive root y, so that 2(x)>0 for 0<x<e. Applying Rolle’s theorem we see 
that there exists one couple, x >0, y>0 satisfying the proposed system. To 
show that this couple is unique one can start from the fact that d?(x*y) /dx’?<0 
whenever ¢(x, y) =0, d(x*y) /dx =0, which can be proved as follows: 

The equation $(x, y) =x+y+) 5A ix‘y*—1=0 is transformed, by the sub- 
stitution z=x’y or y=x~?s, into one of the form, 


6(x,2) = x + 2a7-¢ + DSA ipaim hage —1=0. 


1 This problem was proposed to Mr. Uspensky by a Russian chemist in connection with a 
certain problem in chemistry. 
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Here the right hand member can be arranged according to descending powers 
of x as follows: 


Pyx% + Powe +--+ + Ppa + Py + Pyyyetitt tee + Px = O(x,2), 


where ai>Q2> ++ ° >aj1>0; O>aj41>Qj;42 °°: >an. The P’s are poly- 
nomials in z with positive coefficients, except P; whose constant term is —1, 
the other coefficients, if there are any, being positive. The system dz/dx =0, 
d(x, y)=0 for positive x and y is equivalent to 6(x,z)=0, dz/dx=0. But 
(09/dx)+(03/dz) (dz/dx)=0; therefore 03/0x=0. To find d’z/dx? we have 
the equation, 


(0°6/dx?) + (00/dz)(d*z/dx*) = 0. 


But 06/0z is positive for positive x and z; therefore to prove that d’z/dx? <0 
we must prove that 0°6/dx?>0. We have 


900 m 
— = SSP paneer} + » Pape t = 0 
Ox k=1 k=j+1 
Or 
7-1 m 
(1) > P p00 + » Pyayxe = OQ, 
k=1 k=j+1 
On the other hand, 
026 j-1 m 
Paras DP en ( oes — 1)x%? + » Pyc,(ay — 1) x? 
Ox k=1 k=jt+l 
and 
026 j-1 m 
a = P ar(ar —_ 1) xo + »> Par (ar — 1) 4%, 
Ox k=1 k= j+1 


which by virtue of (1) reduces to 


0726 j-1 m 
y2—_ = SSP rok ore > Pyar xo > OQ 
Ox? k=l k=j+1 
because, for k#j, Px as a polynomial in zg with positive coefficients is positive 
for positive 2, 


3363 [1929, 105]. Proposed by Otto Dunkel, Washington University. 

In an urn there are k-+1 counters of which one is a blank while the others 
are numbered from 1 to k. A single counter is withdrawn and then replaced, 
and this is continued until there are ” such drawings. In how many ways may 
the n drawings be made so that in the first r or more drawings only blanks are 
obtained and in the rest of the m drawings no numbered counter is followed by 
as many as 7 consecutive blanks? Also determine in how many ways 1 drawings 
may be made so that 7 or more consecutive blanks are drawn. 
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Solution by the Proposer. 


The result of a set of m drawings may be recorded on a straight line AB 
divided into ” equal spaces. We shall first count the number of ways in which 
the first 7 consecutive spaces from A may be reserved for blanks, while in the 
remaining 2—r spaces there shall be at least 7 groups such that each group 
consists of a number chosen from the k numbers followed consecutively by 7 
blanks. We can select j such groups in k? ways, and the remaining n—r—j(r+1) 
spaces can be filled in (k+1)"-"-?(*» different ways. There are j groups and 
n—r—jr—Jj single spaces, and thus »—r(j+1) things which are to be arranged 
in different positions. For a given selection of j places for the 7 groups we must 
disregard the order in which the groups are placed in these positions, for this 
has already been accounted for in k’. The number of ways of selecting the j 
places is then »—-(j41)C;. Thus 


(1) Ob; = nor(g4pCyki(k + 1) 7th 


is the number of ways of having at least j such groups and at least 7 consecutive 
blanks at the start. 

Now consider a given particular way of filling the ” spaces in the required 
manner so that there will be precisely » groups of a given composition and 
position. The upper limit for p is the greatest integer in (n—1r)/(r-+1) which 
we shall denote by [(n—1)/(r+1) ]; the lower limit is zero. This particular case 
will be counted precisely once in ¢o, p times in gi, -- +, pC; times in ¢;, where 
jp. We can eliminate the count of this particular case, and any similar case 
of precisely groups, if we take the sum 


J=?p 


(2) Dd (— 1) 493; 


7=0 
for in this sum this particular arrangement is counted precisely a number of 
times equal to 


J=D 


(3) > (- 1)7,C; 


7=0 


(1—1)?=0, p>0O, 


= 1, p= 0. 


If we denote the answer to the first part of the problem by P.(n), then an ex- 
pression for P2(”) is obtained by assigning to p in (2) its upper limit, for then 
the count of every group will be eliminated, while each and every arrange- 
ment which does not contain a group will be counted precisely once. We shall 
now write the formula for P2(”) replacing j by 7—1: 

j= 
(4) Pan) = D(H 1) Cah Uk + DION, = [n+ /(r + 1). 


j=1 


This gives the value of P2(”) for.n2r; P.(n) =0 forOSnSr—-1. 
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The expression for P:(7) may also be obtained by finding first its difference 
equation and then solving this equation by known methods. This difference 
equation will now be derived. If to each set of m drawings counted in P2(n) 
we adjoin at the end each of the k numbers in turn, we obtain kP,(n) cases 
counted in P.(m+1); and these must be all of the cases ending in a number. 
There is just one case in P2(n-+1) in which all of the (n-++1) counters are blanks. 
The remaining cases ending in a blank may be obtained by adjoining at the 
end of each case counted in P2(m—j) a number followed by 7 consecutive blanks. 
There are then kP:(n—7) such cases of j blanks at the end, 1<j<r—1. Hence 


(5) Po(n+1) = k[Po(n) + Pon —1)+---+ Poi(n—r+1)]4+1, 


where Po(z) =0, OSnSr—1. If we replace n by n—1 and subtract the two 
equations we obtain a homogeneous equation 


where the initial conditions are now P.(n) =0, OS$nSr—1; P2(r) =1. This equa- 
tion may also be obtained by a different manner of counting. Adjoin at the 
end of each case counted in P2(”) each of the +1 counters in turn and we ob- 
tain cases counted in P.(n-+1), but also some cases which are to be excluded. 
The cases to be excluded are those cases of P2(m) ending in a number followed 
by r—1 consecutive blanks and to which a blank is adjoined. The number of 
such cases is RP.(n—r). This gives (6) very readily, but the first method is 
preferable since it gives an equation of lower order. 

Consider now the meaning of Pe(n+r7): this gives the number of ways of 
making n drawings so that no number will be followed consecutively by as many 
as r blanks. The number of ways of making all kinds of » drawings is (k-+1)”. 
Hence (k+1)"—P2(n-+r) is the number of ways of making n drawings so that 
each will have at least one set of a number followed by 7 or more consecutive 
blanks. Call this number Pi(”). Then 


If we denote the answer to the last question of the problem by P3(n), we 
have at once: 


(8) P3(n) = Pi(m) + Po(n). 


By the use of (4) together with the above relations we may obtain expressions 
for P,(n) and P3(n). 

We shall now derive a second relation between P,(m) and P.(n). If to each 
case counted in P:(m) we adjoin in turn at the end one of the k+1 counters, 
we shall have cases counted in P;(m+1), but not all. The remaining cases of 
P,(n+1) are those ending in a number followed by precisely r blanks but con- 
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taining no other set of a number followed by as many as r consecutive blanks. 
The number of such cases is precisely RP2(m). Hence 


(9) kPo(n) = Pi(n + 1) — (k + 1)Pi(m). 


From (7) and (9) we may derive the difference equation for Pi(m). It will then 
be easy to obtain the difference equation for P3;(”). It will obviously be the 
same equation as for Pi(m), but the initial conditions will be different in the 
two cases. 


3399 [1929, 543]. Proposed by B. C. Wong, Berkeley, California. 


Prove or disprove 
[r+ 1\ (2r — 2i 
L(— D*( )( )arta, 
1=0 1 r 


where ¢=7/2 if r is even and ¢=(r—1)/2 if 7 is odd. 


I. Solution by T. L. Smith, Carnegie Institute of Technology. 
The general term a; of the summation may be written 
(r+ 1)! (2r — 21)! 


a= ll +19! (r — 21)! 


The Legendre polynomial is given by summation over the same range: 
(2r —1)--- 5-3-1 


ne 


P,(“) = 


ry — 1)\(r — 2)--- (r — 21 + 1) 


r! 


1 
> (- 1) 


rl i!2% (r — 23)! 


s(- 1) r\(2r — 21)! 


— ——— 
ily'(r — 21)!2'27-(7r — i)! 


[((2r — 24 — 1) --- 5-3-1] xr? 


r—24 


1 
— ; 1 — 7 r—24 
rea D dYa(r + 1) x 


But for the factor (7 +1-—7), the given sum could be evaluated by merely setting 


x=1. This factor may be eliminated by putting x! in place of x, multiplying 
the equation by x”, and then integrating. This gives 


1 1 
(7 + yar f eT P (xl )dx = Da f (r+1— iatidxe = Ya. 
0 0 


The first integral is easily evaluated by using the relation 
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Di" Pa(x) = (1 — Qxt + #)-1/2; 


n=0 


substitute x!/? for x, tx1/? for ¢, and integrate: 


1 
wis f xrl2P (x2) dx 
0 


1 
| (1 — Qat + xt?) /2dx 
0 


t” 


i popay. 474 
2—-t 2 22 Qn 


whence 


1 
i) x”? P.(x!/2)da = 1/27. 
0 


The insertion of this integral gives the result, 7+1 =) a; 


II. Solution by B. P. Gill, College of the City of New York. 
The stated relation follows from equating coefficients of x” in the identity, 


(1+ x)ttt = (1 — w2)rt(1 — y)-r1: 


thus, 


(P= Be CAYCE) 
Be MIE) BMC) 


See Netto, Lehrbuch der Combinatortk, (Leipzig, 1927), page 252, formula 28. 


III. Solution by Otto Dunkel, Washington University. 

This solution is given to illustrate the method of symbols of operation which 
may be employed frequently to advantage; for this particular problem other 
methods may be briefer. Let the operator U be defined so that U*f(x) =f(«-+7); 
then U—1=A, the usual difference operator. Consider the sum 


r+1 


(1) DurriCi(— 1)*f(i), 


1=0 


where f(x) is a polynomial of degree 1 in x. Then (1) may be written 


r+1 
(2) | Durtili( — yu |/0) = (— Irviart?f(0). 


41=0 


In the given problem f(x) is of degree 7 and hence A’t!f(0) =0; also in this case 
f(z) in (1) is zero for all values of 7 from r to [(r+2)/2] inclusive where [m]| 
is the greatest integer in m; but f(r +1) =(—1)"(7+1). Hence for this problem 
we have 
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t 


(3) DurniCi— 1)if() =r +1, 


=0 
where t= [r/2]. 

One of the solutions of this problem makes use of the Legendre Polynomial, 
which is written in the form 


1 é r 
(4) P(x) = — DiC i ora (— lie, t = =|. 
i=0 
This furnishes a similar problem. With the aid of the above symbols we may 
write 


1 r 
(5) P(x) = ( 7 3) Aor ae oC ra", 


where A’ operates only on j in the function »,2;C, x", and at the end of the 
operation j is set equal to zero. We may now evaluate P, (1) by observing that 
the function operated upon is of the rth degree and that the coefficient of j* is 
(—2)"/r!. Hence it follows at once that 


1 t 
PAL) = (= DP 1) = DY Crar2i Ce (— i = 1. 


Also solved by E. S. Knebelman. 


NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending items to 
Professor H. W. Kuhn, Ohio State University, Columbus, Ohio. 


The Summer Meeting of the Mathematical Association of America 


The summer meeting of the Mathematical Association of America will be 
held at Brown University on Monday afternoon and Tuesday morning, Sep- 
tember 8-9, 1930, in conjunction with the summer meeting and colloquium of 
the American Mathematical Society. The program will consist of invited 
papers, amiong these being papers by Dr. W. A. Shewhart of the BellTelephone 
Laboratories on “Random Sampling,” by Dr. J. J. Smith of the General Electric 
Company on “The Heaviside Operational Calculus,” and by G. D. Birkhoff of 
Harvard University on “A Mathematical Theory of Harmony and Melody.” 
The complete program and full details of the meeting, together with reservation 
cards will be sent to members of the Association the latter part of July. 

The schedule of the Society, as tentatively arranged, provides for general or 
sectional sessions on Wednesday, Thursday, and Friday mornings; for the 
Colloquium Lectures by Professor Solomon Lefschetz of Princeton University 
on Tuesday and Thursday afternoons and Wednesday and Friday mornings; 
and for addresses on topics in the general theory of linear operations and integral 
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equations by Professors T. H. Hildebrandt and J. D. Tamarkin on Tuesday 
and Thursday afternoons respectively. 

Pembroke College in Brown University will provide board and lodging for 
many of the visiting mathematicians in two of its dormitories. Provided the 
room is engaged for a minimum of three days, the charge for a single room will 
be $1.50 per person per day and $1.00 per person per day when a room 1s occu- 
pied by two. Meals will be served in the Pembroke College Cafeteria at a cost 
not to exceed $2.00 per day. Rooms can also be secured at about the same price 
in boarding houses near the campus. Provision can be made for families with 
children at approximately the same rates. Other available hotels and apart- 
ments will be indicated in the full announcement. 

Plans for entertainment include a walk around the old part of Providence 
on Monday afternoon to see the fine examples of early American architecture; 
a reception by the University officials on Monday evening; a joint dinner of the 
Society and Association on Tuesday evening; and an excursion to Newport on 
Wednesday afternoon. At Newport there will be opportunity for swimming, 
for taking the cliff walk, and for partaking of a shore dinner, which is one of 
Rhode Island’s specialties. Tennis on the University courts will be available 
free of charge; the Wannamoisett Country Club will offer the use of its golf 
course at a reduced green fee. An excursion to Lexington and Concord is being 
tentatively planned for Friday afternoon. | 

The mathematical library will be open for the use of the members during 
the meetings. A cordial welcome will also be extended to mathematicians who 
may wish to work in the library either before or after the meetings; all its fa- 
cilities will be placed at their disposal and board and room in the vicinity of the 
Brown University campus will be arranged for upon request. 

Providence may be reached conveniently from New York by train or by 
boat, and from all parts of the country by good automobile roads. To those 
who may be interested in visiting this part of the country before the meetings, 
New England offers many and varied opportunities for a summer vacation. 
The transportation companies serving this district have booklets giving in- 
formation concerning their territory, including lists of boarding houses and 
hotels, with their rates. Inquiries may be directed as follows: Concerning 
southern New England, to the New York, New Haven and Hartford Railroad 
Co., Passenger Traffic Dept., New Haven, Conn.; concerning Maine, New 
Hampshire, and Vermont, to the Boston and Maine Railroad, Publicity Dept., 
North Station, Boston, Mass.; concerning northern Maine, to the Maine 
Central Railroad Co., Passenger Traffic Department, Portland, Maine; and 
concerning the Maritime Provinces to the Dominion Atlantic Railway Co., 
12 Milk Street, Boston, Mass. It has been announced that the yacht races 
for the American Cup will begin off Newport on Saturday, September 13. 


Association members who expect to have a change of address in September 
should notify Secretary W. D. Cairns, Oberlin, Ohio, well in advance in order 
to be sure of receiving the August-September Monthly. 
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The Association is in need of copies of the Monthly for January, 1930. 
Cash, or credit toward future dues, will be given for a limited number of copies 
to the amount of forty-five cents for each copy. Address all communications 
to the Mathematical Association of America, W. D. Cairns, Secretary, Oberlin, 
Ohio. 


Dr. Irving Langmuir, of the General Electric Company, has been awarded 
the Willard Gibbs gold medal of the Chicago Section of the American Chemical 
Society “for fundamental work on atomic hydrogen, on surface relations, and 
electrical discharge phenomena, for contributions to various branches of physi- 
cal chemistry, and for his presentation of a theory of atomic structure.” 


The Society of Arts and Sciences has awarded one of its gold medals to 
Professor G. N. Lewis, of the department of physical chemistry of the Univer- 
sity of California. 

By arrangement with the proprietors of the Quarterly Journal of Pure and 
Applied Mathematics and the Messenger of Mathematics, these journals have 
been discontinued, and have been succeeded by the new Quarterly Journal of 
Mathematics (Oxford Series). The editors are T. W. Chaundy, E. G. C. Poole, 
and W. L. Ferrar; and the members of the advisory board are A. L. Dixon, 
E. B. Elliott, G. H. Hardy, A. E. H. Love, E. A. Milne, F. B. Pidduck and 
E. C. Titchmarsh. The first number, which was published in April, contained 
the following articles: The motion of a fluid in a field of radiation, by E. A. 
Milne; Some problems connected with Fourter’s work on transcendental equations, 
by G. Polya; Electrical notes, by E. E. Pidduck; The zeros of certain integral 
functions, by M. L. Cartwright; A generalization of the quadratic differential 
form, by Oswald Veblen. 

All enquiries relating to this new journal should be addressed to the pub- 
lisher, Mr. Humphrey Milford, Oxford University Press, Amen House, Warwick 
Square, London, E. C. 4. 


DOCTORATES IN 1929 


The following sixty-three doctorates with mathematics or mathematical 
physics as major subject were conferred during 1929 in universities in the 
United States and Canada; the university, month in which the degree was con- 
ferred, minor subject (other than mathematics), the title of dissertation are 
given in each case if available. 

Nola L. Anderson, Missouri, June, astronomy, An extension of Maschke’s 
symbolism. 


G. A. Baker, Illinois, May, economics, Random sampling from non-homo- 
geneous populations. | 


M. A. Basoco, California Institute of Technology, June, mathematical 
physics, Fourier expansions of doubly periodic functions of the third kind. 


W. D. Baten, Michigan, June, Theorems concerning probability. 
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A. C. Berry, Harvard, June, Fourier representations. 

H. R. Beveridge, Illinois, May, astronomy, An expansion problem connected 
with a system of partial differential equations. 

O. K. Bower, Illinois, May, physics, Applications of an abstract existence 
theorem to both differential and difference equations. 

A. B. Brown, Harvard, June, Relations between the critical points of a real 
analytic function of n independent variables. 

OQ. E. Brown, Chicago, August, The equivalence of triples of bilinear forms. 

F. H. J. Burkett, New York University, June, physics, Some properties of 
the sextic with a quadruple point. 

R. V. Churchill, Michigan, June, On the geometry of the Riemann tensor. 

W. M. Coates, Michigan, June, engineering mechanics, The state of stress in 
thin-walled pressure vessels. 

C. J. Coe, Harvard, June, Exterior motion in the restricted problem of three 
bodies. 

J. B. Coleman, California, August, Concerning the reducibility of the charac- 
teristic equation of a ternary continued fraction. 

A. J. Cook, Chicago, June, Pairs of rectilinear congruences with generators in 
one-to-one correspondence. 

H. V. Craig, Wisconsin, October, On the simultaneous differential invariants 
of two functions with an application to the calculus of variations. 

Mildred W. Dean, Johns Hopkins, February, Studies in inversive geometry 
with reference to a special set of six points. 

L. A. B. DeCleene, Catholic, On triangles circumscribed about a conic and 
inscribed in a cubic curve. 

H. P. Doole, Nebraska, June, physics, Certain multiple-parameter expansions. 

H. H. Downing, Chicago, December, Absolute minima for space problems of 
the calculus of variations in parametric form. 

Nat Edmonson, Jr., Rice, June, Poisson's integral and plurisegments on the 
hypers phere. 

P. D. Edwards, Indiana, June, astronomy, Functions possessing an addition 
theorem from the standpoint of a functional equation given by Abel. 

J. D. Elder, California Institute of Technology, June, mathematical physics, 
Artthmetized trigonometrical expansions of doubly periodic functions of the third 
kind. 

H. T. Engstrom, Yale, June, On the common index divisors of an algebraic 
field. : 

H. P. Evans, Wisconsin, June, The two dimensional boundary value problem 
for the transmission of alternating currents through a heterogeneous earth. 

E. C. Goldsworthy, California, May, Physics, Curves autopolar with respect 
to a cyclic set of contcs. 
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Deborah M. Hickey, Rice, June, A three dimensional treatment of groups of 
linear transformations. 

J. J. L. Hinricksen, Harvard, June, The problem of n bodies. 

T. J. Jaramillo, Chicago, March, A generalization of the energy function of 
elaticity theory 

C. I. Lubin, Harvard, June, Singular points of second order systems of real 
differential equations. 

Dorothy McCoy, Iowa, July, phychology, The complete existential theory of 
erght fundamental properties of topological spaces. 

N.H. McCoy, Iowa, June physics, Commutation formulas in the algebra of 
quantum mechanics. 

Sister Marie Cecilia Mangold, Catholic, June, education, On the loci of 
vertices of singly infinite systems of triangles circumscribed about a fixed conic. 

R. H. Marquis, Chicago, June, A comparison of existing theories of algebraic 
numbers, and the isolation of an abstract theory. 

H. A. Meyer, Iowa, June, physics, On certain inequalities with applications in 
actuarial science. 

E. L. Mickelson, Minnesota, July, physics, On the approximate representation 
of a function of two variables. 

E.R. C. Miles, Rice, June, (1) Boundary value problems for potentials of a 
single layer in the plane. (2) Potentials of general masses in single and double 
layers. The relative boundary value problems. 

H. J. Miles, California, May, astronomy, On a generalization of Pliicker’s 
surface. 

A. K. Mitchell, Johns Hopkins, June, The derivation of tensors from tensor 
functions. 

W. K. Morrill, Johns Hopkins, June, A problem of ambiency. 

Max Morris, Chicago, June, Nets of collineations in n-space. 

E. D. Mouzon, Illinois, January, economics, Egui-modal frequency distri- 
butions. 

C. F. Muckenhaupt, Massachusetts Institute of Technology, June, physics, 
Almost periodic functions and vibrating systems. 

C. O. Oakley, Hlinois, May, physics, Differential equations containing abso- 
lute values of derivatives. 

Gordon Pall, Chicago, June, Problems in additive theory of numbers. 

G. P. Parkinson, Wisconsin, August, Pairs of curves ina S,. A theory of 
parallelism in sub-spaces.. 

F. D. Perez, Chicago, August, The Hilbert-Schmidt theory of linear integral 
equations 1n general analysis for quaternionic-valued functions. 

J. C. Polley, Cornell, June, physics, Rational surfaces mappable by 
C3n:8A7B), 
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Bryan Priestman, McGill, October, major in physics, minor in mathematics, 
Propagation of Quanta. 

W. T. Reid, Texas, June, Properties of solutions of an infinite system of 
ordinary linear differential equations of the first order with ordinary boundary 
conditions. 

J. H. Roberts, Texas, June, Concerning non-dense plane continua. 

Robin Robinson, Harvard, February, On the differential geometry of surfaces 
in non-euclidean space. 

E. B. Roessler, California, May, architecture, A certain family of autopolar 
sextics. 

Samuel Silberfarb, Chicago, August, Representation by indefinite ternary 
quadratic forms. 

C. A. Spicer, John Hopkins, June, P-curves of Cremona transformations. 

L. H. Swinford, California, May, Greek, On rational autopolar quintic curves. 

P. M. Swingle, Michigan, June, A certain type of continuous curve and related 
point set. 

S. C. Wang, Columbia, major in physics, The problem of the normal hydrogen 
molecule in the new quantum mechanics. 

J. H. Webb, Wisconsin, June, major in physics, minor in mathematics, 
Potential distribution due to a buried sphere under the influence of a point electrode. 

Rose A. Whelan, Brown, June, Approximate solutions of certain general types 
of boundary value problems from the standpoint of integral equations. 

F. G. Williams, Cornell, June, physics, Families of plane involutions of genus 
2 or 3. 

Kathryn Wyant, Missouri, August, astronomy, The ideals in the algebra of 
generalized quaternions over the field of rational numbers. 

Leo Zippin, Pennsylvania, June, A study of continuous curves and thetr rela- 
tion to the Janiszewski-Mulltkin theorem. 


Professor K. T. Compton, of the department of physics of Princeton Uni- 
versity, has been appointed president of the Massachusetts Institute of Tech- 
nology. 


Dr. E. R. van Kampen, who is Professor Schouten’s assistant at the Uni- 
versity of Delft, has been appointed associate in mathematics at Johns Hopkins 
University. 


Dr. L. W. Nordheim, of the University of Géttingen, has been appointed 
visiting professor of theoretical physics at the Ohio State University for the 
spring quarter. 

Dr. T. J. J. See, who, as captain in the Navy, has been in charge of the 
naval chronometer and time station at Mare Island, Calif., for the last twenty- 
seven years, has retired from active service. 
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Professor C. A. Wheeler, of the Connecticut Agricultural College, has 
retired. 


Dr. A. Wintner, who has been Professor Lichtenstein’s assistant at the 
University of Leipzig, and is at present a Rockefeller Fellow at Rome, has been 
appointed associate in mathematics at the Johns Hopkins University. 


Professor J. B. Johnson, head of the department of mathematics at Baylor 
University, died December 18, 1929. 


Mr. R. E. Peterson, instructor in mathematics at Pennsylvania State Col- 
lege, died in the summer of 1929. 


THE INFORMATION BUREAU FOR APPOINTMENTS 


Members of the Association are reminded that the Association maintains 
an office for supplying information with regard to men and women available 
for appointment to college positions in mathematics. This office does not handle 
detailed recommendations, after the manner of a teacher’s agency, but supplies 
certain essential facts with regard to each candidate, together with the name of 
a sponsor from whom further information about him can be obtained. The 
aim is to keep the files as complete and up-to-date as possible. To this end, 
candidates for appointment, especially candiates for a first appointment, 
are invited to put their names on record with the office and departments in 
search of instructors are urged to avail themselves of its facilities. There is 
no charge for its services, either to department or to candidates. Registration 
blanks and information may be obtained from Professor H. W. Kuhn, Ohio 
State University, Columbus, Ohio. 


BERTRAND RUSSELL recommends this study to “all who believe 
in the value of philosophical research and who are capable of appre- 
ciating in this work the rare clarity and beauty of its exposition.” 


FOUNDATIONS OF GEOMETRY 


AND INDUCTION 
By Jean Nicod 


WITH A PREFACE BY BERTRAND RUSSELL 


In the midst of the contemporary confusion of empirical and rationalistic 
logic, Jean Nicod has undertaken a unique and rigorous analysis of the 
foundations of geometry and induction in both sense experience and formal 
thought. The logical acumen he uses to cut through these tangled subjects is 
accompanied by a vivid imaginative sensibility to the less schematic concrete 
nature of immediate experience. This novel departure from both the purely 
empirical and formal theories of logic is not made without careful considera- 
tion and criticism of the best contemporary representatives of both schools— 
namely, Bergson, Russell, Poincare, Whitehead, Moore, Keynes, and others. 


$5.00 
The International Library of Psychology, Philosophy and Scientific Method 


HARCOURT, BRACE AND COMPANY, 383 Madison Avenue, New York 


The Chauvenet Prize 


In the year 1925, the AssocIATION established a prize of one hundred dollars for the 
best expository paper published in English during successive periods of five years by 
a member of the Association. 


The purpose of the prize is to stimulate expository contributions in mathematical 
journals. The award does not apply to books, although the Carus MONOGRAPHS are 
expository in character and on this score might be included. They carry their own 
reward in the form of a liberal cash honorarium to each author. 


It is believed that clear expositions of mathematical subjects are greatly needed in 
this country and that the CHAUVENET PRIZE will tend to stimulate such production. 


The prize will be awarded hereafter every three years. The last award was in 
December, 1929, to Professor T. H. Hildebrandt. The next award will be in Decem- 
ber, 1932, for the period 1929-1931, 


Note that the prize is to be awarded only to a member of the AssocIATION—one more 
of the many good reasons for membership. 
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EDITORIAL CORRESPONDENCE should be addressed to the Epiror-1n-Cuier, W. H. 
Bussey, 106 Folwell Hall, University of Minnesota, Minneapolis, Minn. 


BOOKS FOR REVIEW should be sent to R. A. Jounson, Hunter College, New York, 
N. Y 


BUSINESS CORRESPONDENCE should be addressed to the SECRETARY-TREASURER of 
the Association, W. D. Cairns, Oberlin, Ohio. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Fourteenth Summer Meeting of the Association, Providence, Rhode Island, Sept. 8-9, 1930. 


The following is a list of the sections of the Association, with dates of those section 
meetings which have been scheduled for 1930. 


ILLINoIs, Lake Forest, Ill., May 2-3. MIssourRl., 
INDIANA, Earlham College, May 2-3. NEBRASKA, Peru, Neb., May 9. 
Iowa, Ames, Iowa, May 2-3. OuIo0, Columbus, Ohio, April 3. 
KANSAS, February 15. PHILADELPHIA, Philadelphia, Pa., November 
Kentucky, Lexington, Ky., April 5. 
LovuISIANA-MIssIssipPI, Cleveland, Maiss., Rocky Mountain, Denver, Colo. April 
11-12. 
March 7-8. 
MaryLaAnp-District oF COLUMBIA-VIRGINIA. SOUTHEASTERN, Atlanta, Ga., May 2-3. 
May 10 SOUTHERN CALIFORNIA, University of South- 
. California, L Angeles, Calif., 
MicuHicAn, Ann Arbor, Mich., March 22. March 8. ome °8 nee a 
MINNESOTA, Carleton College, May 17. TEXAS, 


AFFILIATED ORGANIZATIONS: THE NEW ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS 
THE NATIONAL COUNCIL oF TEACHERS OF MATHEMATICS. 


. NEW text based on the experience of 
AN ALYTIC A the authots in teaching college classes, 
their thorough knowledge of the subject, and 

GEOM ETRY their unusual ability to organize their ma- 
| terial clearly and logically... A well-planned 
flexibility allows for a shortet or longer 


course, ranging from thirty to ninety les- 
sons. . . Concise, unambiguous éxplana- 


7 tions. .. Diagrams most catefully made... .- 
Curtiss Topics given in order of difficulty. .. Abun- 
d dance of illustrative problems and exercise 

an material. . . Polar co-ordinates used from the 


beginning. . . Treatment of Curve Fitting 


M Ou [ ton especially valuable for students of science 


and statistics. 


D. C. HEATH AND COMPANY 
Boston New York Chicago Atlanta 
San Francisco Dallas London 


POPULAR TEXT S 


TRIGONOMETRY 
By A. R. Cratuorne and E. B. Lyris, University of Illinois 
This text provides a simple, straightforward coiitse in trigonometry adaptable to courses of various 
lengths. The trigonometry of the acute angle is considered first and the general angle taken up 
later, both authors having found from experience that this approach was easiest for the majority of 


students. Many problems involving the practical use of trigonometry are given, but all are within 
the range of experience of the student. $2.40 


COLLEGE ALGEBRA 
(Third Edition) 
By H. L. Rrerz, University of Iowa and A. R. CratHorne, University of Illinois 
Upward of 150 institutions are now using the new revision of this excellent text. We believe, 


moreover, that an even greater number of teachers are going to adopt the book for the coming year. 
Have you already considered it as a text for your own classes? $1.76 


A FIRST COURSE IN THE DIFFERENTIAL AND 
INTEGRAL CALCULUS 


By WA ter B. Forn, University of Michigan 


The adoption list for this fine text is fast increasing with every semester. 
“Certainly any student. who worked through the text would have a good knowledge of the elements 
of the calculus."-—J. K. WHITTEMORE in The American Mathematical Monthly. 4.00 


HENRY HOLT AND COMPANY 
ONE PARK AVENUE NEW YORK 


66 99 INTERNATIONAL REVIEW OF SCIENTIFIC SYNTHESIS 
SCIENTIA Published every month (each number containing 100 to 120 pages) 


Editors: F. BOTTAZZI, G. BRUNI, F. ENRIQUES 


IS THE ONLY REVIEW the contributors to which are really international. 
IS THE ONLY REVIEW that has a really world-wide circulation. 


IS THE ONLY REVIEW of scientific synthesis and unification that deals with the fundamental 
questions of all sciences: the history of the sciences, mathematics, astronomy, geology, physics, 
chemistry, biology, psychology and sociology. 


IS THE ONLY REVIEW therefore which, while immediately interesting students of mathematics, 
astronomy, astrophysics and physics by its numerous and important articles and reports relating 
to these sciences, presents them also the means of knowing, in a summary and synthetic form, 
the chief problems of all the other branches of knowledge. 


IS THE ONLY REVIEW that among its contributors can boast of the most illustrious men of 
science in the whole world. A list of more than 350 of these is given in each number. 


The articles are published in the language of their authors, and every number has a supplement con- 
taining the French translation of all the articles that are not French. The review is thus 
completely accessible to those who know only French. Write for a free copy to the General 
Secretary of “Scientia,” Milan, sending 12 cents in stamps of your country, merely to cover 
packing and postage. 


SUBSCRIPTION: $10, post free OFFICE: Via A. DeTogni Milan (12) 
General Secretary: Dr. Paoto Bonetti 

Publishers: G. E. STECHERT & CO., New York; DAVID NUTT, London; FELIX ALCAN, Paris; 

AKAD. VERLAGEGESELLSCHAFT, Leipzig; NICOLA ZANICHELLI, Bologna; RUIZ HER- 


MANOS, Madrid; LIVRARIA MACHADO & CIA., Porto; THE MARUZEN COMPANY, 
Tokyo. 


K & E Slide Rule in College Mathematics 


poo ALA RUC Ne 
£0 gern ta aot tea 


The Slide Rule as a check in Trigonometry is now regu- 
larly taught in colleges and high schools. Our manual 
makes self-instruction easy for teacher and student. 
Write for descriptive circular of our slide rules and for 
information about our large Demonstrating Slide Rule 
for use in the Class Room. 


KEUFFEL & ESSER CoO. 
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THE SIXTEENTH ANNUAL MEETING OF THE 
KANSAS SECTION 


The sixteenth annual meeting of the Kansas Section of the Mathematical 
Association of America was held in the High School building, Topeka, on 
February 15, 1930. Professor C. H. Ashton, University of Kansas, chairman 
of the Kansas section, presided. 

There were fifty-eight in attendance, among them the following twenty- 
seven members of the Association: W. H. Andrews, Maud Arnett, C. H. Ash- 
ton, Wealthy Babcock, Leon Battig, Florence Black, E. E. Colyer, A. S. 
Croom, Lucy T. Dougherty, W. H. Garrett, W. A. Harshbarger, A. J. Hoare, 
Emma Hyde, W. C. Janes, C. F. Lewis, O. B. Loewen, Anna Marm, Nina 
McLatchey, U. G. Mitchell, O. J. Peterson, A. W. Philips, C. A. Reagan, B. L. 
Remick, J. A. G. Shirk, G. W. Smith, J. J. Wheeler, A. E. White. 

The following officers were elected: Chairman, Professor Emma Hyde, 
Kansas State Agricultural College; Vice-chairman, Professor J. J. Wheeler, 
University of Kansas; Secretary-treasurer, Lucy T. Dougherty, Junior College, 
Kansas City. 

The forenoon session was a joint meeting with the Kansas Association of 
Mathematics Teachers, Professor C. H. Ashton presiding. Professor C. A. Rea- 
gan, of Friends University, spoke on “Creating enthusiasm for mathematics”, 
especially by helping the student catch the spirit, and realize the power 
and beauty of the subject. Professor W. Irwin, of the economics department 
of Washburn College, spoke on “An outsider’s appreciation of mathematics”, 
pointing out that, according to current economic theory, there must be a cer- 
tain volume of gold to maintain a certain volume of trade and that there must 
be some law which will determine this ratio; and he challenged the mathemati- 
cians to discover the solution, and devise a formula which will serve as a basis 
for preserving prosperity, and preventing panics. 

The other papers presented before the joint session were: 

1. “Some fundamental ideas in relativity theory”, by Professor J. J. Wheeler 
University of Kansas. 

2. “An unusual triple conjunction of Jupiter and Saturn,” by Professor 
W. H. Garrett, Baker University. 

Abstracts of these papers follow: 

1. The paper by Professor Wheeler was prompted by the fact that a 
quarter century of relativity theory and a decade of experimentation designed 
to check its conclusions have now elapsed. Attention is called to work of 
earlier mathematicians that has made a concise mathematical theory of rela- 
tivity possible. The study of surfaces begun by Gauss and greatly extended 
and generalized by Riemann has been of inestimable value. The vector con- 
cept of Gibbs and Heaviside may be said to have led, sometimes by devious 
paths, to the calculus of Ricci and Levi-Civita. 
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In his special theory Einstein has two particularly bold and outstanding 
postulates; the “principle of relativity” and the “principle of constant light 
velocity.” In the general theory enunciated ten years later there is found one 
equally bold and important: the “principle of equivalence” of a gravitational 
field to a transformation of coordinates. As to the evidence justifying these 
physical assumptions and supporting the conclusions drawn, it is noted that 
data has been sought in the three lines pointed out by Einstein himself: (1) rota- 
tion of the line of apsides of a planetary orbit; (2) the bending of a ray of light 
in a gravitational field; (3) the shift of lines in the spectrum of certain types of 
stars. The evidence has perhaps convinced all who wished to believe and 
many others have passed from doubt to acceptance while many of the original 
skeptics are skeptics still. 

2. Professor Garrett gave first a brief survey of the development of celestial 
mechanics, emphasizing particularly the contribution made in the theory of 
Jupiter and Saturn by G. W. Hill. By means of his sixty-eight tables of Jupiter 
and seventy-one tables of Saturn, the ephemerides of the two planets were 
computed from July, 1940 to March, 1941 in heliocentric coordinates and then 
transformed to geocentric coordinates. It was shown that during this period 
Jupiter and Saturn will be in conjunction three times with respect to the earth, 
an event of unusual occurrence. The presentation included diagrams, two of 
which showed the motions of the planets with respect to the sun and the earth 
at the time of conjunction. This problem was undertaken by Professor Garrett 
at the suggestion of Director E. B. Frost while a member of the 1929 summer 
staff at Yerkes Observatory. 

The Associations met in separate session for the afternoon meetings, and 
the following papers were presented before the Kansas section of the Mathe- 
matical Association of America: 

3. “Application of mathematics to the solution of physical problems,” by 
Professor J. D. Stranathan, department of physics, University of Kansas, by 
invitation. 

4. “Singular solutions of differential equations,” by Professor B. L. Remick, 
Kansas State Agricultural College. 

5. “On the rational plane quintic with three cusps,” by Professor O. J. 
Peterson, Kansas State Teachers College, Emporia. 

6. “On plane quartic curves obtained by quadratic transformation of curves 
of lower order,” by Mr. Leon Battig, Kansas State Agricultural College. 

Abstracts of these papers follow: 

3. The purpose of the paper was to convey a fair idea of just how 
mathematics is used in the solution of physical problems. The physicist has 
discovered simple laws which describe the behavior of a system under cer- 
tain well-defined conditions. Hence, in a complex problem with given condi- 
tions, he can usually recognize one or more relations existing among the 
physical quantities involved. These relations are written formally as mathe- 
matical equations. It is always the physicist’s hope to discover as many in- 
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dependent relations as there are involved unknown physical quantities, and 
to solve these equations simultaneously for the desired physical quantity. 
While the group of relations may consist of algebraic, differential, or integral 
equations, it is true that most physical behavior can be phrased in terms of dif- 
ferential equations; hence the need for thorough training in this branch of 
mathematics. After solution of the group of equations, it is the physicist’s hope 
to interpret these results in terms of physical behavior. Asan illustration of the 
points emphasized, the problem of the simple pendulum was carried through, 
showing how the free or natural motion of the pendulum may be oscillatory o1 
non-oscillatory, depending on the frictional resistance encountered in swinging. 
The frequency of oscillation was shown to be independent of the mass of pendu- 
lum, of the amplitude of swing (approximately), and of the frictional resistance 
(approximately). The problem was made more general by considering the motion 
of one pendulum hung from another. Interpretation of the mathematical solution 
predicted beats between the forced and the natural oscillations of the lower 
pendulum, the phenomenon of resonance, and the relative phase of forced vibra- 
tion and excitation. All of these conclusions drawn from mathematical treat- 
ment were experimentally demonstrated to be correct. 

4. This paper takes account of the connection between the envelope of a 
system of integral curves and the singular solution of the corresponding ordinary 
differential equation. In particular it contains a brief discussion of the extra- 
neous loci which may be found when seeking the envelope and a statement as 
to their distribution; also a short historical sketch. 

5. This paper limits itself to a study of the positions of the six singular 
points of a three-cusped rational plane quintic curve. If the plane be divided 
into three sets of four triangles by the six lines determined by four singular 
points of which either one or three are cusps, then the two remaining singular 
points are in triangles of the same set. 

6. Mr. L. Battig’s paper treated of the two classes of plane quartic curves, 
rational and elliptic, that may be obtained by quadratic transformation of 
conics and plane cubics. With the exception of quartics with a triple point 
all rational quartics may be thus obtained from conics. Quartics with a triple 
point result from the transformation of singular cubics. Elliptic quartics (of 
deficiency one) result from the transformation of properly placed non-singular 
cubics (of deficiency one), since deficiency is unchanged under quadratic trans- 
formation. 


Lucy T. DOUGHERTY, Secretary 


THE MARCH MEETING OF THE MICHIGAN SECTION 


The seventh annual meeting of the Michigan Section of the Mathematical 
Association was held at the University of Michigan, Ann Arbor on March 22, 
1930 in conjunction with the Michigan Academy of Science, Arts, and Letters. 
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Professor R. C. Shellenbarger, chairman, presided at the morning program and 
at the luncheon meeting. Professor Theodore Lindquist, chairman elect, pre- 
sided at the afternoon program. 

Fifty-seven persons registered, but there were others in attendance. Thirty- 
three members of the Association who attended the meeting are as follows: 
N. H. Anning, W. L. Ayres, J. W. Baldwin, W. D. Baten, Stanley Bolks, W. M. 
Borgman, Jr., J. W. Bradshaw, J. B. Brandeberry, Carl J. Coe, J. J. Corliss, 
S. E. Crowe, Albertus Darnell, Watson M. Davis, Lloyd C. Emmons, J. P. 
Everett, Peter Field, K. W. Folley, W. B. Ford, J. W. Glover, V. G. Grove, 
T. H. Hildebrandt, L. A. Hopkins, D. K. Kazarinoff, Theodore Lindquist, 
H. L. Olson, G. Y. Rainich, Louis J. Rouse, R. H. Schoonover, R. C. Shel- 
lenbarger, E. R. Sleight, G. G. Speeker, T. O: Walton, J. B. Winslow. 

The following officers were elected for the ensuing year: Chairman, Theo- 
dore Lindquist, Michigan State Normal College; Secretary-treasurer, L. A. 
Hopkins, University of Michigan; Member of the Executive Committee, Clark 
L. Herron, Hillsdale College. Attention was called to the work of the two 
special committees which had been appointed in 1929 and whose reports were 
scheduled on the program:—first, the committee of which Professor L. C. 
Plant was chairman on the “Content of Mathematics Courses”; and second, 
the committee on “Legal Requirements of Mathematics Teachers” with Pro- 
fessor L. C. Emmons as chairman. 

The following fifteen papers were read: 

1. “On the motion of a top,” by Mr. J. J. Corliss, University of Michigan. 

2. “A note on cyclotomic equations,” by Professor N. H. Anning, University 
of Michigan. 

3. “Transformations with preservation of solid angles,” by Professor G. Y. 
Rainich and Mr. E. H. Hildebrandt, University of Michigan. 

4. “Content of mathematics courses,” by Professor L. C. Plant, Michigan 
State College. 

5. “On the normals to the parabola,” by Mr. L. C. Mathewson, presented 
by Mr. Marvin Pahl, Albion College. 

6. “Some generalizations of Pappus (Guldin’s) theorems,” by Mr. D. K. 
Kazarinoff, University of Michigan. 

7. “On a certain system of differential equations,” by Mr. G. C. Munro, 
University of Michigan. 

8. “Combining certain probabilities which are constant,” by Dr. W. D. 
Baten, University of Michigan. 

9. “The evaluation of a certain generalized determinant,” by Mr. W. O. 
Menge, University of Michigan, 

10. “The Borel theorem and its generalizations,” (The Chauvenet Prize 
Memoir) by Professor T. H. Hildebrandt, University of Michigan. 

11. “A comparison of two expansions of the inverse sine function,” by 
Professor A. L. Nelson, College of the City of Detroit. 

12. “Constructional representation of numerical values involving complex 


1930] NINETEENTH MEETING OF THE IOWA SECTION 335 


radicals, index 2, and its application in the inscribing or circumscribing of the 
general group of regular polygons,” by Mr. C. E. Smith, Redford High School. 

13. “Transformations of nets and surfaces,” by Professor V. G. Grove, 
Michigan State College. 

14. “Relation of mathematics to electrical engineering,” by Professor J. H. 
Cannon, University of Michigan. (By special invitation). 

15. “Legal requirements of mathematics teachers,” by Professor L. C. 
Emmons, Michigan State College. 


Louts A. Hopkins, Secretary 


THE NINETEENTH MEETING OF THE IOWA SECTION 


The nineteenth meeting of the Iowa Section of the Mathematical Associa- 
tion of America was held with the Iowa Academy of Science at Iowa State 
College, Ames, Iowa, on May 2 and 3, 1930. 

The attendance was about fifty, including the following twenty-eight 
members of the Association: F. A. Brandner, E. W. Chittenden, L. M. Coffin, 
Julia T. Colpitts, N. B. Conkwright, Marian E. Daniells, J. M. Earl, C. W. 
Emmons, C. H. Fischer, Annie W. Fleming, C. Gouwens, Gertrude A. Herr, 
E. C. Ingalls, F. M. McGaw, J. V. McKelvey, M. M. McKelvey, E. E. Moots, 
I. F. Neff, J. F. Reilly, H. L. Rietz, B. D. Roberts, Maria M. Roberts, E. R. 
Smith, G. W. Snedecor, J. S. Turner, L. E. Ward, C. W. Wester, Roscoe 
Woods. 

The section chairman, Professor E. W. Chittenden, presided at both the 
Friday afternoon and Saturday morning sessions, relieved for a time by the 
Vice-chairman, Professor L. M. Coffin. Dinner was enjoyed together at the 
Memorial Union Friday evening and was followed by a short toast program. 

At the business session officers for 1930-31 were elected as follows: Chair- 
man, G. W. Snedecor, Iowa State College; Vice-chairman, E. C. Ingalls, lowa 
Wesleyan College; Secretary-treasurer, J. F. Reilly, University of Iowa. 

The necrology committee made the following report: ‘‘Since our last meet- 
ing, the Iowa Section of the Mathematical Association of America has lost 
through death two of its esteemed members—Professor E. A. Pattengill of 
lowa State College, and Professor Fred Reusser of Buena Vista College. In 
recognition of their services as teachers of collegiate mathematics, their whole- 
some influence among students in their institutions, and their cooperation in 
furthering mathematical education, be it resolved that we express our deep 
sense of loss by a rising vote, and that this resolution be spread on the minutes 
and that the secretary send a copy to Mrs. Pattengill and to the nearest available 
relative of Mr. Reusser.” H. L. Rietz, E. R. Smith, Committee. 

A vote of thanks was tendered the department of mathematics at Iowa 
State College for the courtesies shown the section, and for the excellent arrange- 
ments made for our meeting. 
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The following recommendation was unanimously approved: “That a sub- 
ject matter requirement be adopted for the certification of teachers of high 
school mathematics in Iowa, and that such subject matter requirement conform 
to that proposed by the North Central Association of Colleges and Secondary 
Schools.” 

The program consisted of eighteen papers, and an address by the retiring 
chairman, as follows: 

1. “The distribution of the zeros for functions defined by a Heine series”, 
by E. R. Smith, Iowa State College. 

2. “Stencils in geometrical construction”, by F. M. McGaw, Cornell 
College. 

3. “Conformal and isohedral mapping of the earth on a plane”, by Orlando 
C. Kreider, Iowa State College, by invitation. 

4. “On the summation )\x"”, by J. F. Reilly, University of Iowa. 

5. “A lemniscate potential boundary value problem”, by Archie Higdon, 
Iowa State College, by invitation. 

6. “On certain appropriate scales in the graphic representation of fre- 
quency”, by H. L. Rietz, University of Iowa. 

7. “An algorithm for writing coefficients of a polynomial with known zeros,” 
by C. W. Wester, Iowa State Teachers College. 

8. “Progressive totals and summation as a substitute for accumulative 
multiplication”, by A. E. Brandt, Iowa State College, by invitation. 

9. “A note on the extraction of the square root on a calculating machine,” 
by A. E. Brandt. 

10. “Some theorems concerning parabolas having a common focus”, by 
B. D. Roberts, Parsons College. 

11. ‘Statistical control of a grading system,” by G. W. Snedecor, Iowa 
State College. 

12. “Some curves associated with two given curves”, by C. H. Fischer, 
University of Iowa. 

13. “The decomposition of (x? —1)/(*—1) for p=41, and p=43”, by Corne- 
lius Gouwens, Iowa State College. 

14. “A representation of the law of mortality”, by Arthur Ollivier, Univer- 
sity of Iowa. 

15. “The factors of a*—1, n<50, a=3, 5, 6, 7, 10, 11, 12”, by J. S. Turner, 
Iowa State College. 

16. “Annuities certain for fractional periods”, by J. F. Reilly, University 
of Iowa. 

17. “The limacon boundary value problem”, by Daniel Hutton, Iowa 
State College, by invitation. 

18. “An elementary proof of Descartes’ rule of signs”, by C. W. Wester, 
Iowa State Teachers College. 

Abstracts of these papers follow: 

1. Starting from results obtained by E. B. Van Vleck and Pringsheim, 
Professor Smith showed that the zeros of a function defined by a Heine series 
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are in any region finite in number. He also showed the possibility of defining 
a region about the origin which is entirely free of zeros. 

2. Professor McGaw exhibited three stencils that he had made for the pur- 
pose of drawing accurate diagrams in his course in “Modern geometry”. 
Stencil number one—the general triangle with about thirty points perforated, 
such as incenter, circumcenter, nine-point center, centroid, excenters, symme- 
dians, Brocard points, etc. Stencil number two—the quadrilateral and quad- 
rangle with all the necessary points for development of harmonic relations. 
Stencil number three—A general figure giving convenient cross-ratio forms for 
particular values. 

3. In his discussion of Mercator’s conformal projection Mr. Kreider found 
the ratio of the area of a portion of the sphere between two meridians to the 
corresponding area on the map in terms of the latitude. The paper was illus- 
trated by several maps. Equal area projection was also discussed. 

4. In his paper Professor Reilly emphasized the necessity of stating the 
final term in the usual formula given for the summation > x". 

5. In his paper Mr. Higdon discussed a solution of the equation V*y=0 
for the lemniscate by the use of definite integrals. The method involved the 
mapping of the region into a circle and obtaining the corresponding solution 
by means of a Poisson’s integral which may be reduced to elliptic integrals of 
the first and second kinds. 

6. In this paper Professor Rietz discussed the significance and usefulness 
of changes in scale in the graphic representai‘ca of certain frequency distribu- 
tions. In particular special consideration was given to the general nature of 
distributions whose analysis is likely to be facilitated by the scales of arith- 
metic probability paper and of logarithmic probability paper. 

7. Letting s(r, 8) represent the sum of the products 7 at a time of the first 
k numbers in the set ai, dz, -+-, @n, Professor Wester showed that s(r, 2) 
=s(r, k—1)+a,s(r—1, R—1). This suggested arranging these sums, for pur- 
poses of calculation, in an array with k for the number of the column and r 
for the number of the row. The &th column then will contain the coefficients, 
after the first, of the polynomial whose zeros are the numbers —a, —d2,- °° 
—da,n, and whose leading coefficient is unity. 

8. A method was presented by Professor Brandt which enables one to 
eliminate all multiplication from problems involving the sums of squares or 
of products such as are met with in correlation studies and in inventories. 
This method has been developed for use with punched cards and sorting and 
tabulating machines. An explanation of the method step by step and an 
illustrative problem were given. 

9. The fact that the sum of the first » odd numbers is n? and that any 
number can be expressed in the form a?+(2a+0)b+R8 enables one to use divi- 
sion in extracting square roots. Any number of places can be determined by 
subtracting successive odd numbers and an equal number of places further 
may be secured by subtraction. The true root will be equal to or less than the 
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one extracted but can never be less by more than one in the last place. Pro- 
fessor Brandt showed that this method is especially useful in connection with 
calculating machines having automatic division. The method was also extended 
to the extraction of cube roots. 

10. By means of the orthogonality of confocal parabolas Professor Roberts 
showed that two parabolas having a common focus and principal axes inclined 
at an angle qa intersect at an anglea/2, that if tangents be drawn to such para- 
bolas at the points where a line from the focus intersects them, these tangents 
intersect at an angle a/2, and that the locus of the intersection of such pairs 
of tangents is the “radical axis” of the parabolas. 

11. The methods in vogue for controlling grading systems statistically are 
inadequate in this particular: they fail to make allowance for differences in 
ability among the groups to which the control applies. Such differences arise 
from (1) sectioning according to ability, (2) random sampling, and (3) differ- 
ences in standards among departments and colleges in the same institution. 
Professor Snedecor showed that differences in ability among groups can be 
evaluated by using standard tests and the methods of multiple correlation. 
The result of an adequate control is that a given grade represents the same 
standard of attainment in every group of students in the institution. 

12. In his paper Mr. Fischer suggested a general method of deriving curves 
from two given rational curves illustrated by the derivation of an ellipse from 
two concentric circles. The method consists of forming various combinations 
of the coordinates of two given rational curves, expressed in parametric form. 

13. In Kraitchik’s “Recherches sur la Théorie des Nombres” (1924) are 
displayed the polynomials Y and Z of the well known decomposition of 4X 
=4(x?—1)/(x—1) into the form 4X = Y?2—(—1)‘*-Y” pZ? for p an odd 
prime. The largest value of » there given is p=37. Legendre has given a method 
of obtaining these coefficients but it breaks down for p=41 and p=43. In 
this paper Professor Gouwens gave the polynomials Y and Z for these two val- 
ues of p. 

14. In his paper Mr. Ollivier reported on an attempt to represent a portion 
of the “American Experience Table of Mortality” by means of a parabola 
and a cosine series. 

15. Professor Turner in his paper exhibited the factors of a”—1, n<50, 
a=3,5, 6, 7, 10, 11, 12, giving 48 results not found in Bickmore’s paper (Mes- 
senger of Mathematics, vol. 25, p. 43). 

16. In this paper Professor Reilly suggested a definition of the annuity 
symbols for fractional periods based upon interpolation with higher orders of 
differences. 

17. Mr. Hutton gave a solution of the problem in potential theory where 
the contour is a limacon. 

18. Basing his proof on that given by L. E. Dickson in First Course in 
Theory of Equations, Professor Wester gave a shorter elementary proof of Des 
Cartes’ rule of signs. 
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An abstract of Professor Chittenden’s address on “General topology” 
follows: 

Topology is concerned with the properties of sets of points which are 
invariant under bicontinuous one to one transformations. General topology 
applies the methods of the theory of abstract sets founded by Fréchet to the 
study of these questions. In this address the following topics were empha- 
sized: the influence of the topological viewpoint on the development of the 
theory of abstract sets, the dimension theory of Urysohn and Menger, and the 
logical interrelations of the fundamental properties of abstract sets. 

J. F. REILLY, Secretary 


THE MAY MEETING OF THE MINNESOTA SECTION 


The annual meeting of the Minnesota Section of the Mathematical Associa- 
tion of America was held at Carleton College, Northfield, Minn., on Saturday, 
May 17, 1930. Sessions were held at 11:00 o’clock and at 2:30 o’clock, with 
luncheon in the dining hall of Carleton College. Professor Fredrick Wood, 
chairman of the section, presided at both sessions. 

Eighty-one persons attended the meeting, including the following twenty- 
four members of the Association: R. W. Brink, A. Bogard, W. H. Bussey, 
Elizabeth Carlson, June Constantine, H. H. Dalaker, Margaret Eide, Gladys 
Gibbens, C. H. Gingrich, W. L. Hart, Dunham Jackson, C. M. Jensen, W. H. 
Kirchner, W. H. McEwen, Marie Ness, M. F. Rosskopf, Inez Rundstrom, 
Edward Saibel, A. K. Solum, F. J. Taylor, Ella Thorp, Marion B. White, 
Gilbert Winklemann, Fredrick Wood. 

Following the afternoon session those attending the meeting witnessed the 
beautiful May Fete given by the students of Carleton College. 

During the afternoon session a vote of thanks was adopted in appreciation 
of the cordial hospitality of Carleton College and of the efforts of its depart- 
ment of mathematics. Officers for the following year were elected as follows: 
Chairman: C. H. Gingrich, Carleton College; Secretary, A. L. Underhill, 
University of Minnesota; Members of the Executive Committee: H. H. Dala- 
ker, College of Engineering, University of Minnesota; Mrs. Margaret Eide, 
State Teachers College, River Falls, Wis.; A. Bogard, College of St. Teresa, 
Winona, Minn. 

The following eight papers were presented: 

1. “Some remarks 0.1 the Rhind Mathematical Papyrus and the Source Book 
in Mathematics”, by Professor W. H. Bussey, University of Minnesota. 

2. “A derivation of the equation for the normal surface”, by Miss Marian 
Wilder, University of Minnesota. 

3. “Some methods for the classical problems of geometry”, by Professor 
Gladys Gibbens, University of Minnesota. 

4. “Some qualities that should be possessed by a teacher of mathematics”, 
the Chairman’s address, by Professor Fredrick Wood, Hamline University. 
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5. “Mathematics as applied to biological problems”, by John Stanley, 
University of Minnesota. 

6. “A lemma in the theory of Fourier series”, by Myron Rosskopf, Uni- 
versity of Minnesota. 

7. “The combination of dependent observations”, by Phillip J. Roulon, 
University of Minnesota. 

8. “A proof of H lder’s inequality”, by W. H. McEwen, University of 
Minnesota. 

Abstracts of the papers follow: 

1. Mr. Bussey spoke briefly of two new books recently published: “The 
Arnold Buffum Chace Edition of the Rhind Mathematical Papyrus” and “A 
Source Book in Mathematics” by David Eugene Smith. The purpose of his 
talk was to stress the desirability of having the two books available in every 
department of mathematics library for use by students and faculty. 

2. The derivation of the equation of the normal surface can be based on the 
assumption of a frequency function z=Cf(xy), where f(xy) = ener —ebeu— eu" 
From the definitions of the correlation coefficient and the standard deviations, 
equations in a, b, c are derived. The solutions of these equations, together 
with a determination of C, when substituted in the frequency function, give 
the standard form of the normal equation. 

3. This paper will appear in an early number of the Monthly. 

4. The paper suggested that a teacher should be a genuine student of the 
content and historic background of mathematics, and have a broad training 
in cultural subjects. He should love his subject and have imagination and 
intellectual curiosity. He should be interested in students, be gentle and kind, 
fair and square, and remain young enough to understand his students. Illus- 
trations were given from various fields of mathematics to show the use of these 
qualities in stimulating the interest of the student and awaking him to the 
possibilities of doing original thinking. 

5. The recent great advances made in physics by the use of mathematical 
reasoning lead to the question of whether or not living material lends itself to 
such treatment. It is possible to define several types of what may be called 
“biological entities”. These are first, simple and compound, where the simple 
entity is a single organism, the compound, a group of organisms. Further divi- 
sion may be made into simple thinking, and simple non-thinking, compound 
with simple non-thinking elements, compound with simple thinking elements, 
thinking singly, and finally, compound with simple thinking elements thinking 
cooperatively and more or less in unison. 

Examples of these entities are given and the feasibility of mathematical 
treatment is discussed in each case. 

Certain analogies exist between these types. From a mechanistic view- 
point, the main characteristic of living matter is extreme heterogeneity of 
structure. 

Under certain restrictions, the number of thoughts possible to a human be- 
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ing is finite, and small creatures are necessarily incapable of intricate thought. 
Finally, the heterogeneous living system is oriented by means of a progres- 
sive extension, starting with the rigid motion, with all particles alike, passing 
en route through such systems as the non-rigid, compressible motion, with 
elements unlike, etc. 
6. If f(x) is a continuous function in the interval (—7, 7) with the period 


27 and if [ f(x) cos nx dx =0 and [ f(x) sin nx dx =0 for all n=0, 1, 2, --, 


it follows that f(x)=0. The lemma allows a very concise proof of the 4, e 
part of the proof of convergence in Fourier series. 

7. The problem of this paper is suggested by the situation which arises 
when a series of tests are applied to an experimental group and to a control 
group of students in order to test the efficacy of some educative process. In 
case the tests are independent, one can sometimes infer a significant difference 
between the groups even when the difference for each test is not significant. 
The paper points out the danger of applying the method when the tests are 
correlated; and it suggests methods of getting the best value from a set of 
correlated observations, and of measuring its significance. These methods will 
be developed in a later paper. 

8. This paper offers a proof of the relation 


b b Lr 
{ odx <= (b — ayemoird f orae} 


where ¢>0 and ris any real number £1. It is first shown by means of Schwarz’s 
inequality that 


b b 1/(¢+1) 
f pdx < (b — ayer) | evant ; 1= 1, 2, moe, (n — 1), 


a 


and by combining these n—1 relations, that the desired inequality holds for 
any positive integral value n. This fact is used to prove that 


J "yrds S (b- ayer} J var 


where f is any real number <1, and the proof is then completed by identifying 
¢" with w and 1/r with p. 
R. W. BRINK, Acting Secretary 


THE MAY MEETING OF THE MARYLAND-VIRGINIA-DISTRICT 
OF COLUMBIA SECTION 


The twenty-seventh regular meeting of the Maryland-Virginia-District of 
Columbia Section of the Mathematical Association of America was held at 
Goucher College, Baltimore, Md., on Saturday, May 10, 1930. Sessions were 
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held in the morning and in the afternoon; Professor W. F. Shenton, Chairman 
of the Section, presided at both sessions. 

Fifty-four persons attended the meeting, including the following forty-five 
members of the Association: O. S. Adams, Beatrice Aitchison, G. F. Alrich, 
R. N. Ashmun, H. G. Avers, Clara L. Bacon, W. J. Berry, G. A. Bingley, C. C. 
Bramble, J. L. Clayton, Teresa Cohen, A. Cohen, G. R. Clements, Tobias 
Dantzig, Alexander Dillingham, J. A. Duerksen, J. B. Eppes, Mary Ewin, 
P. J. Federico, Michael Goldberg, W. M. Hamilton, F. E. Johnston, H. P. 
Kaufman, L. M. Kells, W. D. Lambert, C. L. Leiper, Florence P. Lewis, 
Florence M. Mears, F. D. Murnaghan, C. H. Rawlins, Jr., Lowell Reid, W. F. 
Reynolds, A. W. Richeson, H. M. Robert, Jr., H. A. Robinson, R. E. Root, 
W. F. Shenton, T. H. Taliaferro, J. H. Taylor, Marian M. Torrey, John Tyler, 
P. Wernicke, J. Williamson, R. C. Yates, O. Zariski. 

The following officers were elected: Chairman, Clara L. Bacon, Goucher 
College; Secretary, Edgar W. Woolard, The George Washington University; 
additional members of the executive committee, J. Williamson, The Johns 
Hopkins University, and G. A. Bingley, St. Johns College. 

During a discussion which followed the program, encouragement was given 
to the preparation of papers appropriate to the general membership of the 
Association—papers more in line with the teaching membership than the 
graduate membership. The executive committee was asked to make an early 
effort to arrange programs for the meetings, and to provide for the entertain- 
ment of the group when no formal invitation was received from some institution. 

An invitation from the chairman to hold the next meeting of the Section 
at American University was accepted. 

The following five papers were presented: 

1. “On linear subspaces of a given space,” by Dr. Zariski, Johns Hopkins 
University. 

2. “Mathematical aspects of a theory of the frequency distribution of 
species,” by Florence P. Lewis, Goucher College. 

3. “The potential of a spherical zone,” by W. D. Lambert, U. S. Coast and 
Geodetic Survey. 

4. “Some episodes from the history of the infinite,” by Tobias Dantzig, 
University of Maryland. 

5. “On a problem of regions,” by H. A. Robinson, Johns Hopkins Univer- 
sity. 

Mr. O. S. Adams also presented a brief statement of several of his recent 
problems in the American Mathematical Monthly. 

An abstract of one of these papers follows: 

3. Mr. Lambert’s paper dealt with the Newtonian potential of a very thin 
layer of attracting matter on the surface of a sphere and bounded by a circle 
of any size, the attracted point being also on the surface. This problem has 
important geophysical applications. Woodward (“On the form and position of 
sea level,” U. S. Geological Survey Bulletin No. 48, Washington, 1888) showed 
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that the problem could be reduced to the evaluation of an elliptic integral, but 
did not actually use this method. It turns out to be a complete elliptic integral 
of the third kind and in this paper three methods of evaluating it numerically 
are given. A method is also given for computing the potential of any layer of 
constant surface density bounded by arcs of great circles, the attracted point 
being on the surface. The calculation likewise involves complete elliptic inte- 
grals of the third kind. In both problems the key to the solution is the suitable 
choice of the variable of integration. It is expected that these developments 
will be incorporated in a publication of the U. S. Coast and Geodetic Survey. 


EDGAR W. WOOLARD, Secretary 


SOME CONSTRUCTIONS FOR THE CLASSICAL PROBLEMS OF 
GEOMETRY 


By GLADYS GIBBENS, University of Minnesota 


The purpose of the following paper is to give a brief outline of some of the 
methods used by Mr. Gottfried Lenzer of St. Paul, Minnesota for handling the 
classical construction problems of geometry: the squaring of a circle, the dupli- 
cation (or halving) of a cube, and the trisection of an angle. In March, 1928, the 
University of Minnesota was notified that Mr. Lenzer had bequeathed to the 
University a series of copyrighted drawings and explanatory notes concerning 
these problems, and it became my interesting task to go through the bequest, 
reorganize the work, and publish the results. While Mr. Lenzer was apparently 
not acquainted with the literature on the subject, he was not a circle-squarer 
in the sense of one who believed he had accomplished the impossible, but rather 
a man who found interest and companionship during many years of a solitary 
existence in the study of the subject and the execution of the constructions he 
had formulated. Although his results do not constitute any material addition 
to knowledge in the present state of things, they are of interest in themselves 
as well as for their revelation of the mind of a man who regarded them as his 
most cherished possession but who made no attempt to publish them during 
his lifetime. 

Mr. Gottfried Lenzer was a native of Germany who lived in St. Paul for 
many years, and who was an engineer by profession. I do not know how his 
interest in these problems was originally awakened, but to judge by the dates 
on the drawings it was of long standing, and he continually reworked the con- 
structions and developed his methods, trying to inter-relate the problems. His 
bequest consists of some sixty drawings, dating from 1911 to 1927, when the 
entire set was copyrighted, and a scant set of explanatory notes. The drawings 
are all on large paper, and are beautifully executed in colored inks. They are 
all very complicated, but are symmetric with respect to all convenient lines and 
points, an obvious esthetic pleasure to the engineer-draughtsman. Mr. Len- 
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zer’s achievement seems quite remarkable for a man who was not mathema- 
tically trained, and who at no time attempted to formulate a general method 
for his constructions, but who handled each special case of the problem under 
consideration on its own merits; however he must have had some such general 
method in mind and in the following paper I have attempted to formulate these 
methods from the drawings and notes. 


I. The Trisection of an Angle: A Solution. 


Place the angle AOA’ (Figure 1) that is to be bisected so that its internal 
bisector is the vertical line Y’OY and its external bisector the horizontal line 


Fic. 1 


X’'OX. Draw a convenient circle having the vertex O as center and meeting the 
sides of the given angle at A’ and A. Extend the side A’O of the given angle 
to meet this circle again at B. Now mark off on a straight edge two radii, 
CP, PD of the circle, and shift the straight edge through B until C lies on OX, 
P on the circle, and D on OY. It is obvious that if CP=OP, then PD=OP, and 
the three conditions can be fulfilled. (It is at this point that the construction 
ceases to be one by ruler and compass in the classical sense; we are using a 
marked ruler, and what might be termed three-point contact with a given 
figure.) Draw OP; it is a trisecting radius and its symmetric OP’ with respect 
to OY is the other. Proof. Let a= ZAOD=34 ZAOA’, B= ZPOD= ZPDO; 


1930] CONSTRUCTIONS FOR CLASSICAL PROBLEMS OF GEOMETRY 345 


then ZOPC=268= ZOBP; ZOCP= 90°—6; ZBOC=90°—a and ZBCO= 
90°+8. But in the triangle OCB, the sum of the three angles is 180°, so that 
(90° —a) +(90°+8) +28 =180°, or B=4a. That is, OP is a trisecting radius for 
the half-angle AOD and hence for the original angle AOA’. 

If we wish to trisect the remaining arc of the circle AX Y’X’A’, we shift 
the marked rule in similar fashion through B so that C is on OX, P on the circle 
and Don OY’. The proof goes through in the same way. 


2. Squaring the Circle: An Approximation. 


Mr. Lenzer’s drawings are symmetric with respect to the horizontal and 
vertical diameters of the circle, but in order to avoid confusion of notation I 
shall give only one of the constructions involved; the remaining ones are ob- 
vious. Let the circle with center O (Figure 2) be the circle to be squared; for 


Fic. 2 


convenience consider its radius as one unit. Circumscribe about it the square 
B,B,B3B, with horizontal and vertical sides, labeling the points of tangency 
A, Ae, As, Ag as indicated. With A, as center, draw a quarter unit-circle OBP,, 
meeting the original circle at P,; draw OP, and B.A; meeting at Q:. At Q, 
erect a vertical line meeting the circle at S,;. This same construction can be 
made using A» for the center of the circle and B,A3 for the diagonal of the half 
square; then seven other points S symmetric to S,; with respect to A3A1, A4A_ 
and the diagonals of the square will be obtained. The square C,C2.C3C, through 
these eight points has an area approximately equal to that of the given circle. 

Closeness of the approximation. If we set up a rectangular coordinate sys- 
tem with A;4, and AA, as x- and y-axes respectively, then the equation of OP; 
is ys/3=x and of BoA, is x+2y=1; they meet at Q; whose coordinates are 
(x =24/3—3, y=2—4/3). The vertical line Q1S;, «=2./3—3, meets the given 
circle x*-+y?=1 at S, whose y-coordinate is given by y?=12./3—20. The 
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area of the square C,C2C3C, having 24 as its side is 4y?=4[124/3 — 20] = 3.1384. 
The area of the original circle is 3.1416. The approximating square then is too 
small; its area being .999 times that of the circle. But this error is well within 
the limits of ordinary drawing; if the original circle has a radius of 10 inches, 
the side of the approximating square is too short by less than .004 inches, less 
than the ordinary pen line. 

The square whose perimeter is approximately equal to the circumference of the 
given circle. Inscribe a circle in C,C:C;Ci, meeting OS; at Ty, (R=1, 2,-°°-°, 
8) Then the square D,D,D;D, through these points T; has a perimeter approxi- - 
mately equal to the circumference of the original circle. The proof is analo- 
gous to the one just given, and the error is of the same order. 

The drawings also include constructions for circling the square, but since 
it is essentially the inverse of the preceding, no details will be given. 


3. Halving the Cube: An approximation. 


Let A,A.A;A, (Figure 3) represent one face of the given cube. Divide the 
half-diagonal OA, into four equal parts by the points C,, D1, Ei. Draw a circle 
with C, as center and CA, as radius, and a line through C, parallel to 44A1. 


Ay 


A, 
Fic. 3 


Let B, be their point of intersection. Draw D,B,, extending it to meet a parallel 
to OA» through A; at Ff}. Now through F, draw a parallel to C,Bi, meeting 
OA,at Pi. Then OP, is a half-diagonal of one face of the required cube whose 
volume is approximately equal to half the volume of the original cube, 
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Analytic discussion of the degree of the approximation. Let us take the half- 
diagonal of the given cube as 4; then the length of an edge of the cube is 44/2 
and its volume is 128,/2. The equation of the circle C; is (x—3)?+y?=1; it 
meets the line C:B,; whose equation is y=x—3 at the point B,:(3+44/2, 44/2). 
The equation of B,D; is x—y(4/2+1)—2=0, meeting A, Ff, or x=4 at (4, 
24/2—2). Then the equation of Fi Pi is y—2,/2+2=x—4, so that the coor- 
dinates of P; are (6—24/2, 0). The edge of the cube having P,P.P3P, as one 
face (where P2,P3,P,4 are the corresponding points to P; on the other diagonals) 
is 64/2—4 and the volume of the cube then is 8(34/2—2)3=16[454/2 — 58]. 
But the volume of a cube just half the original is 64,/2, so the approximating 
cube is smaller than the desired one, with an error of .3%. If the edge of the 
original cube were 10 inches, the width of the strip between the sides of the 
approximating cube and the true half-cube would be less than .002 inches, 
well within the limits of drawing. 

In a single sentence in the notes, Mr. Lenzer states that an analogous method 
could be used for duplicating a cube, but none of the drawings show such a 
construction. 


4. Construction of a Regular Pentagon. 


Draw a circle with OAs; as radius (Figure 4) and a concentric circle whose 
radius is twice as large. Draw the horizontal and vertical diameters as indicated. 


Fic. 4 


Draw B3A4, meeting a circle with B; as center and radius OB; at E. Draw a 
circle with A, as center and radius 4,E, meeting the large circle at Ff; and fF». 
Then fF, is a side of a regular pentagon inscribed in the circle AiB,4A4B}. 


348 ON OVALS [Aug.-Sept., 


Analytic Proof. Let us take A,1A4 and BiB, as x- and y-axes respectively, and 
OA,asa unit. Then the equation of B3A,is x +2y =1; the equation of the circle 
with center at Bs; is x?-+(y—4)?=4; and the coordinates of Eare(#V/5, 7g(5— 
4/5)). The length (EA,4) is #(4/5 —1) and the equation of the circle with center 
at A, is (x—1)?+y?=4(4/5—1). It meets the original circle x?+y?=1 at Fi 
and F, whose coordinates are 


x = 14(1 + /5) = cos 36°, y = F 2V(10 — 2/5). 


so that FF, subtends at 0 an angle of 72° and isa side of the inscribed pentagon. 


ON OVALS 


By N. HANSEN BALL, Massacuusetts INSTITUTE OF TECHNOLOGY 


1. Introduction. During recent years many geometers have shown increased 
interest in those properties of plane curves which do not depend upon their 
analytical expression. It is surprising how many such properties have already 
been discovered, although the field has been barely touched. It is the purpose 
of this note to give a brief review of the most important publications on this 
subject. While some of these properties hold for any type of curve whatever 
most of them are valid only for curves which are closed and convex, 1.e., which 
have at most two intersections with any line in the plane. Theorems of the 
latter type only shall be dealt with here. 

2. The four-vertex and allied theorems. The four-vertex theorem states that 
on every closed, convex curve, or oval, there are at least four points where the 
radius of curvature has an extreme value. In this and other theorems of the 
same type, the further assumption is made that the radius of curvature is con- 
tinuous for each point and is never zero. Since an ellipse has exactly four such 
points, if it can be established that no oval can have less than four, the minimum 
number is shown to exist and is definitely determined. In 1912, A. Kneser! gave 
a purely geometrical proof of this theorem. Shortly afterward W. Blaschke’ gave 
three different proofs for it. One was based on the application of Fourier series 
and another, due to G. Herglotz, made use only of elementary differential 
geometry. The third, and most elegant, proof depends only on the equations, 
valid for any closed curve, 


(1) ri o(d) sin dé = 0 and g (4) cos edb = 0, 


where @ is the angle between the tangent to the curve and a fixed line in the 


1A, Kneser, Bemerkungen tiber die Anzahl der Extremen der Kriimmung auf geschlossenen Kur- 
ven, Festschrift, Heinrich Weber, 1912. 

2W. Blaschke, Die Minimalzahl der Scheitel einer geschlossenen konvexen Kurve, Rendiconti 
del Circolo Matematico di Palermo, vol. 36 (1913), pp. 220~222; and Vorlesungen tiber Differential- 
geometrie, Vol. 1, p. 15. 
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plane, and p(@) is the radius of curvature of the oval. This equation can be 
interpreted as saying that the center of gravity of a circle, loaded with mass of 
density, p, is at the center of the circle. Then, assuming that p is continuous and 
has the same sign at all points on the curve, Blaschke shows that this is impos- 
sible if op has only two extrema, and furthermore he shows that if the number of 
extrema of p is finite, then they can occur only in an even number. H. Mohr- 
mann? has also given a proof of this theorem. 

G. Szegé* and W. Siiss® have given proofs of a similar theorem which states 
that on any oval with a continuous radius of curvature, there are at least three 
pairs of points such that the tangents at the points of a pair are parallel, and the 
curvatures are there equal. Szegé proves it by the use of Fourier series, while 
Siiss puts equation (1) in the form 


w {2 T 
| se) cos ¢@ — (= -- 6) sin 6 (ae = (0, 
0 


where s(#) =p(¢) —p(r+¢), and then makes use of the continuity of s(#) to 
show that s(@) has at least three zeros in the interval, OS¢ Sm. 

Of a similar nature is the theorem‘ in affine geometry that on every oval there 
are at least six sextactic points, a sextactic point being one where the osculating 
conic to the oval is stationary. We also have the theorem that there are six 
points on an oval where the affine normals pass through the center of gravity of 
the area enclosed by the oval. 

Also of interest is the theorem of A. Emch’ that in every oval at least one 
square can be inscribed. This is proved by the use of the lemma that two distinct 
rhombs with corresponding parallel sides or parallel axes can never be inscribed 
in the same oval. This theorem has been generalized by S. Kakeya® to read: In 
every oval there can be inscribed at least two rectangles similar to a given rec- 
tangle, except if the given rectangle is a square. 

One of the most striking relations between geometry “im Grossen” and 
geometry “im Kleinen” is the theorem that if an oval is elliptically curved 
throughout (i.e., the osculating conic section at every point is an ellipse), any 
five points of the oval always lie on an ellipse. 


3H. Mohrmann, Die Minimalzahl der Scheitel einer geschlossenen konvexen Kurve, Rendicont 
del Circolo Matematico di Palermo, vol. 37 (1914), p. 267. 

4G. Szegi, Lésungen zu Aufgaben, Archiv der Mathematik und Physik, vol. 28 (1920), p. 
183. 

5 W. Siiss, Kurzer Beweis eines Satzes von W. Blaschke tiber Eilinien, Jahresbericht der Deut- 
schen Mathematiker Vereinigung, vol. 33 (1924), 2 Abt. p. 32, or Téhoku Mathematical Journal, 
vol. 24 (1925), pp. 66-67. 

6 Blaschke, Differentialgeomeirie, vol. II, pp. 43-46. 

7 A, Emch, Some properties of closed convex curves in a plane, American Journal of Mathematics 
vol. 35 (1913), pp. 407-412. 

8S. Kakeya, On the inscribed rectangles of a closed convex curve, Tohoku Mathematical Journal 
vol. 9 (1916), pp. 163-166. 
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3. The curvature-centroid and curvature-axis. In 1838, J. Steiner? introduced 
the curvature-centroid as the point with respect to which the pedal curve of an 
oval had a minimum area. He showed geometrically that if the oval be con- 
sidered as loaded with a mass density proportional to the curvature, its center 
of gravity is the curvature-centroid. N.M. Ferrers!® and T. Hayashi"! have 
given analytical proofs of this theorem. One of these depends on the following 
fact. If (a, 6) are the coordinates of the point under consideration, the area of 
the pedal curve is 


A= if [(x — a) sind — (y — b) cos d ]2d¢. 


It is easily shown that the values of @ and 6b determined by the equations 
0A /Oda=0A /0b=0 are the coordinates of the center of gravity for the curve 
when loaded as above. Hayashi also showed that the curvature-centroids of an 
oval and its evolute are identical. By a method of proof similar to that outlined 
above for the four-vertex theorem, he showed that the radii vectors of an oval 
and its pedal curve have each at least four extrema. 

B. Su” introduced a generalisation of the curvature-centroid by determining 
that line, which he calls the curvature-axis, about which the oval has a mini- 
mum moment of inertia, if it be loaded with a mass of density proportional to 
its curvature. He shows that the curvature axes of a parallel series of ovals form 
a pencil of lines, through the common curvature-centroid of the series, which 
reduce to a single line when and only when 


ri o(é) sin 2d6 = ¢ a($) cos 26d = 0. 


In particular the curvature-axes of a series of parallel curves of constant 
breadth are one and the same line, since the curves of constant breadth satisfy 
the above conditions. 

4, The extremal chords of an oval. T. Hayashi® gave the first solution of this 
problem. He divided it into two parts, first, the maximum chord in a given 
direction, and second, the extremals of these maximum chords. Then by very 
simple analytical considerations he was able to show that the tangents to the 


9J. Steiner, Von dem Kriimmungs-Schwerpuncte ebener Curven, Crelle’s Journal, vol. 21 
(1838), pp. 33-63 and 101-133, or Werke, vol. 2, pp. 97-159. 

10 N. M. Ferrers, Note on a geometrical theorem of Mr. Steiner, Quarterly Journal of Pure and 
Applied Mathematics, vol. 4 (1861), pp. 92-94. 

1 T. Hayashi, On Steiner's curvature-centroid, Science Reports of the Tohoku Imperial Uni- 
versity, vol. 13 (1924), p. 109. . 

12 B. Su, On the curvature-axts of the convex closed curve, Science Reports of the Tohoku Imperial 
University, vol. 17 (1928), pp. 35-42. 

138T, Hayashi, The extremal chords of an oval, Tohoku Mathematical Journal, vol. 22 (1923), 
pp. 387-393. 
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oval at the extremities of the maximum chord in a given direction are parallel, 
and that the tangents at the extremities of an extremal chord are perpendicular 
to the chord, i.e., the extremal chords are double normals of the oval. 

5. Various Inequalities. The majority of the theorems on ovals are relations 
giving the upper or lower limits to ratios between the area and perimeter, the 
area and breadth, etc. Fundamental among these is the following inequality,“ 
valid for the affine as well as for the Euclidean plane: 


2/Fow/ (F 13 — Fy1F 92) = max V/(D1/D2) — min /(Di/Dz) ; 


where Fy, Fo. are the areas of two ovals Ki and Kz and Di, D2 are the areas of 
similar and similarly oriented triangles circumscribed about the ovals Ki and 
K2, respectively. Fie is the Minkowski mixed area of the two ovals defined by 
the equation, 

Fy. = £ (Xd y- — ydX2) . 


If we let Ke be a unit circle, we get as a special case of this inequality the 
theorem, valid only in the Euclidean plane, that 


(2) L? — 4nF = r?(max r — min7)?, 


where L, F are the perimeter and area of an oval and 7 is the radius of a circle 
inscribed in a triangle which is circumscribed about the oval. 

This is a sharper relation than L?—42rF20 which expresses the well-known 
isoperimetric property of the circle, a property recognized by the Greek geome- 
ters, but first rigorously proved by Minkowski.¥® 

If we represent by A the breadth, or minimum separation of two parallel 
tangents, and by D the diameter, or maximum separation of two parallel tan- 
gents, of an oval, we have, among others, the following expressions for the 
lower limit to the area of an oval: 


) 


12 4 3 


The first two were proved by T. Kubota’ from the following two lemmas: 

I. If we are given any polygon B,B, - - -B, of perimeter L and such that 
B,B,=B,B;= --+=B,B,=D, otherwise B;Bi;1<D then it is possible to con- 
struct a quadrilateral CiC2C3C, of perimeter LZ such that 


CiC > = C1iC3 = CoCs3 = CiC, = 2) and hence C3C 4 = f — 3D 


with an area less than that of B,B. - + -By. 


14 W. Blaschke, Eine Verschdrfung von Minkowskis Ungleichheit fiir den gemischten Fldchenin- 
halt, Hamburger Abhandlungen, vol. 1 (1922), pp. 206-209. 

15 H, Minkowski, Gesammelte A bhandlungen, vol. 2, pp. 242-249. 

16 T, Kubota, Eine Ungleichheitsbeziehung tiber die Eilinien, Tohoku Mathematical Journal, 
vol. 24 (1925), pp. 60-63. T. Kubota, Einige Ungleichheitsbeziehungen tiber Eilinien und Exfldchen, 
Science Reports of the Téhoku Imperial University, vol. 12 (1923), pp. 45-65. 
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II. If we have aconvex polygon A,A2- - -A, with fixed values of D and LZ, then 
we can construct a polygon BB, - - -By, of area equal to or less than that of 
A,iA,---:An, and having the properties assummed in lemma I. 

The area reaches the lower limit given by the first expression only when the 
oval consists of a straight line counted doubly. 

The third relation can be derived from the first by making use of the fact 
that L22D. 

For upper limits to the area of an oval we have the following, in addition to 
(2) above: 


17D?; 4(2AL — rA?). 


These were also established by Kubota.” 

Rosenthal and Sz4sz have shown!® that L=aD, where the equality holds 
only for curves of constant breadth. 

If we let p(¢) = —x siné+y cosd be the Minkowski “Stiitzgerade Funktion” 


we have 
L= § pd and Ff = af pods 


from which can easily be derived the theorem,’® due to Hurwitz and Blaschke, 
that the perimeter or area of an oval lies between the perimeters or areas, re- 
spectively, of the largest and smallest osculating circles. 

From the same expressions we also find that 


R = 4D(1 — 2DL) and r S 4D, 


where R, 7 are the radii of the largest and smallest osculating circles of the oval. 
By making use of a Fourier expansion of p and 1/p it can be shown that the 
average value of the radius of curvature of an oval, averaged with respect to s, is 
equal to or greater than the radius of a circle with the same perimeter; and the 
curvature of an oval, averaged with respect to ¢, is equal to or greater than the 
curvature of a circle with the same perimeter. 
In the affine plane we have the two following relations:?° 


SF — S3 > 0: 4rd — (3\/3)F = 0, 


where F is the area, S the affine perimeter, and A the area of the largest in- 
scribed triangle, of an oval. 


17'T, Kubota, Einige Ungletchheitsbeztehungen tiber Eilinien und Exfldchen, Science Reports 
of the Téhoku Imperial University, vol. 12 (1923), pp. 45-65. 

18 Rosenthal and Szdsz, Eine Extremaleigenschaft der Kurven konstanter Brette, Jahresbericht 
der Deutschen Mathematiker Vereinigung, vol. 25 (1917), pp. 278-282. 

19 T, Hayashi, The extremal chords of an oval, Tohoku Mathematical Journal, vol. 22 (1923), 
pp. 387-393. 

20 'W. Blaschke, Differentialgeometrie, vol. 2, pp. 50, 61. 
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We also have the theorem?! that for an oval which is elliptically curved 
throughout, the area or affine perimeter of the largest osculating ellipse is 
equal to or greater than the area or affine perimeter, respectively, of the oval; 
and the equality holds only when the oval is an ellipse. This corresponds to one 
half of the theorem concerning osculating circles mentioned above. 

6. Conclusion. There are still a large number of unsolved problems in this 
field. For instance Blaschke has proposed the following theorems: 

I. If a point lies inside all osculating circles of an oval, it also lies inside 
every circle which has more than two points in common with the oval. 

II. If a line lies outside all osculating circles of an oval, it does not touch 
any circle having more than two intersections with the oval. 

Intuitively these theorems seem almost self-evident, but apparently no 
rigorous proofs have yet been given for them. 

It would be very interesting to find out whether the affine analogon of the 
curvature-centroid has any interesting properties. 

It would also be desirable to have a more geometrical discussion of the ex- 
tremal chords of an oval. 


ON THE EXPRESSION OF AN INTEGER AS THE SUM 
OF AN ARITHMETIC SERIES 


By LAURENS EARLE BUSH, University of North Carolina 


T. E. Mason in the American Mathematical Monthly, vol. 19 (1912), p. 
46, found the number of ways in which an integer can be expressed as the sum 
of consecutive integers or of consecutive positive integers. In this paper we 
shall consider the more general question of expressing an integer as the sum 
of an arithmetic series of integers or of positive integers. 


Without loss of generality we may consider the expression of positive in- 
tegers only, since corresponding theorems for negative integers follow imme- 
diately from those for positive integers. We shall consider an integer itself 
as an arithmetic series of one term, and such a series we shall call ¢ravial. In 
the theorems which follow trivial series are counted unless specifically excluded. 
We also admit zero as an integer and consider a series beginning or ending with 
zero as different from the same series with the zero suppressed. 

Let K =2°0p,°1p).% - - -p,°r be any positive integer, where fi, po, ---, p, are 
distinct odd primes: 

Theorem 1. The number of different ways in which K can be expressed as the 
sum of an arithmetic series of integers with a specified even common difference, d, 


21 T, Kubota, Eine Bemerkung zur affinen Geometrie, Science Reports of the Tohoku Imperial 
University, vol. 12 (1923), pp. 1-5. 
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is the same as the number of distinct positive divisors of K, 1.e., in II’s_o(ei +1) 
ways. 

For, if K is the sum of such a series beginning with the integer a and having 
n terms, then 


K = gn[2a + (n — 1)d], 


which, solved for a, gives 
K d 
(1) a=— — (n—1)—- 
nN 2 


Since d is even, ” must be a divisor of K. Conversely, every distinct posi- 
tive divisor, n, of K leads to a series of the required type containing n terms. 

Corollary: Every composite integer can be expressed as the sum of a non- 
trivial arithmetic series of integers with a specified even common difference, d, in 
at least two different ways; every prime in one, and only one, way; and unity can 
not be so expressed. 

Theorem 2: The number of different ways in which K can be expressed as 
the sum of an arithmetic series of integers with a specified odd common difference, 
d, is twice the number of distinct positive odd divisors of K, 1.e., in 2II' (ei: +1) 
Ways. 

For, if K is the sum of such a series beginning with the integer a and having 
n terms, a has the value given by (1). We have two cases, according as 1 1s odd 
or even. 

If is odd, the last term in (1) is an integer and n must be a divisor of K. 
Conversely, every positive odd divisor, 5, of K leads to a series of the required 
type containing 6 terms. 

If nm is even, the last term in (1) is half of an odd integer, therefore K/n 
must also be half of an odd integer, or 6=2K/n=K/4n must be an odd divisor 
of K. Conversely, every positive odd divisor, 6, of K leads to a series of the 
required type containing 2K //6 terms. 

Hence, each distinct positive odd divisor of K leads to two different expres- 
sions of K of the required type, one having an odd number of terms, the other 
an even number. This leads to the 

Corollary: Exactly half of the different expressions of K as the sum of an 
arithmetic series of integers with a specified odd common difference, d, have an 
even number of terms. 

If d=1 we have one of the results obtained by Mason: 

Corollary: The number of different ways in which K can be expressed as the 
sum of consecutive integers 1s 211";_1(e:+1). 

We may also state the 

Corollary: Every composite integer can be expressed as the sum of a non- 
trivial arithmetic series of integers with a specified odd common difference, d, 
in at least one way; a power of 2 in only one way; anodd primein three, and only 
three, different ways; and unity 1n one, and only one, way. 
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It is to be noted that in the above corollary and in the corollary to theorem 1, 
if d= +K, we are admitting as non-trivial the series of two terms consisting 
of zero and K. For example, unity can be expressed as the sum of two or more 
consecutive integers only in this way, but, for d=3, we have 1 = —1+2. 

In the theorems which follow we shall for convenience in notation consider 
only positive and zero common differences. That in doing this we lose no gen- 
erality is evident, since any expression for K as the sum of a series with com- 
mon difference d becomes a similar expression with common difference —d 
if written in reverse order. In fact, the theorems stated below are equally true 
for negative values of d if we replace d by its absolute value in (2) and (4). 

Theorem 3: The number of different ways in which K can be expressed as 
the sum of an arithmetic series of positive integers with a specified positive even 
or zero common difference, d, 1s the number of distinct positive divisors, 6, of K 
which satisfy the 1nequality. 


(2) 5(6 — 1)d < 2K. 


For, if the series is to have only positive terms it is both necessary and suff- 
cient that the smallest term be positive. Since d is positive the first term is the 
smallest, and from (1) we obtain the condition 


(3) n(n — 1)d < 2K. 


Since the permissible values of are those, and only those, which are divisors 
of K, the theorem follows. 
Corollary: A prime number can not be expressed as the sum of a non-irivial 
arithmetic series of positive integers with a positive even common difference, d. 
For, if K is prime, its only positive divisors are unity and itself. Unity leads 
to the trivial expression, while K does not satisfy (2), for, sinced22 and K22, 


K(K — 1)d = 2K(K — 1) = 2K. 


Theorem 4. The number of different ways in which K can be expressed as 
the sum of an arithmetic series of positive integers with a specified positive odd 
common difference, d, 1s equal to the number of distinct positive odd divisors, 54, 
of K which satisfy inequality (2) plus the number of distinct positive odd divisors, 
6, of K which satisfy the inequality 


(4) 566+ d) >2 Kd. 


For, as in the last theorem, (3) is a necessary and sufficient condition that 
the series contain only positive terms. However, when d is odd each odd divisor, 
6, leads to two values of n, namely, n=6 and n=2K/6. Hence, those, and only 
those, values 0 which satisfy (2) will lead to a series of an odd number of posi- 
tive terms; while those, and only those, which satisfy 


2K/2K 
“(== 1a < 2K, 
5 \ 8 
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or its equivalent (4), will lead to a series of an even number of positive terms. 
Corollary: A power of two is not expressible as the sum of a non-trivial arith- 
metic series of positive integers with a positive odd common difference. 
For a power of two has only the odd positive divisor unity, which does not 
satisfy (4), since K21 and d21, and therefore 


6(8+d) =1+d<(2K—1) d+d=2Kd. 


Hence, the trivial series is the only one. 

Corollary: An odd prime, K, can be expressed as the sum of a non-trivial 
arithmetic series of positive integers with a specified positive odd common differ- 
ence, d, such that d<K, in one,‘and only one, way. 

For, the only odd divisors of K are unity and K. Unity does not satisfy 
(4) as shown above. K does not satisfy (2), for K23, d21, and 6(6—1)d 
=K(K—1)d=2K. But the prime K always satisfies (4), for sinced<K, 


K(K +d) = K2+ Kd > Kd + Kd = 2Ka. 


Therefore, there is one, and only one, expression for K other than the trivial 
one. 

Another of Mason’s results is contained in the following 

Corollary: The number of ways in which K can be expressed as the sum of 
consecutive positive integers is equal to the number of positive odd divisors of K, 
i.e., n Il';_1(e: +1) ways. 

For, we have d=1 and (2) and (4) reduce to 6(6—1)<2K and 6(5+1)>2K. 
Any odd divisor, 5, of K which does not satisfy one of these relations will evi- 
dently satisfy the other. Furthermore, the same positive odd divisor, 6, can 
not satisfy both, for if it did, we should have 


e&<2K+5 and 8 >2K —6, 


K K 
6<2— 11 and b> 2 — 1. 


Since K/é is an integer, we have an odd integer, 6, lying between the two con- 
secutive odd integers 2(K/6)—1 and 2(K/6)+1, which is impossible. 

Corollary: A necessary and sufficient condition that K be expressible as the 
sum of two or more consecutive positive integers is that it be not a power of 2. 

In order to illustrate the theorems stated above, let us take K=12=2?+3. 
The divisors of 12 are six in number, namely, 1, 2, 3, 4, 6, and 12, of which two, 
namely, 1 and 3, are odd. If d=2, by theorem 1, we have six expressions for 
12: 


12 = 12 
12=5+7, 
12=2+4+4 6, 
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12=0+2+4+46, 
12=—-3-14+1+34+5+47, 
12=—-10-—-8-—-6-—-4-—-24+0+4+2+4+6+8+10+4 12. 

By theorem 3, since for d=2, (2) is satisfied by the divisors 1, 2, and 3 only, 


we have the first three of these expressions alone consisting of positive integers. 
If d=3, by theorem 2, we have four expressions for 12: 


12 = 12, 
12 = — 34 — 31 — 28 — 25 — 22 — 19 —- 16 —13 —-10—-7—4-—1+42 


+5+8+4 11+ 14+ 17 + 20 + 23 + 26 + 29 4+ 32 + 35, 
12=—-9-—6-3+04+3+4+64+ 9+ 12. 


By theorem 4, since for d=3, (2) is satisfied by the odd divisors 1 and 3 only, 
while no odd divisor satisfies (4), we have the first two-of these expressions alone 
consisting of positive integers. The only expressions of 12 as the sum of con- 
secutive integers are 


12 = 12, 
12=34445, 
12=—-11-10-9-8—-7-—6-5—4-—3-2-14+0414243 


+4+5+64+7+8+9+ 10+ 11 +4 12, 
2= —-2-—-14+04+14+24+3+4+4+4+5. 


Of these, only the first two consist of positive integers. 


A SHORT ACCOUNT OF THE HISTORY OF SYMMETRIC FUNCTIONS 
OF ROOTS OF EQUATIONS 


By H. GRAY FUNKHOUSER, Washington and Lee University 


A function is symmetric with respect to any number of letters if an inter- 
change of any two of the letters does not change the function. Thus aSy and 
a+B+y +a7B*y? aresymmetricfunctions. Thesimplest ones are those involved 
in the relations between the coefficients and roots of a quadratic equation. If 
a and B are the roots of the equation x? +bx +c=0, then a +8=—b and aB=c, 
b and c being symmetric functions of the roots a and B. 

It shall be the purpose of this paper to seek out the first evidence of the 
knowledge of the relationship between the coefficients and roots of an equation; 
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to discover, if possible, the faint beginnings or shadowy forerunners of the sub- 
ject of symmetric functions, to trace their historical development up to the 
nineteenth century, and to discuss briefly the mathematicians who contributed 
to the progress of the theory. 

The study is not exhaustive and the aim has been to present in concise form 
an account of the early factors which have made this phase of algebra what it 
is today, and to supply the student of the theory of equations with some 
historical material in this specific part of his subject. It has been my particular 
experience to find that new interest and vitality come to a subject when there 
is linked up with it a knowledge of its origin and the vicissitudes of its progress, 
and an acquaintance with those renowned and worthy scholars of previous gen- 
erations who have provided such a noble heritage for the student of today. 
One approaches his work with a somewhat different conception of it when he 
realizes that he is sampling a stream that has been flowing steadily for centuries 
and will continue to flow in like manner after he is gone. 

Original sources in the early history of the subject have naturally been dif- 
ficult to find and interpret. In preparing this paper I have been fortunate in 
having at my disposal the library of Professor David Eugene Smith of Teachers 
College, Columbia University, in addition to the library of the American 
Mathematical Society and the New York Public Library. These libraries, 
especially the first named, have provided such a wealth of material as to make 
the study profitable and interesting. 

Original sources have been consulted in all instances mentioned with the 
exception of Peletier, Vieta and Vandermonde. The authority for the state- 
ments in regard to the first two men is Charles Hutton—Mathematical and 
Philosophical Dictionary (London, 1796). For a reproduction of Vieta’s work 
on roots and coefficients, I have consulted Francis Maseres—Tracis on the 
Resolution of Cubic and Biquadratick Equations (London, 1803), page 531. The 
basis for the paragraph on Vandermonde is a statement on page 51 of Faa de 
Bruno’s Théorie des Formes Binaires (1876). 

As 1s the case with the development of algebra as a whole, the subject of 
symmetric functions to a perhaps greater extent waited upon the introduction 
and improvement of symbolism. It was hard to perceive with any clarity rela- 
tions between roots and coefficients when the equation was wrapped up in a 
paragraph of words representing it. Prior to the time of Franciscus Vieta (1540- 
1603), who was among the first to employ letters to represent numbers, we 
find very little trace of the thing we are seeking. We might say that ‘‘algebraic 
shorthand”’ was almost essential to the development of the subject. It was 
only when the eye was able to aid the mind that progress began to be notice- 
able. 

Luca Pacioli (c. 1445-1509) in his Sama (1494), a general summary of mathe- 
matics up to that time, devotes a part to algebra under the name—L’Arte 
Magiore; ditta dal vulgo la Regola de la Cosa, over Alghebra e Amucabala.! In 


1 Sama de Arithmetica, Geometria, Proportion e Proportionalita, Venice, 1494, folio 67. 
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this he solves equations by completing the square and seems generally to have 
a clear notion of the quadratic. Although I can find no mention of it, he very 
probably recognized some relation between the roots and the numerical parts 
of the equation. 

The starting point of our subject seems to be with that versatile and eccen- 
tric Italian mathematician of the middle of the sixteenth century, Girolamo 
Cardano (1501-1576), whose name has come down in connection with the first 
solution of the cubic equation. His work on algebra, Ars Magna, was published 
in 1545. In this he gives an equation,? x8+72=11x? and the roots ./40—4, 
V/40+4, 3. It should be noticed that the correct roots are —+/40+4, /40+ 
4, 3; but this fault does not affect his knowledge of the relations involved. He 
says that the difference between the positive and the negative roots is always 
equal to the coefficient of the second term—“differentia aequationum verarum 
et fictari semper est numerus quadratort.” He adds \/40+4 and 3. From 
this sum he subtracts »/40—4 obtaining 11, the coefficient of x’. 

He also shows, in effect, that when the second term is missing the sum of 
the negative roots equals the sum of the positive ones. 

Jacques Peletier (1517-1582), writing on algebra thirteen years later, gives 
a method of finding the roots of an equation among the divisors of the absolute 
term when the root is rational, whether integral or fractional, and he observes 
that the root always “lies hid” in the term and is some one of its divisors.® 

Rafael Bombelli (born c. 1530) in his algebra* published in 1572 shows about 
the same knowledge as that set forth by Cardan. 

Vieta’s work on algebra, which gave a great impetus to all branches of 
algebra and especially to that which we are considering, did not become known 
until after his death. It was published by Alexander Anderson in 1615. Chapter 
14 of this work contains in four theorems the general relation between the roots 
of an equation and the coefficients of its terms when all the roots are positive. 
The first theorem in Vieta’s original style is as follows: 

Si B+D in A—A quadratum aequatur 
B in D, A explicabilis est de qualibet illarum duarum B vel D. 
3N —1Q aequetur 2. Fit 1N 1 vel 2. 
This in modern notation is 
If (a+b)x—x?=ab; then x=a or D. 
3x—x?=2, x=1 or 2. 

The cubic, biquadratic and quintic are given in similar fashion. 

This seems to show that Vieta had a very clear idea of the relation he ex- 
presses but such is not quite the case. I quote from Cajori’s History of Elemen- 
tary Mathematics: 

“Vieta arrived at a partial knowledge of the relation existing between the 
coefficients and the roots of an equation. Unfortunately he rejected all except 

2 Artis Magnae, sive de regulis algebraicis, 2nd edition, Basel, 1570, p. 10. 


3 L’algébre départie en deux livres, Lyons, 1554. 
4 L’algebra parte maggiore dell’ arimetica divisa in tre libri, Bologna, 1572. 
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positive roots and could not therefore fully perceive the relations in question. 
His nearest approach to complete recognition of the facts is contained in the 
statement that the equation x?—(u+v+w)x?+ (uv+vw+uw)x—uvw=0 has 
three roots u,v, w. For cubics this statement is perfect if u, v, w, are allowed to 
represent any numbers. But Vieta is in the habit of assigning to letters only 
positive values so that the passage means less than at first sight it appears to 
do.”® 

However we can appreciate how great an advance Vieta made when there 
is considered the few fragmentary statements that have come from his pre- 
decessors. He paves the way and provides an introduction to the first man who 
really has a place in the history of symmetric functions of roots of equations, 
a man, who for clearness and grasp of material at hand in not only this topic 
but also in other phases of algebra could well hold his place a century later. 

The man was Albert Girard (1595-1632) and his work on algebra is a little 
34-leaf pamphlet called Invention Nouvelle en l’ Algébre, published in 1629. 

Girard gives the triangle later known as Pascal’s triangle and uses it as the 
basis for developing a theorem on symmetric functions, although he had no 
idea of them as such. It is interesting to note how he makes and interprets the 
triangle. I shall translate his words as literally as possible: 

“When many units are put as on the side and other 


1 a numbers in the middle, you find such a figure by means of 
121 addition. It may be called the triangle of extraction. The 
1 4°64 1 unity above signifies simple arithmetic and the others, 


algebra, i.e. 1, 1 is the degree of (1) and 1,2,1 the degree of 
(2), then 1,3,3,1 is called the degree of (3) and thus always to infinity.”® 

The symbol (1) is a substitute for Girard’s* notation for the first power of 
the unknown; (2) and (3) are respectively symbols for the second and third 
powers. 

Designating by “premiére faction” the sum of a group of numbers; “deu- 
xiéme faction” the sum taken two at a time, etc., he states the theorem—“If 
a multitude of numbers is proposed, the multitude of the products of each 
faction can be expressed by the triangle of extraction and by the same rank as 
the multitude of numbers.” Thus, if there are four numbers, the row 1,4,6,4,1 
signifying the fourth power, is taken. The 1 denotes the unit of the greatest, 
the 4 the first faction, the 6 the second faction, etc. 

In an illustrative equation, 1 (4) =4 (3) +7 (2) —34 (1) +24, he states that 
the exponent of the highest quantity is 4 which signifies that there are four 
solutions, neither more nor less. But he says “in order to see the thing in its 


5 Revised edition, New York, 1917, page 230. 

6 Loc. cit., page 42. 

* Girard’s symbol was a circle enclosing the number. Parentheses instead of circles are used 
here for convenience in printing. 
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perfection” it is necessary to take the signs arranged in a different order, thus 
1 (4)—7 (2)—24 (0) =4 (3)—34 (1); 


then the coefficients with their proper signs are 4, —7, —34, —24, which are 
the four factions of the four solutions.’ 

He gives an equation, x‘—4x+3=0, which has two imaginary roots and 
shows that the rule for forming the coefficients from the roots holds true in all 
cases. 

Girard arrives rather casually and uniquely at the development of the sums 
of the powers of the roots in terms of the coefficients. He is discussing the above 
mentioned relationship between coefficients and factions when he assumes that 
someone for the sake of simplicity, instead of saying the sum, the product two 
by two, three by three, etc., may like to say the sum, the sum of the squares, 
the sum of the cubes, etc. In order to show that these two ideas do not repre- 
sent the same thing, he gives the following example: 

“If the coefficients of the second, third, fourth terms, etc. are A, B, C, etc., 
then in any degree of equation, 


A will solutions 
A*—2B be squares 

the 
At—3AB+3C sum | cubes 
A!—44?B+44C+2B*—4D of biquadrates” ® 


This is the well known theorem which bears the name of Newton, but we 
find it given almost as completely a century before by Girard. 

Charles Hutton (1737-1823), in his Mathematical and Philosophical Dtc- 
tionary (1795-6), puts his stamp upon Girard in these words: 

“He was the first person who understood the general doctrine of the forma- 
tion of the coefficients of the powers from the sum of the roots and their pro- 
ducts. He was the first who discovered the rules for summing the powers of the 
roots of any equation.”? 

Thomas Harriot (1560-1621) at about the same time as Girard was also 
discovering relations of the roots to coefficients, but he lacked the insight and 
knowledge of his contemporary. His work on algebra was published ten years 
after his death by his friend, Walter Warner. It was probably written! about 
1610. He studied equations from the standpoint of their formation from bi- 
nomial factors or roots and thus recognized the relation between the roots and 
coefficients when the roots are positive. The following is an example of his 
method: 


7 Loc. cit., p. 43. 

8 Loc. cit., p. 46. 

9 Vol. 1, p. 63. 

10D. E. Smith, Héstory of Mathematics (1923), Vol. 1, p. 388. 
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a=-+b a—b=0 
a=+c a—c=0 
a=-+d a—d=0 


aaa — baa+bca 
—caa+bda 
—daa+cda—bcd =0# 

Cajori says, “He was the first to decompose equations into their simple 
factors, but he failed to recognize imaginary or even negative roots.”” 

William Oughtred (1574-1660) in the Clavis Mathematicae published in 1631 
follows Vieta to a large extent but does not extend the relation we are studying. 

For the next seventy-five years, up to the time of Newton, there is little 
worth noting in the development of symmetric functions. René Descartes’ 
geometry, which first appeared in 1637, begins with a discussion of the nature 
and roots of equations. Descartes generates equations in a manner similar to 
Harriot by the multiplication of binomial factors. He shows how an equation 
can be depressed by a binomial composed of the unknown plus or minusa root. 
Being interested in equations only from the geometrical viewpoint, he proceeds 
to their transformation with no further regard for roots and coefficients as such. 

In 1673 appeared the unique work of John Wallis (1616-1703), De Tvracta- 
tus Algebra, Historicus et Practicus. Wallis devotes a short chapter to the sub- 
ject, “The composition of coefficients.” This relates to the manifest number of 
roots that any equation can have and to the ease of perceiving that “the co- 
efficient of the second term, reckoning downward from the highest, is the ag- 
gregate of all the roots, the coefficient of the third term is the aggregate of the 
rectangles,” etc.% This is the sum total of his contribution and he either did 
not know of Girard’s work or considered it of not sufficient importance to 
mention. The former seems more likely. Also, this pioneer historian was so 
wrapped up in Harriot’s algebra that he had eyes for little else. 

As is often the case, the man who makes a rediscovery of some important 
truth, or gives his results to the world under more favorable circumstances 
than the original discoverer, gathers to himself the honor of having his name 
perpetuated while that of the former goes unsung. Such is the fact that we 
note in this connection with reference to Girard and Newton. Almost a hun- 
dred years after the time of Girard the Arithmetica Universalis of Isaac Newton 
(1642-1727) appeared, and in it, under the heading of transmutation of equa- 
tions, is the theorem on the sums of powers of the roots. From this time on, 
every work on symmetric functions begins with a presentation of “Newton’s 
theorem.” 


For the sake of comparison it may be worth while to give it as Newton did 
in 1707: | 


1 Artis Analyticae Praxis ad Aequationes Algebraicas .... Resoluendas, London, 1631, p. 18. 
2 History of Mathematics (1919), page 157, 
8 English edition, London, 1685, p. 142, 
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“Let us suppose now, that the known quantities of the terms of any equation 
under the signs changed are p, g, 7, 5, t, v, viz., that of the second 9, that of the 
third g, of the fourth 7, of the fifth s,and soon. And the signs of the terms being 
rightly observed, make p=a, pa+2q=b, pbt+qat+3r=c, pet+gbtra+4s =d, 
pd+qce+rb+sa+5St=e, pet+gqd+rc+sb+ia+6v=f, and so ad infinitum, ob- 
serving the series of the progressions. 

“And a will be the sum of the roots, b the sum of the squares of each of the 
roots, c the sum of the cubes, d the sum of the biquadrates, e the sum of the 
quadrato-cubes, f the sum of the cubo-cubes, and so on.” 4 

Newton gives no proof or demonstration of how he obtained this theorem, 
but passes on immediately to the use of the sums of powers in determining the 
limits of the roots of equations. In an English edition of Arithmetica Universalis 
in 1769, a commentary by Rev. Theaker Wilder shows the derivation of the 
theorem, stating that it “follows easily from the algebraical expression of the 
quantities and the binomial theorem.” 

The middle of the eighteenth century finds the relation between .oots and 
coefficients fairly well understood. Crousaz’s algebra in 1726, Saunderson’s 
in 1740, Clairaut’s in 1749, and Maclaurin’s in 1748, all contain chapters on 
roots and coefficients. 

In the years just following Newton a number of mathematicians were inter- 
ested in demonstrating and proving the Newtonian formula. Among the most 
important proofs may be mentioned Maclaurin’s# in 1748 and Euler’s!” in 1750. 
The latter is called a double demonstration of Newton’s theorem, the first of 
which is by the use of logarithmic differentiation and development in series, 
the second being algebraic and elementary in type. The second, however, is an 
excellent proof, the demonstration of which has been characterized by Leopold 
Kronecker (1823-1891) as very exact and elegant. It is similar to that of 
Maclaurin’s in finding the sum of the 7th powers in an equation of the nth 
degree when r 21, but differs for the case of r<n. 

Jean Castillon (1709-1791), who edited an edition of the Arithmetica Uni- 
versalts in 1761, includes a demonstration in an extensive commentary on the 
theorem.'® In an appendix to the above edition there is also a proof by Georg 
F. Baermanns (1717-1769). He writes that he early found out the usefulness 
of the theorem in the theory of limits of equations and that he deplored the 
lack of a proper demonstration among the mathematicians of his time. After 
searching in vain he at last himself developed a “praiseworthy” one. He reverses 


4 Arithmetica universalis sive de compositione et resolutione arithmetica liber, Cambridge, 1707, 
p. 251. 

1 Page 393. 

16 A Treatise of Algebra, London, 1748, pp. 286 ff. 

 Gemina theormatis Neutonioni, quo traditur relatio inter coefficientes cuius vis aequationis 
algebraicae et summas potestatum radicum eiusdem, Opuscula Varii Argumenti, 1750, vol. 2, p. 108. 

18 Page 70, 
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common practice in representing coefficients by Greek letters and he makes 
use of increments and a sort of differential notation. 

As we scan the progress of the subject after the impress of Newton upon it, 
we find that the next man whose name is known to modern students of sym- 
metric functions is Dr. Edward Waring, Lucasian Professor at Cambridge 
from 1760 until 1798. He was one of the first to write extensively on the 
theory of equations and he developed three important theorems on symmetric 
functions. These appear in Chapter I of his Meditattones Algebraicae, published 
in 1770. 

The first theorem is a formula for finding immediately, as a function of the 
coefficients, the sum of the mth powers of the roots. Waring does not make 
known the method which leads to this theorem. The second theorem, the least 
useful of the three, appears as a formula for finding the sums of all the powers 
of the roots. The third contains a method for finding any rational and entire 
symmetric function of the roots in terms of the coefficients. This theorem is 
the beginning of the fundamental theorem of modern symmetric functions. 

To Alexandre Théophile Vandermonde (1735-1796), chemist, musician, 
and political economist as well as mathematician, belongs the distinction of 
having first constructed tables of symmetric functions. Coming into possession 
of Waring’s formulas a year after the publication of Medttationes Algebratcae, 
he worked out a set of these functions.!® However, he gave no method for their 
calculation, and his work, being little known, was overshadowed by the results 
of Hirsch twenty-five years later. 

At almost exactly the same time that Waring was working out his first 
theorem, Leonard Euler (1707-1783), in Russia, was directing his thoughts 
along the same lines with the result that he also obtained a like theorem. His 
conclusions were embodied in a memoir read before the Saint Petersburg 
Academy in January, 1771, under the title Observationes Circa Radices A equa- 
tzonum, which was published the same year. One of the most important applica- 
tions of the theory of symmetric functions, the method of elimination, is due to 
Euler.2° This method which finds the final equation by means of symmetric 
functions was first presented by him before the Berlin Academy of Sciences 
in 1748. Two years later, Gabriel Cramer (1704-1752) in his treatment on alge- 
braic curves?! followed the same method in a somewhat more general way. 

Among the great mathematicians of the eighteenth century who were 
interested in symmetric functions was Joseph Louis Lagrange (1736-1813) 
whose work, however, must be regarded not as an end but rather as a means 
to an end. He studied symmetric functions for the purpose of developing and 
improving methods for the solution of higher equations. 


19 Mémoires de |’Académie des Sciences (1771). 

20 Cajori, History of Mathematics, page 235. Meyer Hirsch, Literal Calculus and Algebra, 
translated by J. A. Ross (1827), page 143. 

21 Introduction al’ Analyses des Lignes Ceurbes (Geneva, 1750), page 660. 
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Lagrange’s first edition of the Trazté dela Résolution des Equations Numériques 
de tous les Degrés appeared in 1798. Ina note on the method of approximation 
by recurring series, he develops the algebraic division method of proving 
Newtcon’s theorem.” Thisis perhaps the simplest of all methods and is one of 
several generally given in modern textbooks. 

In this work of Lagrange’s there is one of the first uses of the modern sym- 
bol >) for summation in connection w:th symmetric functions. The symbol 
appears before in Wallis’s algebra but is used there for “cosine.” Its introduction 
as the symbol for summation is due to Euler® in 1755. Lagrange is also the first 
to state and fully recognize the theorem that every rational and entire function 
of the roots can be expressed in terms of the coefficients. He says of this theorem 
“C’est la un des principes les plus féconds de la théorie des équations.”! 

Chief among Lagrange’s contributions is a noteworthy formula which Louis 
Poinsot (1777-1859) praised “aussi remarquable par son élégance que par sa 
généralité.” It gives an expression for finding directly the sum of like negative 
powers of the roots of an equation. This theorem has been the foundation of a 
number of researches by Lagrange’s successors, among whom the most import- 
ant have been Cauchy, who has given a number of demonstrations of it,?° and 
Eugéne Rouche?’ who gave a rigorous and yet simple proof.?® Lagrange also 
developed Newton’s theorem by means of logarithms. 

The first presentation of symmetric functions in a modern way is due to 
Meyer Hirsch (1765-1851). In the preface to his algebra (1809) he says, “I 
begin with symmetric functions; they are the foundation of all others.”2? Then 
follow several proofs of Newton’s theorem and a general demonstration that 
every rational symmetric function of the roots can be expressed as a function 
of the coefficients. The first tables of symmetric functions that have become 
generally known and used were constructed by Hirsch. These contain all 
values up to equations of the tenth degree. He constructed these by means of 
the functions of the like powers of the roots, giving demonstrations of his method 
of work. This method requires excessive calculation when the functions are 
extended beyond the simpler forms, and hence was supplanted by the later 
formulas of Cayley and Sylvester. 


 Traité de la Resolution des Equations Numériques (Second edition, Paris, 1808), p. 133. 

*3 Johannes Tropfke, Geschichte der Elementar-Mathematik (Berlin, 1921), Band II, page 33. 

74 Op. cit., p. 193. 

*> Memoirs of Berlin Academy, 1768, Traité de la Résolution des Equations Numériques, 
page 211. 

*® Mémotre sur Quelques Séries Analogues a la Série de Lagrange, Mémoires de |’Académie des 
Sciences (1830), Tome IX, page 104. Ocuvres completes d’ Augustin Cauchy (Paris 1882-1911), 
Séries I, Tome II, page 73. 

27 Journal de I’ Ecole Polytechnique, vol. 22, p. 193 ff. 

28 J. A. Serret, Cours d’Algébre Supérieure (3rd edition, 1866), page 462. 

9 Sammlung von Aufgaben aus de Theorie der Algebraischen Gleichungen, Berlin, 1809, page ix. 
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BOND YIELDS AND BOND PRICES 
By W. D. A. WESTFALL, University of Missouri 


1. Introduction. Let P be the purchase price of a bond of unit redemption 
price, dividend rate 7, investment yield z, and with interest periods to maturity 
Then 


(1) Pn) = (1+ DMF r+ ON HAE DH Hr $A 


or 


1—(1+i)-" 
di 


Pin) = 1+ 


r — 1) 


and 


aP 1+ 7)-"log(1+i2 
g Lar bstra, 
dn 1 

Hence dP/dn has the sign of r—1z. It follows that the premium P—1, paid 
when r>7, and the discount 1—P, for r<z, increase with n. Similarly it may 
be shown that the absolute value of (1—P)/P increases with n. These well 
known facts may be stated as follows: 

The change in purchase price and the proportional changes in purchase 
price of a bond, to alter the investment rate from 7 to 7 or from 7 to 7, increase 
with increasing length of time to maturity. 

It is the purpose of this note to determine whether this holds when the 
change in investment yield is from 7; to 72, where 2: r=+— 72. 

2. Let P; be the purchase price of a bond to yield 2, and Pe to yield 7g. 
We shall take 7,>722 and r>0. Then from (1) it is seen that P,—P, is positive 
for positive and an analytic function of » for all finite values of n. We shall 
investigate the sign of its derivative, 


d 
“(Py Pr) = (1+ "An 
dn 


where 


(3) A(n) = 


r— 12 r — u1f1 + 1%2\" 
—— log (1 + t) — —— (——~) log (1 + 71). 
19 11 1+ 2 

For n=0 this has the positive value! 


r[iz+ log (1 + %) — iztlog (1 + t1)] + log (1 + ti) — log (1 + i). 


1 Note that «~! log (1-+) decreases for x >0 with increasing x, since 
@ log (tx) _— x—Uta) log (1t+x) _ __ log (+8) 


dx x x2 + x3 2§+3¢2 


for some £, 0<é < x, by Cauchy’s formula, and this is negative. 
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From (3) it is seen that A(m”) is a univariant function of m which takes the 
sign of r—z2 as m approaches infinity. The derivative of P.—P, is therefore 
positive for all values of n if r>%z. For r<z,_ the derivative is positive for n 
less than the root mo of A(n)=0 and is negative for all higher values of n. 
Combining these results with the statements in the introduction we have the 
theorem: 

Theorem: The change in the purchase price of a bond, to alter the investment 
rate from 1; to 12, increases with increasing n tf erther investment rate is less than 
or equal to the dividend rate. If both investment ytelds are greater than the dividend 
rate 1t will increase toa maximum at no and thereafter decrease. 

3. To discover whether the two proportional changes in purchase price, 
(P2—P:)/P; and (P2—P:)/P2, increase or decrease with increasing n it will be 
sufficient to consider the first alone, since their derivatives have the same sign. 


ad P,— P, P,Ps — PePi{ Pe d Po— Py 


etter cnr eet ST cement meemeemaeeennes 


an Py P? P? dn P» 


From (2) it follows that this derivative is positive if 7;>72.>722. To discuss 
the other cases we write 


ad Py — Py (1 + te) "A(m) 
dn Py P? 

where 
1112,A(n) = {7 —(r— 4) + is)-*} (r — ie) log (1 + Ze) 

— [r= (7 — G)(L + in) } (r — in) (1 + in) "(1 + y)-™ log (1 + in). 

A(n) has the positive value 
ri istlog (1 + ie) — iztlog (1 + a)} + log (1 + i:) — log (1 + ie) 

for n=0, and the sign of r—7_ as m approaches infinity. Hence the derivative 
of (P2—P1)/P, is positive for n=0. It is also positive as n approaches infinity 


if r>7_ but negative if r<7z,. To discover its sign for values in between we write 
it in the form 
d P» —_ P, _ (1 + 11)~"(1 + i) 


n ) 
dn Py 1yloP 2 ( 


where 
Bim) = {rl + i” — (r — i) }(r — G2) log (1 + 42) 
— {r(1 + ie)” — (r — ie) f(r — in) log (1 + iX). 
B(Q) is positive and its derivative, 


dB/dn = r(1 + ig)" log (1 + 21) log (1 + i2)C(n), 
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1 11\" r— 1 
c(n) = 4) pe afer ay 


has the sign of C(n). The latter isa univariant function positive for m=0 and 
has the sign of r—i2 as m approaches infinity. For r>121>%2, C(m) is positive 
for all n. For r<ip<1 it is positive for n<m, the root of 


(r—%) (1+11)"=(r—11) 14%)", 


and is negative for n>n,. In the first case B(m) is positive for all positive n. 
In the second case it is positive and rises to a maximum at =m, thereafter 
decreasing to zero at me, the root of B(n)=0. For higher values of- it is nega- 
tive. In the first case the derivative of (P2—P:)/P; is positive for all positive 
values of n. In the second case it is positive for all values such that 2 >, and 
is negative for all higher values of n. We have as before the theorem: 

Theorem: The proportional changes, (P2—P1)/Pi and (P2—FP1)/P2, in the 
purchase price of a bond, to alter the investment yteld from 1, to t2, increase with 
increasing n tf either yield is less than or equal to the dividend raie. If both invest- 
ment ytelds are greater than the dividend rate these proportional changes increase 
toa maximum at n= Ne and thereafter decrease. 


where 


ON THE GEOMETRY OF CLOCKS 
By J. M. FELD, Columbia University 


In a paper on Homographic circles or clocks by L. Hoffman and E. Kasner,! 
was introduced the term homographic clocks for circles whose points are in 
homographic correspondence with the points of the unit circle. If t=e*? (6 
real) represents the unit circle on the Gaussian plane, then any homographic 
clock Z is given by the equation 


z= (A + Be*®)/(C + De*). 


The clock is termed positive or negative according as z moves on the circle Z 
in the same sense that ¢ moves on the unit circle or not. Thus the clocks Ae‘? 
and Be~*® are positive and negative, respectively. 

The object of this paper is to study the geometry associated with a sum of 
two clocks Ae*® and Be~*®. Let 


(1) z= Ae®+ Be, 
where z=x-+7y and A and B are constants. By separating the real and imagin- 


ary parts in (1) we get 


1 Bulletin of the American Mathematical Society, vol. 34 (1928), p. 495. 
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x = (a; + bi) cos @ — (de — be) sin @, y = (ade + be) cos 6 + (a1 — bi) sin 8, 


where A =a,;+i@2 and B=b,+7b2. Letting aitbi=p, de—be=q, Ae2t+bo=7, 
a,—b,=s, the Cartesian equation of the curve (1) becomes 


(7? + s?)x? — 2(pr — qs)xy + (p? + @?)v? = (ps + qr)?. 


Thus (1) represents an ellipse having its center at the origin. 

From the form of equation (1) we obtain a method for constructing an 
ellipse. Let A and B be any two vectors, OA and OB, respectively. We form 
the linkage OAB by adding vector B to A. As OA rotates counterclockwise 
about O, the link AC rotates clockwise, and at the same rate as OA, about A. 
The point C generates the ellipse. 

Let lz | =m and z=x-—1y. From (1) we get 

m* = (Ae® + Be-)(Ae- + Bei?) 
or 


(2) m? = AA + BB+ ABe?® + A Be-?*?, 
For maximum.and minimum m we must have 


eftot2nik — 4 B/AB (k an integer) 
or 


(3) 6 = rk + 3(arg B — arg A). 


When 2 is zero or even, m is a maximum; and when 2 is odd, m is a minimum. 
Replacing 6 in (2) by $(argB—argA) and by $7+34(argB—argA) we get the 
lengths of the semi-major and semi-minor axes of the ellipse, respectively. 
Letting a and bd represent the semi-major and semi-minor axes we find 


a=|A|+[Bl, b=|A|—|B. 
If ¢@ is the angle that the major axis makes with the axisof reals, we get 


from (3) 
@ = arg A + $(arg B — arg A) = S(arg A + arg B). 


The major axis therefore bisects the angle formed by the vectors OA and OB. 
The distance of the foci from the center O is given by 
c = (a? — §?)1/2 = 2| AB 12, 
If in (1) A and B are regarded as parameters and if we make AB=C, 
where C is a constant, (1) represents a family of confocal ellipses since 


4(arg At+argB)=fZargC and 2|AB|¥?=2|c|'?, 
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QUESTIONS AND DISCUSSIONS 


EDITED BY R. E. GitMaAn, Brown University, Providence, Rhode Island 


The department of Questions and Discussions in the Monthly is open to all forms of activity in 
collegiate mathematics, including the teaching of mathematics, except for specific problems, especially 
new problems which are reserved for the department of Problems and Solutions. 


On SomMmeE Loci CONNECTED WITH THE 
ORTHOPOLE-GEOMETRY 


By R. GoorMAGHTIGH, Bruges, Belgium 


In the March, 1930 issue of this Monthly! was published a paper by O. J. 
Ramler on The orthopole loci of some one-parameter systems of lines referred to 
a fixed triangle. 

Several properties obtained in that article have already been mentioned? 
and it may be interesting to recall, with some notes on the literature of the 
subject, a few other theorems about the loci considered. 

1. Locus of the orthopoles of the Simson lines. In Mathests (1914), p. 152, 
we have proved the following theorem: 


If TT’ is a diameter of the circumctrcle of a triangle A, B, C, the orthopole 
of the Stmson line of T is the projection of the orthocenter H on the Simson line of 
T’. 

Hence, the locus of the orthopoles of the Simson lines of a triangle is the 
pedal curve of the Steiner deltoid for the orthocenter H (See our question No. 
17927 in the Educational Times, 1915, p. 39, and solutions by C. E. Youngman 
and R. F. Davis, zbzd, 1915, p. 164). 

2. Locus of the orthopoles of the tangents to the circumcircle. Neuberg has 
proved in his Mémozre sur les Projections et Contre-projections d’un triangle fixe 
1890 p. 76, that the locus is the Steiner deltoid. 

More generally, when a straight line L remains tangent toa circle concentric 
to the circumcircle, the locus of the orthopole of Z isa trochoidal curve (L. Poli; 
Question 2490 in Nouvelles Annales de Mathématiques, 1920, p. 160; our 
proof isgiven in a paper presented by V. Thébault to the Société Scientifique 
de Bruxelles, 1926). . 

3. Locus of the orthopoles of the straight lines passing through a fixed 
point P. The fact that the conic, locus of these orthopoles, is always an ellipse 
is proved by A. A. Krishnaswami Ayyangar, in his paper A sample exposition 
of the allied properties of the Simson line, the Steiner envelope, and the orthopole 
(Educational Review, Madras, October, 1924). 


1 Vol. 37 (1930), pp. 130-136. 
2 R. Goormaghtigh, On the properties of the orthopole, Tohoku Mathematical Journal, vol. 
30 (1926), pp. 77-125. 
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The barycentric equation of the orthopolar conic of P, in the pedal triangle 
of P, is 
aa + BB+ ey = 0, 


a, b, c being the length of the sides A, B, C. 

This equation is given in Neuberg’s article Sur les cercles polatres relatifs a 
un triangle fixe (Bulletin de l’Académie royale de Belgique, classe des Sciences, 
July-August, 1910). 

The equation shows that, zf the pedal triangle of P 1s projected on a plane 
into a triangle similar to A B C, the orthopolar conic 1s projected into a circle 
(see article in the Tohoku Mathematical Journal, 1925. 

The properties about the length of the axes of the orthopolar conic are also 
to be found in Ayyangar’s paper; it contains the following determination of the 
directions of the axes: they are perpendicular to the Simson lines of the exiremi- 
ties of the carcumdiameter passing through P. 

We have further shown (Nouvelles Annales de Mathématiques, 1914, p. 121) 
that the orthopolar conics of a triangle are all inscribed in the Steiner deltord and 
(Mathesis, 1914, p. 121) that the orthopolar conic of a point P is inscribed in the 
triangle when P 1s the mage of H through the circumcenter. 

4. Finally it may be interesting to note another locus connected with the 
subject: 

When a straight line L passes through a fixed point, the locus of the tmage of 
the orthopole of L, through L, 1s a limagon. 

For a proof see our article Sur l’orthopéle et certains limagons de Pascal 
associés au triangle, in Nouvelles Annales de Mathématiques, 1918, p. 242. 


A LETTER TO THE EDITOR 
By Ewarp S. Smitu, Denver, Colorado 


In the Monthly for March (1930) I find on page 150 what seems to me an error, in the selection 
of the dates 570, 470 and 370 B.c. as dates for which the present year is a multicentennial. 


When Dionysius Exiguus devised an improved system of chronology, he 
could have saved future historians and computers some annoyance if he had 
designated the year following B.C. one as the year zero. He was possibly not 
acquainted with zero and its helpful properties; anyway the year after B.C. 
one was A.D. one. It is easy to see, where the two years concerned are near 
together, one being B.c. and the other A.p., that in order to compute the inter- 
val, the two numbers must be added together and the sum diminished by one. 


Two BC One BC One AD Two AD 
$$ 


T tT 


This diagram shows that the interval between say, the Ides of March, B.c. 2, 
and the Ides of March a.p. 2, isnot 2+2 but 2+2-—1=3 years. 
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Unless there is some pertinent consideration that I have failed to notice, 
we should take the year 1931 instead of the present year as the correct time to 
celebrate the multi-centennial of events that occurred in B.c. 570, 470, 370, 270. 

Thus, if Anaximenes were still living on Earth (he is probably in a better 
place now) he would in 1931 be 570+1931—1=2500 years old, and would un- 
doubtedly still be studying (and perhaps teaching) mathematics. 


RECENT PUBLICATIONS 
EDITED BY ROGER A. JOHNSON, Brooklyn College of the City of the New York 


All books for review should be sent directly to the editor of this department, at Brooklyn College, 
66 Court Street, Brooklyn, N. Y. and not to any of the other editors or officers of the Association. 
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schaft M. B. H., 1930, xiv-+134 pages. 
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Elementargeometrie der Ebene und des Raumes. By Max Zacharias. Berlin, de 
Gruyter, 1930. 252 pages. Rm 13.50. 

Darstellende Geometrie. i1. Perspektive Ebene Gebilde, Kegelschnitte. By Robert 
Haussner. Sammlung Géschen 143. Berlin, de Gruyter, 1929. 168 pages. 

Eléments de Mathématiques financtéres. Opérations 4 long terme. By R. Thery. 
Paris, Vuibert, 1930. viii+92 pages. 

Calculus. By E. J. Miles and J. S. Mikesh. New York, The McGraw-Hill 
Book Company, 1930. xiv-+638 pages. $3.75. 

Projective Geometry. By J. W. Young. The Carus Mathematical Monographs, 
No. 4. Chicago, The Open Court Publishing Co., 1930. ix-+185 pages. $2.00. 

The Adjustment of Errors in Practical Science. By R. W. M. Gibbs. Oxford 
University Press, 1930. 

Source Book in Astronomy. By Harlow Shapley and Helen E. Howarth. New 
York, The McGraw-Hill Book Co., 1929. xvi+412 pages. 

Differential Geometry of Three Dimensions. By C. E. Weatherburn. Volume II, 
Cambridge University Press, 1930. xii+240 pages. $4.25. 

The Theory of Approximations. By Dunham Jackson. New York, The Ameri- 
can Mathematical Society. Colloquium Publications, vol. xi, 1930. vili+ 
178 pages. 

Differential Equations. By F. R. Moulton. New York. The Macmillan Com- 
pany, 1930. xvi+396 pages. $5.50. 

Gewihnhche Differentialglecchungen. By G. Hoheisel. Second edition, enlarged. 
Sammlung Géschen 920. Berlin, de Gruyter, 1930. 159 pages. Rm. 1.80. 


REVIEWS 


Special curves. By R. C. Archibald, Encyclopaedia Britannica, vol. 6, 1929, pp. 

887-899. 

This remarkable article contains the description of some 120 curves. The 
reader is greatly aided by an alphabetical list, followed by a systematic dis- 
cussion arranged in sections in this order: plane algebraic curves according to 
their degrees, plane transcendental curves, general classes of plane curves, and 
curves of double curvature. In addition to short historical notes and a wealth 
of bibliographical information concerning these curves, there is a concise but 
very clear account of the fundamental geometric properties of the curves in 
question (with figures), together with their equations in rectilinear, polar, 
and other coordinate systems. An attentive reader will find here many in- 
teresting details never before mentioned in the literature. For instance, it 
appears that the curves resulting from addition of two simple harmonic motions 
along two orthogonal axes, which usually are known under the name of Lissa- 
jous curves, were actually studied first by Nathaniel Bowditch, author of 
the well known book on navigation, some 40 years before Lissajous. Although 
no one would expect completeness in a brief monograph for the Encyclopaedia, 
there are still some interesting classes of curves which, perhaps, should have 
been mentioned here. Such are, for instance, the class of curves of constant width 


374 RECENT PUBLICATIONS [Aug.-Sept., 


studied since Euler, and certain curves introduced by Tchebyscheff. There 
is no doubt, however, that R. C. Archibald has contributed a reference source 
that will prove in many instances more useful and more reliable than some of 
the large treatises on the subject mentioned at the end of the article. 

J. TAMARKIN 


Le théoréme de Picard-Borel et la théorie des fonctions méromorphes. By Rolf 
Nevanlinna. Borel Series of Monographs. Gauthier-Villars et Cie, Paris, 
1929. vii+174 pages. 

The main object of this book is the study of the distribution in the x-plane 
of the roots of the equation f(x) =z for all (finite or infinite) values of z, where 
f(x) is a transcendental function of x meromorphic for all (finite) values of x. 
A number of the results obtained are extensions of classical results of Hada- 
mard, Borel, and others for entire functions. Some of the theorems of the book 
have not previously appeared in the literature; others have been proved quite 
recently by such writers as Lindeléf, Valiron, F. Nevanlinna, and of course the 
author himself. 

If f(x) issuch a function as is considered above, and if the equation f(x) =z has 
no roots x for a particularg, that value gz is called an exceptional value, and the class- 
ical theorem of Picard asserts that there are at most two exceptional values. 
Nevanlinna’s first fundamental theorem (1925) studies not merely the distribu- 
tion of possible roots x of the equation f(x) =z but involves likewise the average 
convergence, for 20 | becoming infinite, of f(x) to the value gz, and it asserts that 
if suitable measures of these two quantities are considered together, there are no 
exceptional values. Or, as Nevanlinna expresses it, the total affinity of the func- 
tion f(x) for the value zg is independent of z. 

We must refrain for lack of space from going into detail concerning the 
results established. The notion of order of a meromorphic function is introduced 
and the analogues of the results of Hadamard for entire functions proved. This 
leads to the representation of such a function by canonical products. The 
second fundamental theorem gives more detailed information about the dis- 
tribution of the roots x of the equation f(x) =z, and has varied and beautiful 
applications. Finally there are studied systems of meromorphic functions con- 
nected by a linear relation and functions assumed meromorphic merely in a 
finite circle. 

The treatment throughout the book is clear and elegant, and many of the 
theorems are of great interest and beauty. The results are in the main established 
by the systematic use of the formula of Jensen in the form: 


1 £27, . p> nr, ©) — n(0, ©) 
> i) log | f(pe#®) | do + { —- “dr + n(0, ©) log p 
vin 0 0 


| r 
1 p 0) — 
: | do + f ml, 0) = 2(0, 0) 
f(pe*’) 0 r 
+ n(0, 0) log p + log] a] 


1 27 4 
=— log 
21 0 
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+ 
where log qa is defined as log wor zero according as a21 or OSa<1, where 
n(r, 0) and u(r, ©) are the numbers of zeros and of poles of f(x) for |x | <r, 
and where in the neighborhood of the origin we have 


f(%) = o@+ apa tt +---, a XO. 


We can recommend to anyone who is interested in the advances now being 
made in the theory of functions of a single complex variable, or who wants an 
indication of some of the work done in the past decade, or who would have pre- 
sented to him some of the important unsolved problems in the theory, this book 
by R. Nevanlinna. 

J. L. WALsH 


The Calculus. By Hans H. Dalaker and Henry E. Hartig. McGraw-Hill Book 
Company, New York, 1930. viii+254 pages. $2.25 


This textbook is designed for a first course in calculus and follows to a large 
extent the tradition of Granville and others. The authors say: “Especial effort has 
been made to guide the student to an understanding of basic principles and inner 
meanings.” The first two chapters show a serious attempt to justify this state- 
ment. In them are discussed very carefully matters of notation and the sub- 
jects of limits and continuity. One feels that the average student can master 
this material without undue difficulty and thus lay a firm foundation for the 
study of the calculus. 

In Chapter III the derivative is defined. Here, following the Granville 
tradition, the symbol dy/dx is used. Then the two usual interpretations of 
the derivative are given, viz, the derivative as a rate of change, and the derivative 
as the slope of a curve. The former interpretation usually causes the student a 
great deal of trouble; and one is inclined to think that the explanation given 
on page 12 will carry little meaning to him. As to the latter interpretation one 
must remember that most students studying calculus have not studied tan- 
gents except in the case of the circle. It would seem that the explanation of 
the slope would be more convincing if the definition of the tangent to any curve 
were given. The students will probably require a great deal of help from the 
teacher before they will have mastered these two interpretations of the deriva- 
tive. 

One wonders why the symbol dy/dz is used for the derivative at the begin- 
ning of the course when it causes so much uncertainty in the minds of so many 
students. They fail to realize that the derivative is the limit of a ratio, and think 
that in some unknown way Ay has become dy and Ax has become dx. Certainly 
there are many teachers who feel that the symbols D,y, y’, and f’(x) produce 
better results. | 

The first ten chapters of the book are devoted largely to a mastery of the 
technique of differentiation. Chapters XI-XV deal with applications of dif- 
ferentiation to geometry and physics. There is a wealth of well-graded exercises 
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in these chapters. However, one feels that the problems in the applications to 
geometry can be handled to a large extent mechanically by the student. Chap- 
ter XVI deals with the Jaw of the mean and indeterminate forms in the manner 
that is usually found in textbooks in calculus. 

After a detailed study of differentiation, integration is studied in great 
detail. A student who works through the lists of exercises on indefinite integra- 
tion will have a good knowledge of the technique of the subject. Following the 
drill on the indefinite integral, the authors define the definite integral. The 
treatment of this important subject is excellent. The basic principles of de- 
finite integration are brought out in such a way that the student should be 
able to apply them readily to a large variety of problems. One is impressed 
by the excellence of the figures in the chapter on multiple integrals. The treat- 
ment of this subject has been kept to an irreducible minimum; and one is in- 
clined to believe that it could have been profitably expanded at the cost of 
curtailing some of the earlier material on technique. 

In addition there are a brief chapter on partial differentiation and an ex- 
cellent one on infinite series. The book closes with chapters on Expansion of 
Functions, Hyperbolic Functions, Change of Variables, and Approximate Integra- 
tion. 

One is inclined to think that the book will be widely used. It has the virtues 
of the old Granville text, and also many that the earlier book did not have. 
But in spite of the efforts that the authors have made to stress fundamental 
principles, a large percentage of the students who use this book will probably 
acquire little more than a knowledge of the technique of differentiation and 
integration. 

One wonders if the writers of textbooks of calculus are losing an opportunity 
to serve the natural sciences. Men working in chemistry and biology are crying 
for help in mathematics. A dean of a medical school says that biologists 
should understand the fundamental principles of calculus, but that they never 
need the mastery of the technique of differentiation and integration which is 
required by most teachers of mathematics. Is a knowledge of so much tech- 
nique necessary even for engineers and physicists? The long lists of exercises 
on differentiation remind one of those on factoring in textbooks in elementary 
algebra of thirty years ago. One ventures to hope that in the near future a 
textbook in calculus will appear which will stress fundamental principles and 
in which technique is reduced to a minimum. Isn’t it possible that such a book 
will meet the needs of biologists, chemists, engineers, physicists, and mathema- 
ticians better than the books which give so much attention to technique? 


W. G. SIMon 


Calculus. By Egbert J. Miles and James S. Mikesh. The McGraw-Hill Book, 
New York, 1930. xii+638 pages. $3.75 
The main thesis of the authors is that the concept of rate of change should 
be given the major réle in a first course in the calculus, and that everything can 
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be and should be developed around rate of change as a unifying principle. They 
believe that many of the things that are usually done are bad to do; they know 
exactly what they want to do, and they proceed to do it throughout 638 pages. 
No change from tradition is too great to maintain rate of change in its central 
position. Thus the differential is practically eliminated, integration is anti- 
differentiation, and no use is made of the integral as the limit of asum. Whether 
or not it 1s advisable to emphasize rate of change is debatable—and although it 
is of no moment, the reviewer believes it is not desirable— but surely such far- 
reaching consequences as these require very careful consideration. 

Limits, rate of change, differentiation and applications, integration and ap- 
plications occupy the first thirteen chapters (263 pages). In these chapters 
differentiation is confined to algebraic functions, and the scope of the integration 
is thus grestly restricted. Chapter XIV on “Appoximations” contains among 
other things Maclaurin’s and Taylor’s series. An unexpected chapter (XV) on 
functions of several variables contains not only a brief treatment of partial 
differentiation, but also exact derivative (differential) equations, and even line 
integrals. In Chapter XVI the exponential and logarithmic functions are intro- 
duced, the discussion is detailed, and the many physical and chemical applica- 
tions lead rather naturally to the consideration of first order linear differential 
equations. The trigonometric functions are introduced in Chapter XVII and 
treated at such length that the chapter runs to 114 pages. Section 104, “Solution 
of Triangles,” is exactly that; the reason for its insertion in a text on the calculus 
is quite unknown to the reviewer. 

The maintenance of rate of change as a unifying principle leads the authors 
to make substantial changes in notation. No d’s nor deltas are introduced, the 
derivative of f(x) when x=, is the constant f’(x1), the derivative function is 
f'(x), the integral of f(x) is/f(x). In differentiation the “delta-process” has been 
completely eliminated. In this connection the authors say: “.... the student 
feels he is continuing work already begun in algebra, and his attention is fo- 
cused on the principle involved rather than upon the manipulatory processes.” 
We do not feel that this claim is justified. Specifically we refer the reader to 
pages 38, 39, and 81 where the derivative of u(x) is obtained. Integration with- 
out the differential notation is by no means impossible, but it does seem to in- 
volve added difficulties for both student and instructor. The excessive use of 
the solidus is displeasing, typographically, and this and other usages make for 
errors which are all too numerous throughout the book. 

We have noted the inclusion of functions of several variables and of dif- 
ferential equations. If we leave these topics aside, the scope of the book, des- 
pite the six hundred odd pages, is distinctly less than that of the average Ameri- 
can text. Curvature, evolutes, singular points, centers of gravity, moments of 
inertia, and mechanics are entirely omitted. One might ask how the authors 
employ so many pages. Nearly 40% of the space is occupied by illustrative 
examples, worked out in complete detail and with full explanations. The prob- 
blems, nominally 1100 in number, actually total about 2100 if distinct parts 
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be considered separate problems. The uniform simplicity of these disturbs us. 
With the exception of two theoretical problems (#3 on page 245, and #13 on 
page 475) thereisnot aproblem in the entire book which constitutes a real 
challenge to a good sophomore. The text is full, accurate, and thorough, there 
is careful motivation, and the explanations are unusually detailed. We appre- 
ciate fully that thereis honest workmanship, that this text adheres to definite 
aims, and that it endeavors to set up standards of accurate thought. Yet we 
must add our personal conviction that, pedagogically, this is not a good book. 
There is too much detailed explanation, too much illustration; and the student 
who studies faithfully an assignment of seven pages will have little energy and 
no inclination to tackle problems for himself. There is little opportunity here 
for the student to develop initiative and mathematical robustness. In our judg- 
ment, the authors fail to understand either the weaknesses or the strengths of 


the American sophomore. 
B. H. Brown 


Enciclopedia delle Matematiche Elementart. L. Berzolari, G. Vivanti, D. Gigli 
(general editors). Volume 1, Part 1. Milan, Ulrico Hoepli, 1930, 9+ 450 
pages. 

The present “Part 1”, is to be followed at once by “Part 2,” announced as 
already under press. Volume 1 is devoted to analysis, and is to be one of three 
volumes constituting this encyclopedia. The second volume is to deal with 
geometry and the third with applications of mathematics, history of mathema- 
tics and didactic questions. The present part comprises seven independent ar- 
ticles together with indices etc., namely: I. Logic, by Alessandro Padoa; II. 
General arithmetic, by Duilio Gigli; III. Practical arithmetic, by Ettore Borto- 
lotti and Duilio Gigli; IV. Theory of numbers and indeterminate analysis, 
by Michele Cipolla; V. Progressions, by Aldo Finzi; VI. Logarithms, by Aldo 
Finzi; VII. Mechanical calculation, by Giuseppe Tacchella. 

This is the first work of this sort in the Italian language and the editorial 
commission has approached its task with an enthusiasm that suggests not merely 
service in a needed field, but also patriotic fervor, as seen throughout the pre- 
face dated “1929 (A. VII).” The form and subject matter may well be con- 
trasted with that of Pascal’s “Repertorium” (not mentioned in this work) whose 
expanded German editions are proving to be of the highest service for ready 
reference. The treatment here used is intended to meet the demand of teachers 
and younger students who do not have ready access to basic sources and the 
material to be covered is intended to be roughly that touched by the end of 
the first two years of university courses. 

Any elaborately detailed and critical analysis of each of the seven condensed 
treatises which are here offered to the reader will be inappropriate. The Ameri- 
can teacher will find most of the material elsewhere in a language more familiar 
to him. Despite excellent historical references, completeness in this book is 
not promised. The value of the work cannot consist in its completeness, nor 
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in its bringing to light unsuspected historical sources. It must be judged 
by the degree to which it renders available to collegeand secondary school teach- 
ers theimportant elements touching upon the basic mathematical courses, and 
the good judgment with which topics from so vast a possible field are selected 
and woven into smoothly flowing expositions. The authors have refrained from 
that hint of superiority that might be suggested by the familiar phrase, “vom 
hoheren Standpunkte aus” and incidentally have missed much of the lively 
interest for the graduate student that characterizes Klein’s work of a somewhat 
similar purpose (Elementarmathematik vom héheren Standpunkte aus, Third 
Edition, 1924-1928). One ought rather to compare this work with the H. 
Weber and J. Wellstein, Encyklopddie der elementar-Mathemattk (Vol. 1, 4th 
Edition 1922, Vol. 2, 2nd Edition 1907. Vol. 3, 1st Edition 1907). 

The first section (of 79 pages) is a serious study of the formal elementary 
aspects of modern logic as used by Peano and later by Russell and others. 
This section is not referred to in later parts and would seem to be somewhat out 
of keeping with the general tenor of the work, despite the fact that mathematics 
uses logic and to a considerable extent is logic. Controversial questions and all 
references to paradoxes are suppressed, but the reader may agree with the re- 
viewer in feeling that the theories have not yet been subjected to that intensive 
critical analysis by many independent workers which is the only practicable 
test of scientific stability. The astonishing number of 143 independent (?) 
axioms are listed consecutively. 

The section on general arithmetic (covering 130 pages) deals with what is 
often called the number-concept, starting with finite classes and natural numbers 
and concluding with the transcendence of e and 7. The treatment is excellent 
although necessarily far from novel. It may be too abstract to suit many college 
teachers in this country, but would be worth any effort required to understand 
it. 

The third section devoted to “practical arithmetic” is what many persons 
might call the abstract theory of arithmetic. Apart from some interesting his- 
torical topics the section deals in a logical but thoroughly elementary way 
with the fundamental operations of arithmetic, and the proofs incident thereto 
(assuming much prior logical foundation). Questions concerning mensuration, 
percentage and other topics of commercial arithmetic find no place. 

The fourth section treats of certain topics in elementary number theory. 
Apart from a very brief preliminary discussion, two main divisions deal res- 
spectively with linear congruences (Fermat-Euler theorém, the Gaussian, Wil- 
son’s theorem, Euclid’s algorithm, etc.), and with higher congruences (roots of 
unity, quadratic congruences, etc.). In no other section does one find so many 
familiar topics omitted, but what has been retained shows an unusual attempt 
at continuity. The treatment is simple, interesting and in connection with 
topics treated reasonably comprehensive. 

The fifth section, dealing with progressions, seems in strange company. It 
discusses only the traditional arithmetic, geometric, and harmonic series and 
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some of the most elementary extensions of the first two to figurate numbers. The 
use of x/y to denote x” is the most noticeable single item of interest. The sec- 
tion does, of course, form a natural bridge from linear congruences to the intro- 
duction of logarithms. 

The sixth section, on Logarithms, is more than usually effective and covers 
material ordinarily assumed to be too detailed for elementary texts and too 
special for advanced mathematical courses. 

The seventh section, on computing machines, suffers only from the common 
difficulty incidental to merely talking about mechanical devices whose virtues 
lie in their concrete utility. While one machine actually used would outweigh 
in significance any number of mere descriptions the reader is at least prepared 
to admit that there are many machines and for divers purposes. 

The paper is poor, the binding flimsy, the figures cheaply drawn, and typo- 
graphical mistakes not unknown (The table of contents lists “Errata, pag. 415.” 
It should read “P. 451.”). But throughout the presentation is scholarly, the 
emphasis well-placed, and the language simple, connected and interesting. Whe- 
ther the completed work will prove eventually more attractive to American 
readers than the somewhat more conventional “Weber-Wellstein,” will remain 
to be seen. 

ALBERT A. BENNETT 


PROBLEMS AND SOLUTIONS 
EDITED BY B. F. FINKEL, OTTO DUNKEL, AND H. L. OLsSon 


Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All 
manuscripts should be typewrtttzn, with double spacing and with margins at least one inch wide. 


PROBLEM FOR SOLUTION 


Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well-known textbooks or results found in readily accessible sources, will not 
be proposed as problems for solution in the Monthly. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


3441. Proposed by Solomon Kullback, Brooklyn, New York. 

In a given triangle, inscribe an equilateral triangle having a given point, 
P, on one of its sides. Suggested by problem No. 3405. 

3442. Proposed by the late F. P. Matz 

Solve the equation d/dw(dw/dr+2w/r) =0. 

3443. Proposed by Warren A. Rees, Houston Junior College. 

To construct a quadrilateral, given the four feet of the perpendiculars from 
the point of intersection of the diagonals upon the four sides. 


3444. Proposed by Frank Morley, Johns Hopkins University. 
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In an inversive plane, the general self-conjugate equation, f(x,Z) =0, 
of degree three in x and & defines a bi-cubic curve, c. Since any circle has 
with such a curve six common points (intersections or common unique pairs) 
there are contact circles, touching thrice. There are, it isknown, 120 contact 
circles. If we take three of these, the 9 points of contact either lie on a biquadratic 
b, or they do not. When they do, the circles are tied (or syzygetic); and the 
curve, b, meets c in the points of contact of a fourth circle, so that the circles 
are tied in sets of four. Prove that the four circles of a set touch a circle. 


3445. Proposed by Mannis Charosh, New Utrecht High School. 
If p is odd and greater than 1, prove that 


(a) 12-32-52--- (p — 2)2= (— 1) +Y/2 mod 9; 
(b) 92.42.62... (p — 1)? = (— 1) ‘?+1)/2 mod p. 
3446. Proposed by J. Rosenbaum, Milford, Conn. 
Given m points, Ai, Ao,...,An, and constants di, d2,.. ., Qn, Show 


how to locate a point X such that the vectors 
a,* XAj, ado? XAo, ct y On®* XAx 


shall form a closed polygon. 

This is a generalization of problem 3395 (November, 1929). 

Here the point X is the center of mass of the m masses m1, mo, ... 
placed at Ai, Ao, ..., Anand proportional to a1, a2, ... , Qn. 

3447. Proposed by Vladimir F. Ivanoff, San Francisco, California. 


Prove that 
2R = R,cosa-+ R, cos 8B + R, cos ¥, 


where R is the radius of curvature of a given curve at the point (x,4,2,); Rz, Ry, 
R, are the radii of curvature of the projections of this curve on the co-ordinate 
planes, YOZ, XOZ, and XOYat the points (1, 21), (1, 21) and («1,’y1), respectively ; 
and a, B, y are the angles between R and R,, R,, R., respectively. 


SOLUTIONS 


3366. [1929, 168]. Proposed by Otto Dunkel, Washington University. 
Given the two equations 


art? — bytt1 + Ix — a) = 0, O<a<b, 1>0, 


where ¢ is any positive number, let 7; and 72 be the smallest and largest positive 
roots of the second equation (with the lower sign). Prove that all of the roots 
of the two equations except 7 and 7 lie within the circular ring with radii "1 
and r, about the origin as center. 

Let OA =a, OB=b, OR: =n, OR2=1, and let R/ Rz be the harmonic con- 
jugates of Ri, R, with respect to A and B. Show that neither equation has po- 
sitive roots on the segments R,R/, RR? except the two roots of the second 
equation 71, 72. 
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Solution by the Proposer. 


Setting f(x) =x"+®—bxtt!—Ix+la, we see that f’’(x) =(r+1)a7| (r+ 2)x— 
br| vanishes only once for positive values of x. Hence f’(x) decreases from the 
negative value —/ at x=0 to a minimum at x=br/(r+2); it then increases 
from that point on. Hence f’(«) vanishes once and only once for positive 
values of x, and therefore f(x) cannot have more than two positive roots. 
Since f(0) =Ja, f(a) = —a’t! (b—a), f(b) = —l(b—a), f(~)=%, it follows that 
f(x) has precisely two positive roots 7; and r. such that 1<a<b</r. 

In the plane of the complex variable z designate by A and B the points de- 
termined by z=a and z=0 on the positive real axis; and consider the family of 
circles with centers on the real axis and orthogonal to the circle with the dia- 
meter 4B. Any point P on one of the circles (C,) of the family with the center 
C, determines the ratio A P/BP =) which is constant as the point moves on this 
circle. For \=0 we have the null circle at 4; and, as A increases, C, moves to 
the left of A, the circles increase in size enclosing each of the preceding circles 
without contact or intersection. When the center is at —«©, \=1 and the circle 
has an infinite radius; it is the straight line perpendicular to AB at its mid-point. 
As dX increases from 1, C, moves from + towards B, the circles decrease in 
size, and each lies within each of the preceding circles. This continues until 
\}=oco and we then have the null circle at B. 

Designate by R: and R, the points determined by the two roots above, 1 
and r.. Then R,; and R, determine two circles of the family with the ratios \y 
and Xe, the first with the diameter R,R/ containing A and the second with the 
diameter Ry R, containing B. Let z bea root of either one of the two equations 
of the problem and suppose that lz | <r, Let Z be the point determined by z. 
Then 


jlo 


l 


2 @ 


g— 5b 


AZ 
BZ 


Consider the circle of the family through Z; for this circle \= lz rth /] <ryrtt/], 


But since 7; is a root of f(x), 
ryrtl/] = (71 — a)/(r1 —_ b) = AR,/ BR = M1 


Hence \ <A, <1 and the A circle lies completely within the \; circle. From this 
follows that \2 | >r, and this contradicts the hypothesis. Hence no root of 
either equation lies within the circle with center at the origin and radius 7. 
If FE | =r,, then \=Aj, and z must lie on the A, circle; it must therefore be at 
R,. Hence it must be a root of the second equation only. 

Now suppose that z is'a root of either equation such that jz | >r. Then 
for the circle of the family through Z we have as before X= |z ["+1/1> n"1/1= 
\e>1. The dA, circle encloses the A circle, and hence lz | <7, a contradiction. 
If lz | =r., then \=Xe, and Z must be at Ry. It has now been proved that all of 
the roots of either equation lie within the circular ring with the origin as cen- 
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ter and radii 7, and 7, except the two real roots of the second equation, which 
lie on the boundaries of the ring. 

It has been shown that for any root z of either equation, excepting 7; and 
r, we must have 7< |z|<7. Hence if \ is the ratio determined by z then 


riety] <[2ltt/l < rert/l, or << DN < Dg. 


It then follows that z cannot lie within either the Ai or the d, circle. It cannot 
lie on the boundary of either circle, for if it lies, say on the A; circle, we would 
have |z|"t!/1=7,"+1/1, or |z|=n. This is impossible unless z=1. 

3396. [1929, 492]. Proposed by Nathan Altshiller-Court, University of Okla- 
homa. 

Let D, E, F be the feet of the altitudes, and A’, B’, C’, the mid-points of 
the sides of a triangle ABC. Show that the double elements of the three involu- 
tions (BC, DA’), (CA, EB’). (AB, FC’) are three pairs of opposite vertices of a 
complete quadrilateral. 


I. Solution by Mabel M. Young, Wellesley College. 


Let the sides of the triangle ABC meet the sides of the triangle DEF in Og, 
O;, O.. Since the altitudes are concurrent, O., Os, O. are collinear. These points 
lie on the radical axis of the circumcircle and the nine-point circle of the tri- 
angle ABC, since each point is the radical centre of these circles and one of the 
circles having the sides of ABC as diameter. Hence Qu, O;, O. are the centers of 
the given involutions, which are determined on the sides of the triangle by these 
two circles. Of the three pairs of double points, either three or one will be real, 
according as the triangle ABC is acute or obtuse. 

Let A,;Ao, BiBs, CiC2 be the double points of the involutions on a, )b, c 
respectively, and let the complete quadrilateral which has A142, CiC, as two 
pairs of opposite vertices have X1X_ as third pair. Two sides of the diagonal 
triangle of this quadrilateral are a and c. The third side, determined by X, and 
X», coincides with 0, since it cuts a and c in points which are harmonic conju- 
gates of B as to AiA2 and CiCy, respectively. The mid-point of segment X,X¢_ 
coincides with O;, since it is collinear with O, and O,. Vertices X; and Xe, are 
themselves harmonic conjugates as to A and C. Hence (O,X1)?=0,4:0O;C= 
(O,B:)2, and X1, X_ coincide with Bi, Bs. 


II. Solution by A. Pelletier, Montreal, Canada. 


Let ABC be an acute angled triangle. On BC as a diameter describe a circle 
cutting AD in G, and let the tangent at G cut BC in O. Then it follows that 
A’'O:.DO=BO:CO=GO, and hence O is the center of the involution determined 
by the pairs (BC, DA’). The circle with O as center and radius OG cuts BC 
in two points X,X’ which are the double points of the involution. We shall sup- 
pose that X is the point within the segment BC. Similarly, we find Y, Y’on 
CA, and Z, Z’ on AB, where again the unaccented letters designate the points 
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within the segments. Thus X, X’ divide harmonically BC as well as A’D. 
Since XGX’ is a right angle, GX bisects the angle BGC; and from this follows 
that BX/CX =—BG/GC=—(BD/DC)%. Likewise we find that CY’/AY’= 
(CE/EA)? and AZ/BZ=—(AF/FB)'2, Hence 

BX CY’ AZ BD CE AF\'"? ' 

CX AV’ BZ (=e EA va) 
since the altitudes meet in a point. Hence X, Y’, Z lie on astraight line. Ina 
similar manner we show that Z, Y, X’; X, Y, Z’; Y’, X’, Z’ lie in a straight line. 
Hence the quadrilateral X, Y’, X’, Y has ZZ’ for its third diagonal. 

Note by Otto Dunkel. The above solutions suggest a solution which may be 
based on the solution of 3387 [1930, 262]. In the latter solution it is shown that 
the conjugate circle of a triangle is coaxial with the nine-point circle and the 
circumcircle in all cases. If the triangle ABC has only acute angles, as will be 
assumed in what follows, then the conjugate circle is imaginary, and it follows 
that the nine-point circle does not cut the circumcircle in real points. Let (S) 
denote the circumcircle with the center S, and (NV) the nine-point circle with 
the center N. The coaxial system of circles determined by these two non-in- 
tersecting circles has two limit points J and J; or, we may say that J and J are 
two points on the straight line SN which are conjugate to both (S) and (N). 
For definiteness, suppose that J is within the two circles. The perpendicular 
to IJ at its mid-point is the radical axis of the two circles. Let this perpendi- 
cular cut BC in O,, and let the circle with center O, and radius O,J cut BC in X 
and X’. This circle passes also through J, and it is orthogonal to (S) and to 
(N). Hence X and X’ are conjugate to both (.S) and (NV), and they are in con- 
sequence the double points of the involution on BC. We shall suppose that X 
is within the segment BC. Then XIX’ is a right angle and XJ bisects the angle 
BIC. Hence BX/CX =—BI/CI. In a similar manner we have 


CY/AY=—CI/AI, AZ/BZ=—AI1/BI. 


From the product of these three equations we infer that AX, BY, CZ meet in 
a point. Hence X’, Y’, Z’ lie in a straight line, since these three points are 
harmonic conjugates of X, Y, Z, respectively, with respect to the corresponding 
vertices of the triangle. By the use of suitable harmonic pencils it may be shown 
that Y’, X,2;X’, Y,Z;Z’, Y, X lie in straight lines, and the rest easily follows. 

Also solved by Paul Wernicke. 

3398. [1929, 542]. Proposed by V. Ivanoff, San Francisco, California. 

Prove that 

1 sinf M sin N sin’ P 


R? Re Re R2 


) 


where R is the radius of curvature of a given curve in the point («1j121); Rz, 
R,, R, are the radii of curvature of the projections of this curve in the co-ordinate 
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planes, YOZ, XOZ, and XOY in the points (1, 21), (1, 21), and (x1, 91), respec- 
tively; 7, N, P are the angles between the tangent to the curve in the point 
(x1, ¥1, 21) and OX, OY, and OZ, respectively. 

Solution by Robert E. Moritz, University of Washington. 


If we denote the infinitesimal arc of the curve at the point (m1, y1, 21) by 
ds, then obviously cosM=dx/ds, cosN=dy/ds, cosP=dz/ds and therefore, 


sin? M = (dy? + dz®)/ds?, sin? N = (dz? + dx*)/ds?, sin? P = (dx? + dy?)/ds?. 


Now 
1/R2 — (dy: dz _ dz-d®y)*/(dy? + dz*)?. 
hence 
(sin’ M)/R2 = (dy-d’z — dz-d?y)?/ds, 
and 
sin® sin’ V sin’ P 
R2 R2 | RB 
(dz-d?y — dy-d?z)? + (dx-d?z — dz-d*x)? + (dy d?x — dx-dy’)?® 
7 i a 7 ds 


which is the well known expression for 1/R’. 
Also solved by M.S. Knebelman, J. D. Leith, T. L. Smith, Paul Wernicke, 
and the Proposer. 


3400 [1929, 543]. Proposed by W. O. Pennell, St. Louis, Mo. 
Find a function of x, f(x), such that 
f(x) = af(a — 1) = a(x — r)f(~ — 2r) = x(a — r)(x — 2r) f(x — 37), etc. 


and f(r) =r, where 7 is a given real quantity >0. 


Solution by H. T. Davis, Indiana Umiversity. 


The problem is reduced to the solution of the difference equation, 
u(t+ 1) = rt+ 1)u), 


by means of the transformation: x=r(t+1), u(x) =f(rx). Assuming a solution 
of the form u(t) =¢(HT' +1), we are led for the definition of ¢(¢) to the simple 
difference equation, (¢+1)=r@(t). The solution of this equation by ordinary 
methods is #(é) =W(t)r't!, where W(¢) is any periodic function of unit period. 
Hence the general solution of the original equation will be, 


f(x) = (er )r’T(p) where p=ar-+ 1. 


In order to satisfy the condition f(r) =7, it is merely necessary that (1) 
=r-1, A particular solution is given by setting (wr) =r. 
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The solution just given follows ordinary methods. It might be interesting, 
therefore, to show how the solution can be attained by a less known method in- 
volving the use of differential operators of infinite order.! 

Using the symbolic operator f(x—r) =e-"*—f(x), where z=d/dx, we may 
write the original equation in the form, 


(1 — wxe~"?) > f(x) = 0. 


Let us seek a solution of the form f(x) =f ,e*v(t)dt, where v(t) is a function 
to be determined and L is some path of integration in the complex plane. 
Introducing this expression into the differential equation we obtain, 


(1 — xe-"*) > f(x) = f e7*(1 — xe7"*)o(t)dt. 


L 


Integrating by parts the term multiplied by x, we get 
(1 — xe7"?) > f(x) = — et rty(Z) | + f eit +- d} e~tty(t)} /dt]dt. 
L L 


Let us now seek a value of v(t) which satisfies the equation, 
v(t) + d\e-tv(4)}/dt = 0, 


and a path L at the extremities of which e‘(*-”v(#) is zero. Since we find v(t) = 
Ce“, where w=ri—e"'r—-!, we can choose L to be the path along the real axis 
from —® to +. Changing variables from ¢ to s by means of the equation 
s=e"'r~', L becomes a path from 0 to infinity. We thus obtain, 


f(x) = cf e~*(rs)*!"ds = Cr®!"T(ar7! + 1). 
0 


The path L= oto 0, 2 loops about the origin, 0 to © would give: 
C(errinzlr — 1)r2!"P\(xr7} -- 1). 


The desired function which reduces to 7 for x =7 is obtained by letting C=1 
in the less general preceding solution. 

Also solved by G. D. Leith, Byron T. Roberts, T. L. Smith, and the Pro- 
poser. 

3401 [1929, 543]. Proposed by Paul Wernicke, Washington, D. C. 


Let a, b, c, d, be four lines in a plane no three of which are concurrent. Let 


1 See for example: T. Lalesco, Sur l'équation de Volterra, Journal de Mathématiques, (6), 
vol. 4, (1908), p. 194, and E. Hilb, Lineare Differentialgleichungen unendlicher Ordnung, Mathe- 
matische Annalen, vol. 82 (1921), p. 20. 
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f be the join of the intersections ac and bd and g the join of the intersections of 
ad and bc. Prove that 


(sin af/sin fc)/(sin ag/sin gd) =(sin bg/sin gc)/ (sin bf/sin fd). 


I. Solution by Robert E. Moritz, University of Washington. 


Let us first assume that no two of the given lines are parallel. Then any 
three of the six lines, a, 0, c, d, f, g, which are not concurrent, will form a tri- 
angle. Let us denote the sides of any such triangle, say the triangle formed by 
the lines 0, c, d, by 6, é, d, and the area of the triangle by T(d, c, d). With this 
notation we have 


(1) 2°T(a, f,d) = a-fesinaf = f+d«sin fd, 
(2) 2°T(b, f,c) = frcesin fe = b+ fesin df, 
(3) 2°T(a, g,¢) = @*Z*sinag = Zé+sin ge, 
(4) 2°T(b, g,d) = ged*sin gd = b+ gesin bg. 


If now we divide the quotient of (1) divided by (2) by the quotient of (3) 
divided by (4), and divide out the common factor d/é, we obtain the relation in 
question. 

The relation just established for the cases when no two of the given lines 
are parallel will continue to hold true when two or more of the given lines are 
parallel, for every such case may be considered the limiting case of a quadrila- 
teral for which the relation is invariant. It must then hold true in the limit. 


II. Solution by S. F. Bibb, Armour Institute of Technology. 


The following is a general statement of the problem and its solution: 
Suppose that the sides of a polygon are a, de, a3, - + - dn. Let b; be a diagonal 
drawn from the intersection of a,a, to the intersection of aea3, and by a di- 
agonal drawn from the intersection of a,a_ to the intersection of asa4, and bs a 
diagonal drawn from the intersection of aga3 to the intersection of a4as, and 
similarly for b4, b;,--- 6, Prove that 


Sin @1b; Sin Gobo sin a3b3- + - sin andy (1). 
SIN dob; Sin d3bq Sin a4b3-- + Sin d,0,_1 SiN G1), 
Proof: By law of sines one obtains: 
(sin a1b1)/(sin deb1) = — (a2)/(a1), 
(sin deb2)/(sin a3b2) = — (a3)/(as), 
(sin a3b3)/(sin a4b3) = — (a4)/ (as) 


(SIN Gnbn)/(sin didn) = — (a1)/(an). 
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Multiplying these equations together one gets the result as stated. Forn=4, 
this gives the solution of the proposed problem. 

Also solved by E. M. Berry, W. E. Buker, Solomon Kullback, J. D. Leith. 
A. Pelletier, T. L. Smith, Abraham Sinkov, and the Proposer. 


NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending items to Pro- 
fessor H. W. Kuhn, Ohio State University, Columbus, Ohio. 


Professor Enrico Bompiani, of the University of Rome, has recently de- 
livered the following lectures as Visiting Professor of the American Mathe- 
matical Society: “Differential Equations and Projective Geometry,” at 
Columbia University on May 16; “A Contribution to the Geometry of Paths,” 
at Princeton University on May 19; “Projective Differential Geometry and the 
Italian School” (two lectures), at Cornell University on May 21, 22; “What is 
Geometry,” at the Ohio State University on May 28; “Italian Contributions 
to Modern Mathematics,” at the University of Iowa on June 30; “What is 
Geometry” and “Italian Contributions to Modern Mathematics,” at the 
University of Chicago on July 1, 8. During the present Summer Quarter, 
Professor Bompiani is lecturing at the University of Chicago on “Analytic 
Projective Geometry” and on “Projective Differential Geometry of Hyper- 
spaces.” From October 5 to November 12 he will lecture at Johns Hopkins 
University on “The Differential Equations of Projective Geometry.” 


Professors P. W. Bridgman, of Harvard University, and Stephen Timo- 
shenko, of the University of Michigan, are among the members of the newly 
formed scientific advisory board of the Westinghouse Research Laboratories. 


Dr. Karl Menger, of the University of Vienna, has been appointed lecturer 
in mathematics at Harvard University for the first half of the year 1930-31. 


Dr. J. A. Schouten will deliver a series of informal lectures at Harvard Uni- 
sity in the fall of 1930. 


Dr. J. Frenkel, professor of theoretical physics at the Polytechnic Institute 
of Leningrad, will lecture on wave mechanics and conduct a seminar on prob- 
lems in modern physics at the University of Minnesota during the academic 
year 1930-31. 


Dr. Joseph Eugene Rowe, President of Clarkson Memorial College of 
Technology, was granted the honorary degree of LL.D. at the annual com- 
mencement of Gettysburg College held on June 9, 1930. 


The following mathematicians have been awarded Guggenheim fellowships 
for 1930: Professor A. N. Gandara, of the National Preparatory School of 
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Mexico, for studies in differential geometry and harmonic analysis at the 
Massachusetts Institute of Technology; Professor H. S. Vandiver, for research 
in Europe on Fermat’s last theorem, laws of reciprocity, and related topics in 
the theory of algebraic numbers. 


Professor C. L. Arnold, of the Ohio State University, has retired from active 
teaching. He was given the rank of professor emeritus. 


Dr. J. Hobert Bushey has been appointed to an assistant professorship in 
mathematics at Hunter College of the City of New York. 


Assistant Professor W. F. Cheney, of Tufts College, has been appointed 
head of the department of mathematics at the Connecticut Agricultural College. 


Dr. Alonzo Church has been appointed assistant professor of mathematics 
at Princeton University. 


Dr. T. F. Cope has been appointed assistant professor and head of the 
department of mathematics at Marietta College. 


Associate Professor Louise D. Cummings, of Vassar College, has been pro- 
moted to a professorship of mathematics. 


Dr. H. B. Curry has been appointed assistant professor of mathematics 
at Pennsylvania State College. 


Dr. Julia Dale, head of the department of mathematics at Delta State 
College in Mississippi, has been appointed assistant professor of mathematics 
at Duke University. 


Dr. Marguerite D. Darkow has been promoted to an assistant professorship 
in mathematics at Hunter College of the City of New York. 


Dr. Jesse Douglas has been appointed assistant professor of mathematics 
at the Massachusetts Institute of Technology. 


Mr. R. D. Douglass, of the Massachusetts Institute of Technology, has 
been promoted to an assistant professorship of mathematcs. 


Professor W. E. Edington, of Purdue University, has been appointed pro- 
fessor and head of the department of mathematics at DePauw University. 


Assistant Professor Philip Franklin, of the Massachusetts Institute of Tech- 
nology, has been promoted to an associate professorship of mathematics. 


Dr. B. P. Gill has been’ promoted to an assistant professorship of mathe- 
matics at the College of the City of New York. 


Dr. E. L. Hill has been appointed assistant professor of theoretical physics 
at the University of Minnesota. 


390 NOTES AND NEWS [Aug.-Sept., 


Assistant Professor B. P. Hoover, of the Carnegie Institute of Technology, 
has been promoted to an associate professorship of mathematics. 


Dr. Jewell C. Hughes has been appointed to an assistant professorship in 
mathematics at Hunter College of the City of New York. 


Assistant Professor R. P. Johnson, of the Carnegie Institute of Technology, 
has been promoted to an associate professorship of mathematics. 


Assistant Professor R. B. Lindsay, of Yale University, has been appointed 
associate professor of theoretical physics at Brown University. 


Associate Professor P. H. Linehan, of the College of the City of New York, 
has been promoted to a professorship of mathematics. 


Dr. W. H. McEwen, of the University of Minnesota, has been appointed 
assistant professor of mathematics in Mount Allison University, Sackville, 
N. B. 


Associate Professor M. L. MacQueen, of Southwestern University, has been 
promoted to a professorship of mathematics. 


Assistant Professor Florence M. Mears, of Pennsylvania State College, 
has been appointed assistant professor of mathematics at George Washington 
University. 


Dr. T. W. Moore has been appointed assistant professor of mathematics 


at Indiana University. 


Associate Professor Marston Morse has been promoted to a professorship 
at Harvard University. 


Associate Professor E. J. Oglesby, of Washington Square College, New York 
University, has been promoted to a professorship of mathematics. 


Dr. G. A. Parkinson has been promoted to an associate professorship of 
mathematics in the extension division of the University of Wisconsin at 
Milwaukee. 


Professor H. B. Phillips, of the Massachusetts Institute of Technology, has 
been granted leave of absence for the academic year 1930-31. 


Assistant Professor Emory Potterstarke has been promoted to an associate 
professorship of mathematics at Rutgers University. 


Dr. I. I. Rabi has been promoted to an assistant professorship of theo- 
retical physics at Columbia University. 


Mr. L. H. Rice, of the Massachusetts Institute of Technology, has been 
promoted to an assistant professorship of mathematics. 
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Dr. J. H. Roberts has been appointed adjunct professor of mathematics at 
the University of Texas. 


Assistant Professor George Rutledge, of the Massachusetts Institute of 
Technology, has been promoted to an associate professorship of mathematics. 


Mr. George Sauté has been appointed assistant professor of mathematics 
at Cleveland College. 


Mr. C. N. Shuster has been promoted to an assistant professorship of mathe- 
matics at the State Teachers College at Trenton, N. J. 


Dr. C. H. Smiley has been appointed assistant professor of mathematics at 
Brown University. 


Mr. I. S. Sokolnikoff has been promoted to an assistant professorship of 
mathematics at the University of Wisconsin. 


Dr. E. H. Taylor has been promoted to a professorship of mathematics at 
the Eastern Illinois State Normal College. 


Assistant Professor R. W. Veatch, of Ursinus College, has been appointed 
assistant professor of mathematics at the University of Tulsa. 


Assistant Professor J. L. Walsh has been promoted to an associate profes- 
sorship of mathematics at Harvard University. 


Dr. Dorothy W. Weeks has been appointed professor of physics at Wilson 
College. 


Assistant Professor E. A. Whitman, of the Carnegie Institute of Technology, 
has been promoted to an associate professorship of mathematics. 


Associate Professor D. V. Widder, of Bryn Mawr College, has been pro- 
moted to a professorship of mathematics. 


Professor A. R. Wilson, of Haverford College, delivered a lecture on March 
27 for the mathematics clubs of Rutgers University on the subject, “Space 
Filling Polyhedra.” 


Mr. Carleton R. Worth, of Rutgers University, has been granted leave of 
absence for the year 1930-31. He will study at the California Institute of 
Technology. 


Associate Professor Mabel M. Young, of Wellesley College, has been 
promoted to a professorship of mathematics. 


At the University of Chicago, Mr. Lawrence M. Graves and Mrs. Mayme 
I. Logsdon have been promoted to associate professorships in mathematics. 
Mr. Ralph G. Sanger and Mr. Clifford W. Mendel are appointed to instructor- 
ships, Mr. Ralph E. Huston to an assistantship, and Mr. Max Coral and Mr. 
Arnold E. Ross to research assistantships for 1930-31. 
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The following appointments to instructorships are announced: 

University of British Columbia, Mr. F. J. Brand. 

Duke University, Mr. F. G. Dressel of the University of Michigan and Mr. 
J. A. Greenwood of the University of Missouri. 

University of Iowa, Dr. J. M. Earl. 

Massachusetts Institute of Technology, Part time: Mr. H. A. Giddings of the 
versity of Vermont, Mr. E. M. Pease of Purdue University, Mr. J. G. 
Estes of the Texas Christian University. Full time: Mr. S. B. Littauer. 

North Carolina State College, Mr. E. R. Elliott. 

Princeton University, Dr. K. E. Rosinger (in the department of Philosophy.) 
Rutgers University, Mr. H. B. Huntley, and Mr. H. S. Grant of the Uni- 
versity of Buffalo. 


Dr. T. E. McKinney, for twenty years professor of mathematics at the 
University of South Dakota, died on April 14, 1930, at the age of sixty-six. 


Dr. J. L. Markley, professor emeritus of mathematics at the University 
of Michigan, died on April 20, 1930, in his seventy-first year. 


Dr. W. E. Story, professor emeritus of mathematics at Clark University, 
died on April 11, 1930, at the age of seventy-nine. 


Professor Florian Cajori died suddenly of pneumonia on August 14, 1930, 
at his home in Berkeley, California. He was a charter member of the Mathe- 
matical Association of America and was one of an original group of four (later 
enlarged to twelve) representatives of mid-western universities and colleges 
who made possible the re-establishment of the American Mathematical Month- 
ly on a sound financial basis. A detailed account of his historical researches will 
be published in the Monthly in due course. 
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THE APRIL MEETING OF THE ROCKY MOUNTAIN SECTION 


The fourteenth annual meeting of the Rocky Mountain Section of the 
Mathematical Association was held at the University of Denver, Denver, 
Colorado, on April 11-12, 1930. There were three sessions, Professor G. W. 
Gorrell acting as chairman at each. 

The attendance was forty-two including the following twenty-seven mem- 
bers of the association: C. F. Barr, J. Britton, A. G. Clark, J. R. Everett, J. C. 
Fitterer, G. W.Gorrell, S.G. Hacker, C. A. Hutchinson, D. Jackson, H. Karnow, 
A. J. Kempner, Miss Claribel Kendall, A. J. Lewis, G. H. Light, A. S. Mc- 
Master, J. 0. McNatt, W. K. Nelson, Miss Greta Neubauer, Miss L. R. Odell, 
E. J. Purcell, E. D. Rainville, A. W. Recht, W. J. Risley, L. J. Rote, Miss Mary 
Sabin, C. H. Sisam, Miss Adela M. Thom. 

The following officers were elected for the coming year: Professor Claribel 
Kendall, University of Colorado; Vice-Chairman Professor C. F. Barr, Univer- 
sity of Wyoming. 

The following papers were read: 

1. “Fregier’s theorem” by Professor Francis Regan, Colorado Agricultural 
College, by invitation. 

2. “Predicting occultations” by Professor A.W.Recht, University of Denver. 

3. “Foci of algebraic curves” by Professor Claribel Kendall, University of 
Colorado. 

4. “On the invariance of certain types of areas” by Professor A. G. Clark, 
Colorado Agricultural College. 

5. “A problem in partial correlation” by Professor G. H. Light, University 
of Colorado. 

6. “Focal surface of a normal congruence of an ellipsoid” by Professor J. R. 
Everett, Colorado School of Mines. 

7. “A formula in terms of greatest integers giving parcel post charges as a 
function of weight and distance” by Professor W. K. Nelson, University of 
Colorado. 

8. “The elliptic modular group and applications to the theory of functions” 
by Mr. Earl Rainville, University of Colorado. 

9. “Theory of numbers and the multiplication table” by Professor A .J. 
Kempner, University of Colorado. 

10. “Formulas of correlation in several variables” by Professor Dunham 
Jackson, University of Minnesota. 

Abstracts of these papers follow: 

1. Mr. Regan presented Fregier’s theorem: if a variable chord PQ of a 
conic subtends aright angle at any fixed point V on the conic it passes through 
a fixed point F which lies on the normal to the conic at V. The proofs for the 
parabola, ellipse, and hyperbola were given. The theorems dealing with the 
locus of the Fregier points of each conic were developed, and several corollaries 
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growing out of the fundamental theorem were touched upon. All the work was 
developed from a purely analytic view point. 

2. Professor Recht mentioned the value of occultations in determining the 
position of the moon and described an apparatus for making maps of the United 
States predicting within a minute the times of occultations. 

3. In this expository paper Miss Kendall defined the foci of algebraic curves 
for the general case and for certain special cases. The four foci, two real and 
two imaginary, of the central conics were found. The finding of the real foci of 
a cubic which was the inverse of a hyperbola with respect to one of its vertices 
illustrated the theorem that foci always invert into foci. Mention was made of 
the locations of foci for cubics without singularities and for quartics with nodes 
at the circular points. 

4. Professor Clark considered briefly the conditions under which the area 
cut from the curve y=f(x), a polynomial, would be invariant. As an applica- 
tion of the conclusions, it was proved that the inflexion tangets of a general 
quartic cut equal areas from the curve. 

5. This paper gives formulae for finding the grades that should be expected 
by a student who is taking mathematics, English, and history in his first year 
at college. The data were obtained from the actual grades for the first and 
second quarters. 

6. Professor Everett outlined the general theory of linear congruences, and 
showed how linear congruences might be applied to normals of an ellipsoid. 
He also discussed the development and nature of the surfaces generated by 
normals of an ellipsoid. 

7. The paper by Professor Nelson presented a formula using greatest 
integers which gives the parcel post charges in terms of weight and distance. 
The following refinements make the formula agree closely with the postal laws: 
(a) All packages of a given weight sent over 1800 miles have the same charges. 
(b) All packages of half a pound or less have postage charges dependent on the 
weight only. (c) When a package is sent to a point five miles either side of a 
zone boundary the charges are uncertain since the zones are not true circles. 
For such a distance the charges become indeterminate. (d) If the weight is 
over fifty pounds and the distance over three hundred miles, or the weight over 
seventy pounds regardless of the distance, the charges become infinite. 

8. Mr. Rainville gave an expository account of some of the simpler out- 
standing properties of the elliptic modular group and the allied functions. 
Landau’s proof of the restricted Picard theorem and some results from the 
work of Landau and Caratheodory were used as examples of the type of appli- 
cation to the theory of functions. Stress was laid on the fundamental impor- 
tance of the modular functions in the general theory of analytic functions. 
The paper was based, in the main part, on Klein’s Theorie der Elliptischen 
Modulfunktionen (1890); and L. R. Ford’s Automorphic Functions (1929). 

9. Professor Kempner explained how a large number of the elementary 
concepts of the theory of numbers (residues, Fermat’s theorem, exponent to 
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which a number belongs, indices, primitive roots, etc.) can in a very simple 
and satisfactory manner be demonstrated by means of a square table which 
for a given fixed prime modulus gives both the residues of a» for \ fixed, a vari- 
able; and for a fixed, A variable. 

Some apparently new results will be presented on another occasion. 


10. Professor Jackson’s paper discussed applications of the geometrical 
interpretation of correlation coefficients less simple than those which are treated 
in papers published in recent volumes of the Monthly. In particular, it gave 
a geometrical derivation of the regression coefficients for a problem involving 
three statistical variables. 

The members and friends of the association were guests of the University 
of Denver at a banquet on the evening of April 11. President Gorrell acted as 
toastmaster. The address of welcome was given by Chancellor Frederick Hun- 
ter of the University of Denver. The response was given by Professor A. J. 
Kempner of the University of Colorado. 

Following this a very interesting and instructive address was given by the 
guest of honor, Professor Dunham Jackson, on “The significance of elementary 
mathematics in modern statistics.” 

A. J. Lewis, Secretary 


THE SEVENTH ANNUAL MEETING OF THE INDIANA SECTION 


The seventh annual meeting of the Indiana section of the Mathematical 
Association of America was held on May 2-3, 1930 at Earlham College, Rich- 
mond, Indiana. 

There were forty-five present at the meeting including the following twenty- 
three members of the Association: W. C. Arnold, R. W. Babcock, Gladys L. 
Banes, G. E. Carscallen, P. T. Copp, C. S. Doan, J. E. Dotterer, W. E. Eding- 
ton, P. D. Edwards, E. D. Grant, G. H. Graves, H. E. H. Greenleaf, C. T. 
Hazard, D. F. Heath, Cora B. Hennel, Florence Long, Juna M. Lutz, T. E. 
Mason, J. A. Reising, C. K. Robbins, L. S. Shively, K. P. Williams, W. A. 
Zehring. 

On Friday at 5:30 P.M. a reception was given to the visiting members and 
their guests. At 6:30 P.M. a complimentary banquet which was held in the 
dining room of the college was attended by sixty guests of the college. Professor 
E. D. Grant presided at the banquet and introduced President Denny of Ear)- 
ham College, who made a brief address of welcome. Music was provided during 
the banquet by a trio of students of the college. 

At eight o’clock a short pipe organ recital was presented in Stoddard Audi- 
torium. The public lecture of the evening, under the auspices of Earlham Col- 
lege, was given by Professor Louis C. Karpinski of the University of Michigan 
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on the subject, “Mathematics and the Eternal Verities.” Professor Karpinski 
pointed out that work and intensive intellectual application are the foundations 
of success not only in mathematics but in all the arts and sciences upon which 
the progress of civilization rests. In mathematics the student is inevitably 
confronted with these realities more than in any other subject of the school cur- 
riculum. Particularly for students who are likely ever to do creative work mathe- 
matics furnishes stimulus and inspiration. Even also for the great mass of 
students in our secondary schools mathematics is one of the few studies in which 
the fact of intellectual work or lack of work is made evident in every recitation. 
When this fact is combined with the fact that mathematics is the indispensable 
foundation for the study of engineering, economics, physics, and many other 
sciences, it becomes evident that mathematics must continue to hold a 
prominent place in our secondary school program. 

At ten o’clock Saturday morning in Carpenter Hall the following officers 
were elected for the coming year: Chairman, P. D. Edwards, Ball State Tea- 
chers College; Vice-Chairman, G. E. Carscallen, Wabash College; Secretary- 
Treasurer, H. T. Davis, Indiana University. 

A chairman’s address in absentia by Professor Zinszer on “Sub-atomic 
Versus Interstellar Space,” was read by Professor Grant. The first part of the 
paper consisted of a rapid review of the discoveries in the field of modern phy- 
sics and their mathematical agencies. This included a brief description of Milli- 
kan’s determination of the electronic radius, also Rutherford’s determination 
of the approximate size of the nucleus of the gold atom. Following an expo- 
sition on the method of parallax and its application to astronomy, the paper 
took up a discussion of the galactic system and its dimensions. 

The following seven papers were read: 

1. “On non-composite plane curves of the form C,:8A?B?,” by Professor 
J. C. Polley, Wabash College, by invitation. 

2. “Uses of vectors in geometry and trigonometry,” by Professor R. W. 
Babcock, DePauw University. 

3. “Number one and number naught,” by Dr. A. F. Bentley, Paoli, In- 
diana, by invitation. 

4. “Amount of training in mathematics required of high school teachers 
of mathematics in the various states,” by Professor P. D. Edwards, Ball State 
Teachers College. 

5. “Technique of instruction for large classes in mathematics,” by Mr. C. E. 
Trueblood, Arsenal Technical Schools, Indianapolis, Indiana, by invitation. 

6. “The predicted location of the 1930 center of population of the United 
States,” by Professor L. S. Shively, Ball State Teachers College. 

7. “The minimum essentials’ place in mathematics courses,” by Professor 
G. H. Graves, Purdue University. 

Abstracts of these papers follow: 

1. In this paper the author considers the web of sextic curves of the form 
C,:8A?, i.e., with eight double points. It isshown that: (1) on any non-composite 
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sextic Cs of the web there are six points where a member of the pencil of cubics 
C;—RC3'=0 and Cs have a common tangent and each point is a ninth double 
point on a non-composite web; (2) the locus of the ninth double point is a 
curve of order nine of the form C5:8A?. 

2. Professor Babcock thinks that the concept of vector is within the grasp 
of the average pupil of geometry. Various problems involving intersections 
of lines of projections of lines may easily be solved by vector algebra. Several 
of the formulae of elementary trigonometry are easily derived by means of the 
scalar product. This work may be used for special projects for students who 
are possessed of intellectual curiosity. 

3. Under Hilbertian technique, though not Hilbertian minimal presupposi- 
tion, we may define a pure mathematics as any system of full consistency. 
Examining inductive numbers with the approach of Kronecker or Poincaré, 
rather than with the scaffoldings of Russell or of the Mengenlehre, we obtain 
a pure theory of number to which the distinctions of cardinal and ordinal are 
irrelavent. The cardinal is relegated to the “impure” or “foundation” regions of 
mathematics. Realistic and analytic (semantic) postulates for the investiga- 
tion of Number One are constructed, and analysis is carried through by dif- 
ferentiation of operative zeros from realistic nulls, and by similar differentiation 
of infinities. A semantic number series and a semantic radix series are con- 
structed. Under this construction proof is given that decimals are denumerable. 
The Cantorian proof of non-denumerability yields under analysis its realistic 
elements and fixations. Analysis of the ordinary form of proof that Null isa 
Zahl yields similar evidence of confusion between semantic symbol and realistic 
reference. 

4. Practically all the states issue from two to a dozen different grades of 
high school certificates. The author discussed only the requirements for 
the certificates of highest grade. In most of the states a certificate of general 
validity for all subjects is granted. Consequently the teacher of high school 
mathematics may have studied no mathematics of college grade. In addition 
to a discussion of these requirements for the various states the author sug- 
gested some action on the part of college instructors of the state might improve 
the secondary teaching in Indiana. 

5. During the past five or six years Mr. Trueblood has been experimenting 
with classes of a hundred students and finds that the results are satisfactory 
both from the standpoint of the teacher and the students. In this paper he 
outlined the method of conducting large classes and pointed out the special 
technique necessary. 

6. Professor Shively predicted the location of the center of population of 
the United States basing his calculation upon estimates of population increase 
and of the distribution of population during the preceding decade. The results 
of the calculation, which was made as of January 1, 1930, are that the center 
has moved westward 13.2 miles and northward 2.8 miles with probable errors 
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of 1.25 and .84 miles respectively. This places it in N. Lat. 39°13’ and W. Long. 
86°58’, a point a little to the southwest of Arney in Owen County, Indiana. 

7. In this paper the author sketched a plan in use at Purdue University. The 
course is divided into a few heads and after the class periods allotted to each of 
these have been devoted to discussion, recitation, and illustrative examples as 
usual, a test is given which determines, with the class work, whether the student 
has “cleared his record” on that head. No grades are given during the course 
and only those who clear their record under all the heads by the end of the term 
receive credit for the course. 

At the close of the meeting a resolution was adopted by the members ex- 
pressing their appreciation to Earlham College and to the mathematics de- 
partment for the splendid banquet and their efforts in making the meeting a 
success. Also the section expressed its appreciation to Professor Karpinski and 
Dr. Bentley. 

V. V. LatsHaw, Acting Secretary 


THE FOURTEENTH MEETING OF THE KENTUCKY SECTION 


The fourteenth regular meeting of the Kentucky Section of the Mathe- 
matical Association of America was held at Transylvania College, Lexington, 
Kentucky, on Saturday, April 15, 1930. The Section was fortunate in having 
as its guest Professor W. D. Cairns, Secretary-Treasurer of the Association. 

There were forty-three present, including the following twenty-one mem- 
bers of the Association: P. P. Boyd, W. D. Cairns, C. E. Caldwell, M. G. 
Carman, M.C. Dame, J. M. Davis, D.S. Dearman, A. R. Fehn, W. W. Garnett, 
Charles Hatfield, W. R. Hutcherson, C. G. Latimer, Elizabeth LeStourgeon, 
Mrs. A. R. Lyon, C. A. Maney, W. L. Moore, Smith Park, Sallie Pence, D. W. 
Pugsley, J. H. Simester, Guy Stevenson. 

The chairman, Professor C. A. Maney, presided at both the morning and 
afternoon sessions. All present were guests of Transylvania College at luncheon. 

The officers elected for the coming year were: Chairman, Professor J. M. 
Davis, University of Kentucky; Secretary, Professor A. R. Fehn, Centre Col- 
lege. 

The program of the meeting was as follows: 


Morning Session, 10:90 A.M. 
1. “A certain identity in theta functions” by Mr. Smith Park, University 
of Kentucky and Eastern State Teachers’ College. 
2. “Trigonometric formulae by vector analysis” by Professor W. R. 
Hutcherson, Berea College. 


3. “Mathematics—What’s the use?” by Professor J. M. Davis, University 
of Kentucky. 
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4. “Difference equations” by Professor M.G. Carman, Murray State Teach- 
ers’ College. 

5. “A graphical solution of the equation x"+ax?+bx+c=0” by Professor 
Walter L. Moore, University of Louisville. 

6. “Some simple methods and problems” by Professor J. M. Maxey, Asbury 
College, by invitation. 

7. “Queen Dido’s problem” by Professor Elizabeth LeStourgeon, Univer- 
sity of Kentucky. 


Luncheon 1:00 P.M. 


8. “Current mathematical activities” by Professor W. D. Cairns, Oberlin 
College. 


Afternoon Session, 2:30 P.M. 


9, Mathematics for students of chemistry” by Professor A. R. Fehn, 
Centre College. 


10. “The fundamental mathematical requirements of biology” by Profes- 
sor D.S. Dearman, Kentucky Wesleyan College. 


11. “The lure of mathematics” by Professor W. D. Cairns, Oberlin College. 
12. Business Meeting. 
Brief abstracts of some of these papers follow: 


1. In this paper Mr. Park considered two sets S and S; of elements of alge- 
braic numbers having a one-to-one correspondence. Two functions containing 
theta functions were constructed, the terms of the first being in one-to-one 
correspondence with the elements of S and the second with the elements of Sj. 
The terms of the two functions were thus in one-to-one correspondence, and by 
properly defining the variables of the first as linear functions of the variables 
of the second, making corresponding terms equal, he obtained the identity. 


2. By use of two unit vectors A and B which make angles a and 0 with the 
i-axis, the dot and cross products produced the formulae for cos (b—a) and 
sin (b—a). The fundamental law for oblique spherical triangles, 
cos b=cos ¢ cos a+sin ¢ sin a cosB, was obtained by expansion of the expres- 
sion [A XB|-[CXD], setting vector B=vector D. 

3. This paper discussed the importance of teachers of mathematics being 
prepared to answer this question whenever and however asked, and in the 
answer toseek to bring the questioner to realize that, aside from its all-pervading 
influence in all arts and science—indeed in all life, mathematics has a beauty, 
a harmony, a charm all its own; that it is in fact the most perfect means man 
has devised for discovering and realizing truth. 


5. The nomographic method of D’Ocagne for the graphical solution of the 
equation x*-+ax+b=0 is extended to apply to the equation «*+ax?+bx-+c=0 
by the use of the parabola as the variable curve instead of a straight line. A 
mechanism based on Pascal’s theorem is used to trace the arcs of the parabola. 
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7. This paper was a brief exposition of the method of determining first 
necessary conditions for a minimum or maximum in the case of the isoperimetric 
problem of the calculus of variations when the end points move along a fixed 
curve, with application to ‘“‘Queen Dido’s Problem,” as related by Virgil. 

9. This was a discussion of a paper by Professor F. Daniels of the University 
of Wisconsin reported in the January, 1928 issue of the American Mathematical 
Monthly. 

10. This paper was a review of the article entitled “The fundamental 
mathematical requirements of biology” by J. Arthur Harris that appeared in 
the April, 1929, issue of the American Mathematical Monthly. 

ELIZABETH LESTOURGEON, Secretary 


UNIQUE DECOMPOSITION 
By E. T. BELL, California Institute of Technology 
I. AN ARITHMETICAL PROBLEM 


1. Introduction. Before proceeding to a precise formulation of the problem 
of unique decompesition, it will be well for clearness to give a general description 
of its nature and of the situation in which it arises. What follows is merely 
descriptive; the exact statement can be given only after the postulational 
definitions of certain algebraic varieties—ova, commutative semigroups, 
modules, rays, rings, fields, irregular fields—in Section II. A fair image of the 
exact problem can be seen by having in mind as a background either the multi- 
plicative or the additive part, but not both, of ordinary rational arithmetic, or 
the theory of the ideals only of an algebraic number field, the integers of the 
field being replaced by their corresponding principal ideals, or the set of all 
symmetric polynomials in ~ indeterminates (x>1), with rational integer co- 
efficients, and their unique representations as polynomials in the relevant 
elementary symmetric functions. The brief descriptions of the algebraic varie- 
ties concerned are strictly provisional until the exact postulational statements. 

2. Algebraic Vartettes. A field is a set of elements closed under the four 
rational operations, division by zero excluded, and having unique zero and unit 
elements. A product is equal to zero only if one of its factors is zero. This is 
in distinction to the next. 

An irregular field differs from a field only in the exclusion of each of m ele- 
ments, m>1, as a divisor; m may be finite or infinity. The excluded elements 
are called irregular; the rest, regular. With respect to addition, multiplication, 
subtraction, irregular elements are indistinguishable from regular. The product 
of two irregular elements, neither the zero element, may be equal to the zero 
element, in which case the factors are called divisors of zero. 

A set of elements closed under addition, multiplication and subtraction is 
called a ring. 
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A set of elements closed under addition and subtraction is called a module. 

A set of elements closed under multiplication and division, the divisor being 
regular, is called a ray. 

It may be remarked that the definitions of rings, modules and rays in the 
literature lack uniformity. For example, a module is sometimes defined as a set 
closed under addition, or under subtraction, without the explicit statement of 
the postulate that these operations shall have unique inverses. The sets closed 
under addition alone or multiplication alone, when only the associative and 
commutative laws are assumed, are identical abstractly, and they appear to be 
more fundamental for arithmetic than any of the foregoing. From such sets, 
we construct the others. 

A set closed under a single operation R obeying the associative and com- 
mutative laws, and further subject to the postulate that xRy=xRz implies 
y=g, is called a commutative semigroup. If a commutative semigroup contains 
only a finite number of distinct elements, it is an abelian (commutative) group. 
It is to be noted particularly that a commutative semigroup does not necessarily 
contain a modulus (element having with respect to R and elements of the set 
the properties of an identity); if the set does have a modulus, the modulus is 
necessarily unique. Inverses do not exist in a commutative semigroup without 
restriction by the adjunction of additional postulates. If such adjunction be 
made, we descend to modules or other less general varieties. 

If from the definition of a commutative semigroup the postulate of cancel- 
lation, xRy =xRz implies y =z, be deleted (as there exist sets for which it is false, 
for example in the algebra of logic), we obtain a still more rudimentary variety 
which does not seem to have been named. All that follows can be constructed 
from this variety. Lacking a better name, it may be called an ovum. 

A variety which contains only either a finite number or a denumerably 
infinite number of distinct elements will be said to be countable. The elements 
of a countable variety can be ordered in 1, 1 correspondence with the positive 
rational integers if the variety is infinite, or with the first 2 integers if the 
variety contains precisely  (m finite) distinct elements. When such a corre- 
spondence is established, we shall say that the variety is ordered. 

3. The Problem. Call the operation R under which the ovum Q is closed 
composition, and the element of 2 obtained by composition from two or more 
elements of Q their composite. An example of Q occurs in the classical theory 
of composition of binary quadratic (arithmetical) forms. 

Suppose now that ( contains a countable set I of elements, and further 
that IJ contains a set P of elements such that: 

3.1 Any element of J not in P is, except for permutations of the elements 
in the composite, uniquely:a composite of elements in P. 

3.2 No element in P is a composite of elements in P. 

3.3 The sets I, P are maximal sets in Q having the properties (3.1), (3.2). 
Then the elements of J may be called (by an obvious isomorphism) the rational 
integers of Q, and those of P the rational primes; (3.1) —(3.3) express the law 
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of unique decomposition of integers in Q into primes. More than one maximal 
set of integers or of primes in a set of integers may exist. Examples have been 
indicated in what precedes in which composition is multiplication, or addition, 
both being interpreted as in rational arithmetic, and in which it is neither. In 
view of this, we shall call 3.1—3.3 and their implications the composite arith- 
metic A of @. It is evident that so long as we remain in Q, no further develop- 
ment of its arithmetic—properties of its rational integers—is possible. Thus, 
for example, if composition be identified with the associative and commutative 
properties of either multiplication or addition, it is identified with those of both. 
This leads to the following problem, of which we shall present a denumerable 
infinity of solutions, as the process of construction of one solution is iterable. 
The complete arithmetic of the ordinary rational integers is presupposed. 

Given the composite arithmetic A of Q to obtain from it the following: 

3.4 An ordering of its rational integers. 

3.5 A set of functions (to be called elements of V) of integers of such that, 
with respect to suitably defined rational operations the elements of V form an 
irregular field V. If at any stage of the new processes necessary, elements un- 
defined in the data are introduced, the new elements are to be adjoined to the 
data in such a manner that the enlarged set is self-consistent. The definition 
of the new processes will always be such that consistency is automatically pro- 
vided. The adjoined elements, of course, demand in the interpretations of the 
original data extensions of given properties. Such extensions can be given only 
with reference to the specific nature of the original data’ For example, the 
adjunction necessary when the original elements are integral ideals, is that of 
fractional ideals. 

This is the first, or algebraic part of the problem. The second part is arith- 
metical. Three cases arise, according as the number of distinct elements in V 
is finite, or denumerably infinite, or neither. Many instances of the first and 
second exist, and at least one of the third. However, we shall attend only to 
the first and second, and particularly to the second, as the necessary modifica- 
tions in what follows when YV is finite are obvious, and the second is the case of 
greater interest. We shall assume then that the elements of V are denumerably 
infinite. The second part of the problem follows. 

3.6 To select from V a countably infinite ring R of its elements such that, 
with a suitable definition of arithmetical divisibility for irregular elements, R 
has a complete arithmetic A, additive and multiplicative, isomorphic with that 
of the ordinary rational integers, order relations included. 

3.7 To superimpose VY, A upon Q, A so that every proposition concerning 
V (or A) has a unique correspondent in Q (or A) which is true or false according 
as its correspondent in V (or A) is true or false. 

Finally, with the necessary restrictions imposed by irregularity, we may 
proceed to 

3.8 Construct continua from A abstractly identical with those of the real 
or complex number systems. 
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A solution of 3.6 will automatically produce an ovum from which the whole 
abstract process may be generated afresh, and so on indefinitely. 

The problem of constructing a complete arithmetic from the composite 
arithmetic alone of an ovum is here solved through an irregular field. I have 
also given a solution (or rather an infinity of solutions),in another paper, through 
a field. The solution by an irregular field is, however, intrinsically richer, as it 
necessarily demands a definition of arithmetical divisibility for divisors of zero 
and a unique decomposition of such divisors into primes. This, I believe, has 
not hitherto been done for divisors of zero in the arithmetic of any algebra. 
The reader who prefers may pass at once to IV, using I, III only for reference. 


Il. ALGEBRAIC VARIETIES 


4. Variety; Notation. As each of the four rational operations in an irregular 
field is ultimately to receive an infinity of distinct interpretations, the customary 
+, +-,—, + will be replaced in the postulates by *, f, §, [, and each of these 
symbols has only the meaning assigned to it in the postulates of the variety 
concerned. For example, in an ovum, it is meaningless to say that * is algebraic 
addition, as no inverse to * is defined in the ovum. But, inversely, a true 
proposition in an ovum remains true in a module, a ring, a commutative sem1- 
group, a field, etc., which contains the ovum. 

4.1 Definition. A variety V is a system consisting of a relation ~, called 
equivalence, a set 2 of marks a, B,---,¥,--~, called elements of 2 or of V, 
and one or more operations *, +, §, [, - - +, which can be performed upon any 
pair a, B of elements of V to produce uniquely determined elements a * 6, a T B, 
a§B,atB,---, of V such that the postulates 4.11-4.15, 4.17 for ~, *, §, 
t,- °°, are satisfied. 

4.11 If a, B are any elements of V, a~8 is significant (well defined, and 
either true or false). 

4.12 a~a. 

4.13 If a~B, then Bra. 

4.14 If a~B and B~y, then a~y. 


4.15 If R(a, B,---,¥,---), is any relation between elements a, 6,-:-, 
y,:-+,of V, and a~a’, B~B’,- ++, y~ry’, ++, then Ra, B,-++,% °° °)s 
R(a’, B’,-++,¥’, +++), are both true or both false. 

4.16 Definition. If a~B is false, we write a~’B. 

4.17 If tf and §§ are members of the set *, f, §, {, - - - , and arenot the same 


there exists in V at least one pair of elements a, B for which a tT B~’a 8§ B. 

It is evident that equivalence, ~, has with respect to elements of V all the 
properties of equality, =, with respect to real numbers, being reflexive (4.12), 
symmetrical (4.13), and transitive (4.14), while 4.15 permits the substitution of 
equivalent elements. Nevertheless, in the instances adduced later, ~ bears but 
slight resemblance to =. For example, if (a, 8, y) is a one-rowed matrix, and 
(a, 8, Y) =(a’, B’, y’), the usual definition gives ~w=a’, B=’, y =y’, and it does 
not apply to (a, B, y) =(a’, B’), whereas ~ does. 
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4.18 Definition. If to the preceding postulates others be added, the resulting 
system will be called a special vartety, provided the entire set of postulates is 
consistent. 

Consistency can always be proved for a special variety by exhibiting an in- 
stance which satisfies the postulates. In what follows, all consistency proofs 
are deferred to JV, where all are implied simultaneously by the construction of 
the systems constructed. 

5. Commutative, Associative and Distributive Special Vartettes. 

5.1 Definition. A special variety V is said to be commutative with respect to 
the operation * of V if the postulate 5.11 is satisfied. 

5.11. If a, 8 are any elements of V, then a * B~8 * a. 

5.2 Definition. A special variety V is said to be associative with respect to 
the operation * of V if the postulate 5.21 is satisfied. 

5.21 If a, 6, y are any elements of V, then (@ * B) *y~a * (8 *¥). 

5.3 Definition. A special variety V is said to be left-distributive with respect 
to the ordered pair (f, *), where J, * are operations of V and are not the same, 
if the postulate 5.31 is satisfied. 

5.31 Ifa, 8, y are any elements of V, then 


at (B* y)~ (a7 B)* (af). 


5.4 Definition. If instead of 5.31 the postulate 5.41 is satisfied, V is said to 
be right-distributive with respect to the ordered pair (7, *). 
(5.41) If a, B, y are any elements of V, then 


(a #B)Ty~(aty)* @TY). 


5.5 Definition. If the special variety V is both left-disiributive and right- 
distributive with respect to the ordered pair (f, *), it is said to be distributive 
with respect to (fT, *). 

It is unnecessary here to develop the numerous consequences of these 
postulates, as only the simplest of them will be required. 

6. Modular Special Varieties. A modulus is an identity element with respect 
to a given operation. 

6.1 Definition. If in the special variety V there exists an element ux such 
that the postulate 6.11 is satisfied, V is said to be modular with respect to *. 

6.11 If a is any element of V, then at least one of the following holds, 


Q* Ux ~~ A Ux #aAa~ QQ, 


6.2 Definition. If only a * wx ~a in 6.11 holds, ps is called a right-modulus ; 
if only psx * a~a holds, ux is called a left-modulus; if both equivalences hold, 
px is called a modulus with respect to *. 

7. Regular and Irregular Special Variettes. 

7.1 Definttion. If Visa modular special variety having with respect to * the 
modulus uw*, and if a, B are elements of V such that aw * B~p*, a is called a left- 
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inverse of 8 with respect to *, and 8 a right-inverse of a with respect to *, and 
each of a, B is said simply to be an znverse of the other with respect to *. 

7.2 Definition. A modular special variety is said to be right-regular if the 
postulate 7.21 holds, left-regular with respect to * if the postulate 7.22 holds. 

7.21 If wis any element of V, a@ has with respect to * a unique right-inverse. 

7.22 If wis any element of V, a has with respect to * a unique left-inverse. 

7.3 Definition. A modular special variety V is said to be regular with respect 
to * if itis both right-regular with respect to * and left-regular with respect to *. 

7.4 Definitions. An element of a special modular variety V which does not 
have a unique right (left) inverse with respect to the operation * of V, is said 
to be right- (left) trregular with respect to *; an element of V which is both right- 
irregular and left-irregular with respect to * is said to be zrregular with respect 
to *. 

If V is right-irregular (or left-irregular, or irregular) and contains precisely 
m (m necessarily >0) right-irregular (or left-irregular, or irregular) elements 
with respect to *, we say that the zndex of right-trregulartty (or of left-irregularity 
or of irregularity) of V with respect to * is m. 

As the definitions are similar for all three possibilities, we may state only 
those for irregularity. 

If every element of V is irregular with respect to *, V is said to be totally 
irregular with respect to *. It is perhaps not obvious that totally irregular com- 
mutative and associative varieties exist; an infinity of such are given by the 
irregular elements, other than the unique zero element, of the matric varieties 
constructed in IV. 

By referring to 7.4 and 7.2 we see that an element may be irregular in only 
one of two distinct respects: the element may have no inverse; the element may 
have more than one inverse. In the totally irregular varieties mentioned above 
each element has an infinity of inverses. 

8. Ordered Varieties. The postulates for order fall into several cases, accord- 
ing to the degree of specialization of the variety concerned, each more restric- 
tive than its predecessor. The most restricted set, which applies to rings and 
fields, regular or irregular, is abstractly identical with the postulates for in- 
equality in the real number system. 

8.1 Definition. If a variety V or a special variety V is ordered with respect 
to the relation —, it is necessary that the postulates 8.11, 8.12 hold. 

8.11 Ifa, Bare any elements of V, one and only one of the following relations 


is true, 
a~B, a—->B, Broa. 


8.12 If a, 8, y are any elements of V such that a—8 and B—y, then a—-v. 

8.2 Definition. The relation a<-6 means B—a. 

The preceding definitions apply to all varieties, and in particular to the V in 
4.1, which is unspecialized. Specialization enters through the imposition of 
further postulates concerning an operation * of V. If Vis unspectalized, we say 
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that 8.11, 8.12 are the necessary and sufficient conditions that V be ordered with 
respect to —. 

There is an extensive theory possible for ordered special varieties. Of this, 
for brevity, we shall state only the postulates for ordered modular varieties, as 
these are the minimum necessary for the subsequent theory of unique decom- 
position. For the necessary definitions, see Section 6. Again for simplicity we 
shall attend only to the case in which the special variety has a modulus (as 
defined in 6.2). 

8.3 Definition. The modular special variety V having with respect to * the 
modulus px is said to be ordered with respect to the relation — when and only 
when, in addition to 8.11, 8.12, the postulate 8.31 is satisfied. 

8.31 If a, B are any elements of V such that a—6, and if y is any element 
of V, such that yy, then a * y—8 * 7. 

To proceed, we refer to 5.1, 5.2, 5.5, 6.2, 7.2, 7.3. 

8.4 Definition. A special variety V which is 

8.41 commutative and associative with respect to each of the distinct opera- 
tions *, T; 

8.42 distributive with respect to the ordered pair (J, *); 

8.43 regular with respect to * and having the modulus us, is said to be 
ordered with respect to — if and only if the postulates 8.44, 8.45 are satisfied in 
addition to 8.11, 8.12. 

8.44 Ifa, 8 are any elements of V such that a—6, and 7 is any element of V, 
then a * y-6 *¥. 

8.45 If a, B, y are any elements of V such that a—f and yup», then 
at y-B6 TY. 

Part of this is implied by previous definitions and postulates, but on account 
of its importance for the sequel it has been stated in full. 


III. CERTAIN SPECIAL VARIETIES 


9. Named Varieties. We shall drop the designation “special,” and speak, 
for example, simply of a commutative variety instead of a commutative special 
variety. 

9.1 Ovum. A variety defined by 4.1, 5.1, 5.2 is called an ovum with re- 
spect to *. 

An ovum is hence a variety commutative and associative with respect to a 
single operation. Although an ovum is completely defined by 9.1 it may be well 
for clearness to state some of the properties which can not be assumed in it. 
These are, chiefly, the existence of a modulus, the existence of inverses with 
respect to *, and the cancellation postulate as stated in 9.22. Even when an 
ovum is contained in a variety which does have one of these properties, that 
property can not be assumed in the ovum itself. Similar remarks apply to all 
special varieties. 

9.2 Commutative semigroup. An ovum V with respect to * which satisfies 
the postulates 9.21—9.23 is called a commutative semi-group with respect to 2, *. 
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9.21 Every element of 2 is in V. 

9.22 If o is any element of 2, and a, B are any elements of V, such that 
a*o~B *o, then a~B. 

9.23 2 is not null and is the maximal! set for which 9.22 is satisfied. 

9.24 Definition. If & in 9.2 coincides with V (that is, if every element of 2 
isin V, and every element of Visin 2), Vis called a commutative semigroup with 
respect to *. 

9.25 Theorem. If a commutative semigroup contains a modulus, the modu- 
lus is unique. 

This is either well known or proved at once from the definitions. 

9.3 Module. Here we shall define only the simplest modules, in which the 
composition * is commutative. For this we refer to 7.3, 7.4. 

9.31 Regular Module. Acommutative modular variety which is regular with 
respect to * is called a module with respect to *. 

9.31 Irregular Module. A commutative modular variety which is irregular 
with respect to *, the index of irregularity being m( 21), is called an trregular 
module of index m. 

9.4 Ray. This introduces nothing new, and is included in order to take 
account of the term as it has been used in the literature. 

9.41 Definition. An irregular module of index 1 is called a ray. 

9.5 Ring. A variety satisfying the postulates 8.41, 8.42, 8.43 is called a ring 
with respect to (f, *). 

A simple example of a ring is the set of all rational integers with respect to 
(Xx, +); the modulus is 0. In the definition it is to be noted particularly that 
the ring is not postulated to be modular with respect to f. 

9.6 Field. A variety V is called a field with respect to (fT, *) if the postulates 
9.61—9.64 are satisfied. 

9.61 V is a ring with respect to (f, *). 

9.62 V isa ray with respect to f. 

9.63 The irregular element of the ray in 9.62 is us», the modulus of the ring 
in 9.61. 

9.64 x is distinct from the modulus mw. of the ray in 9.62. 

It is readily seen that 9.6 accords with any of the usual complete definitions 
of a field, when (J, *)=(-, +), (a, wx) =(1, 0), 1, 0 being the unit and zero 
elements of the field. 

9.7 Irregular Field. A variety V is called an irregular field with respect to 
(J, *) if the postulates 9.71—9.74 are satisfied. 

9.71 V is a ring with respect to (f, *). 

9.72 V is an irregular module with respect to }, with index of irregularity 
m>1. : 

9.73 px is an irregular element of the module in 9.62. 

9.74 px, M+ are distinct. 


1A set S is said to be maximal with respect to a property P if every element of S has the 
property P, and S is not contained in a set having elements not in S which have the property P. 
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9.8 Definition. The index of the irregular field in 9.7 is m. An irregular 
field of index 1 is a field (by definition). 


IV. CERTAIN MATRIC VARIETIES 


10. Notatton. For ease in following the isomorphisms between varieties 
whose elements are real or complex numbers and those considered in this sec- 
tion, also to prepare for an extensive generalization indicated later, we shall use 
for matrices the signs in the second row following, for real or complex numbers 
those in third, the signs in any column of the table being instances of the first 
sign in that column, whose properties have been defined in preceding sections. 
The meanings of §, {, which were not explicitly used, are sufficiently clear as the 
operations inverse to *, | respectively when such inverses exist in the system to 
which *, | refer. The table is (” is an integer >0), 


eo; T ) § ) t ) oy ~ ) 7 — 3 
(+n, Cr dny Cm )ny CF )ny C= )ny (A )ny (> )ny C<)nj 
+ ’ a) ~~ wo, ae) x, >; < 


In the last row we shall use ad and a/b as customary for a:b, a+b when con- 
venient. The significance of the second row with n omitted is explained in 
Section 15. 

11. One-rowed Mairices. A real, finite one-rowed matrix of order n (n finite) 


is an ordered set (x1, 2, °° * , Xn) of nm real finite numbers x1, x2, - +: ,Xn. We 
shall call (41, ---, %,) an M,-number of order n, or briefly M,-number. The 
coordinates of (X1, °° -* , Xn) are the numbers x1, --- , X, in this order. 
11.1 Equivalence of M,-numbers. We shall say that the M,-numbers 
(x1, °° °,Xn), 1, ° °°, ¥n) are equivalent, and write 
(M1, °° +, Bn) =)n(¥1, +++ 5 Vn) 
when and only when x;=y,(j=1,---, 7). 


11.12 Theorem. Equivalence of M,-numbers is an instance of abstract 
equivalence, ~, in Section 4, up to and including 4.12. 

The postulate 4.14 for ~ will be seen to hold as we proceed. It is evident 
that the whole of the second line of the table of Section 10 must first be defined 
for M,-numbers. 

11.2 Definition. An M,,-number is said to be regular or irregular according 
as none or at least one of its coordinates is zero. 

11.3 Definition. The M,-number ¢, each of whose coordinates is zero, is 
called the zero M,-number. 

11.4 Definition. The M,-number yn, each of whose coordinates is 1 is called 
the unit M,-number. 

12. Rational Operations upon M, _Numbers. Let (x1, ---° , Xn), (91, °° * y Vn) 
be any M,-numbers, and (21,° °°, 2n) any regular M,-number. The rational 
operations upon M,-numbers are defined by (12.1)—(12.4). 
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12.1 (x1, a) Xn) (+ )a(1, a) Vn) (= )n( 1 + Vip °° * 9 Xn + Vn) « 


12.2 (x1, a) Xn)(—)al(¥1, ee) Vn) (= )n( 41 —~ Vip 0 0 8 5 tn Vn) « 
12.3 (41, ar) Xn) ( ° )n( V1, sty Yn) (= )n( 4191; sts Xn Vn) - 
12.4 (41, mrt y Xn) (+ )n(21, sc » Bn) (= )nlar/21, mT ty Xn/ Zn) « 


The following are obvious from the definitions. 

12.5 Theorem. With respect to each of (+)n, (-)n, the set of all 17,-numbers 
is an ovum (section 9). 

12.6 Theorem. With respect to (+), the set of all /,-numbers is a commu- 
tative semigroup (9.24), and a module (9.31) in which the element inverse to 
any element (x1, --°-, Xn) is (—x1,-°---:,—X,) and the modulus is ¢,. 

12.7 Theorem. With respect to (-), the set of all regular M,-numbers is a 
commutative semigroup (9.24). 

12.8 Theorem. The set of all M,-numbers is a ring (9.5) with respect to 
((-)ny (#+)n), and an irregular field of index 1 or © according as n=1 or n>1, 
the irregular elements being the set of all irregular /,-numbers (9.7, 9.8). 

The case n=1 is merely that of the field of all real numbers. 

13. Ordered M,-Numbers. We refer for the notation to Section 10, and for 
the definitions and postulates concerning order to Section 8. 


13.1 Definition. We say that the M,-number (x1, --- ,*,) has the relation 
(>), to the M-number (41, - - - , ¥n), when and only when one, and necessarily 
only one, of the following 1 sets of conditions G;(x, y)(j=1, --- , 7) is satisfied: 


Gi(x, y) = 11 > V1; 
Go(x, y) = 41 = V1, X2 > Yo; 


Gn—1(4, y) = %1 = V1, Xo = Voy > - + y Xn—2 = Vn—2) Xn-1 > Vn—13 
Gn(x, ¥) = 41 = M1, Vo = Vat y Ma = Yn—1) Xn > Vn- 
When one of these sets is satisfied, we write 
(x1, sty Xn) (>)ann, re) Vn) « 


13.2 Definition. Denote by L;(x, y) the result of replacing > by < in 
G;(x, y). Then we say that the /,-number (x1, --- ,*n) has the relation (<), 
to the M,-number (yi, -- - , yx), and write 


(a1, an) Xn) (<)nlV1, ae) Vn) 5 


when and only when one (and necessarily only one) of the sets of conditions 
L(x, y)g=1, --- , ”) is satisfied. 

13.3. Theorem. The ring of all M,-numbers in 12.8 is ordered with respect 
to (>)n, except for the property 8.45 (exception removed, §19, end). 

As the proofs necessary for 13.3 are all similar, we shall give that for only 
one part, and we shall show that if (x1,---,xn)(>)n(y1,°°°,%n), and 
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(v1, so Yn) (> )n (1, uo , 2n), where (x1, st Xn), (v1, sc Vn) (21, so , Zn) 
are any M,-numbers, then (1, - ++, %n)(>)n(%1,°°°, 2x). The hypotheses 
imply the existence of integers 7, j, 137, 7S, such that G;(x, y) and G;(y, 2) 
both hold. If 7=j, everything is proved. If 747, let [z, 7] denote the smaller 
of i, 7. Then the hypotheses imply Gj:,;;(«, 2) and the conclusion follows. 

Notice that (x1,°°-°,%n)(>)n(¥1,°°°,3n) and (y1,°° +, Yn) C<)n 
(x1, °° * , Xn) are indeed, as they should be, identical statements. 

14. Least Equivalent Sets. The order of an M,-number is 2 (defined in 
section 11, beginning). We have now to consider M,-numbers of the orders 
n=1, 2, 3,---, simultaneously. The process may be briefly described as 
follows. Given any set of such numbers of different orders: the members of the 
set are replaced by other numbers, all of the same order, and “equivalence” is 
so defined for the two sets that any relation in either has a unique equivalent 
correspondent in the other. Operations upon numbers of different orders are 
thus referred to the corresponding operations upon numbers of the same order. 
We proceed to make this precise. 

Let 9; denote a sequence of precisely 7 terms each of which is zero, and 


define Qo by (1, + +, Xn, Qo) =(%1, - + + Xn), Where (*1, + + + , Xn) is an arbitrary 
real matrix of any finite order n. Let X’, Y’,---,Z’ be & real matrices, k 
finite, of the respective orders 1, #2, - - - , 2, and let 1 be the least integer 20 
such that 
NZ M1, NZ MN,+++, NZ Mh. 

The conjoint (U, V) of U=(m, +--+, Ua), V=(v1, > + * , ve), in this order, 
is (U1, + °° , Ua, V1, °° * y Ub). 

Define now X, Y,:--,Z as the respective conjoints 

x= (X", Qn—n1)s Y= (V", Qn—na)s 3 LS (Z’, Qn—ng) « 

Then X, Y,---,Z are all of the same order n, and are said to be equivalent 
respectively to X’, Y’,---+,2Z’; further, the set X, Y,---,Z is called the 
least equivalent set of X', Y’,---+,2Z'. To indicate this equivalence we shall 
write 
14.1 [X’, Y’,---, 2’ (~)[X, Y,---,Z], 


and, when convenient, 
14.2 X(N) X, V'(NY)V, + 2 (OY). 
14.3 Theorem. (~) has the properties 4.12—4.17 of ~. 


The process of forming the least equivalent set is in general one of inflation. 
The complementary process of deflation is of equal importance for our purpose. 


Consider first an M,-number (x1, -°-, Xn) different from ¢,. Then there 
exists an integer h, 1ShSn, such that x,40, x,=0, k>h, and h is called the 
rank of (x1, °° °,%Xn). If x,40 the rank is nm. By definition, the rank of ¢,, 


for all integers n>0, is 0. 
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14.4 Definitions. An M,-number of rank n>0 is called an M-number of 
order n. The unique -number of order 0 is (0), the zero M-number. 

An M-number of order n>0 is thus an M,-number of the form (x1, -- - , Xn) 
with x, 40. Since an M-number of order 1 is also an M,-number of order n, the 
definitions 11.2 of regularity and irregularity apply to M@-numbers. 

14.5 Definitions. If (x1, -- + , Xn) isan M,-number of rank h, the M-number 
(x1, °° +, %n) is called the reduced equivalent M-number of (x1,°° +, %n) or 
simply the reduced equivalent of (x1,-° +, Xn). The reduced equivalent of ¢, 
is (0). 

Let X’, Y’,--+,Z'beany set of & (k finite ) M-numbers, and let (see 14.1) 


[X’, Y", oT ,Z' \(~) LX, Y, oe ,Z]. 


Then X, Y,---+,Z are all of the same order and the theory of Sections 11-13 
can be applied to them. 

15. M-Varieties. A variety whose elements are M-numbers is called an 
M-variety. The rational operations in an M-variety are defined as follows, with 
reference to Section 12. 

Let (x1, °° +, Xa), (v1, ° °°, ¥s) be M-numbers of any orders a, 3, (a, 6, by 
the definitions, are finite). Let 


(a1, a) Xa)(~) (xr , mts xe), (v1, a) yo(~) (91, a) Yeo), 


as in 14.2, so that cis a or b if a=0 and the greater of a, bif a4#b. The relation 
(=) for M-numbers is then defined thus: 


(X41, a) ta)(=)(N, a) Vo) 


if and only if (x/,---,x/)(=)-(y’,---+,¥¢), and hence if and only if a=0. 
By 12.1, 
(x1, so Xo )(+)e(sn’, se > Ve) =) ol %1" + yy, sc Xe + Ve’) . 

Let the reduced equivalent (14.5) of («/ +y/,---+,x¢ +y2) be (s1, ° + +, Se). 
Then the M-sum (x1, °° * ,Xa)(+)(y1, - ++ 59s) of the M-numbers (1, -- + , Xa), 
(yi, - °°, ¥») is defined to be the M-number (s1, :- - , Se), and we write 
15.1 (x1, nn) Xa) (+) (1, a) Yo) (=) (51, ua , Se). 


Similarly, the M-difference is defined from 12.2, and the M-product from 
12.3: 


(15.2) (x1, a) ¥a)(—)(N1, en) yo) (=) (di, sc , ds); 

(15.3) (41, a) Xa) ( ° Gre a) Vo) (=) (pi, st » Po), 

where (di, -- - , dy) is the reduced equivalent of (x/ —y/,---,x/ —y¢), and 
(p1, °° +, Pg) is the reduced equivalent of (x/y/,---+, x24 ). 


It is clear that if we proceed similarly to define M-quotients, such exist 
when and only when the two M-numbers concerned are of the same order and 
moreover the divisor (21, -- - , 2n) aS in 12.4 is (as there) regular. 
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(15.4) Divisicn for M-numbers is defined by (12.4) in which (x1, - ++, Xn), 
(21, ° °°, 8) are M-numbers of order n. 

The last brings up the important question of “division” for irregular divisors, 
to which we return in Section 17. 

15.5 Theorem. The theorems 12.5—12.8 imply the corresponding theorems 
with M,, ( )n, and ¢, replaced by M, ( ), and (0) respectively. 

We have thus constructed ova, commutative semigroups, rays and rings 
whose elements are M@-numbers. These are called M-variettes. In other words, 
we have constructed the commoner algebraic varieties for one-rowed matrices 
when the numbers of coordinates of the matrices combined according to the 
rational operations are not necessarily equal. For our purpose it is unnecessary 
to generalize this to rectangular matrices. The generalization can be attained 
in several ways, some of which will be considered on another occasion. 

The details of the proofs of the several parts of 15.5 are all simple and may 
be omitted; they are in fact immediate consequences of the definitions. To 
combine several M-numbers by rational operations, we first replace them by 
their least equivalent set. Having done so, we operate with the equivalents as 
in Section 12 and replace the unique M,-number which results by its reduced 
equivalent /-number. 

The varieties in 15.5 are called M-varieties. Thus we shall speak of an 
M-ring, etc. 

16. Ordered M-varieties. We may refer here to Sections 13, 15. 


16.1 Definition. Tf (x1,---, Xa), (y1,° °°, Yo) are any M-numbers, and 
(x1, mts %a)(~) (ar, a) xe); (y1, a) yo (Ot, my Ye) 
as in Section 15, we say that (x1,---+, Xa)(>)(91,°°°, yo) if and only if 
(xi, ns) x2 )(>)e(t, ne) ye); that (x1, a) Xa) (<)(V1, mo ty Yo) if and 
only if (xi, so » x2 )(<)eCor , ss , ye), and that (%1, so » Xa) (=) 1, so 7) 
if and only if (x/,---,«2)(=)cyi, °° +, 2). 


The last, (=), implies that c=a=). 

16.2 Theorem. The ring of all M-numbers in 15.5 is ordered with respect 
to (>). 

The necessary proofs are obvious from the last of Section 15 and 13.3. 

17. Proper Divisibility of M-numbers. Here we may refer to 15.4. 


17.1 Definitions. If (x1, ++ +, Xn) is an irregular //-number other than (0), 
and if x;=0U =, 72, cht, ds); where W<Ja< coos <Js, and x, AOA, 
ja, ++ + 4Js), the regular M-number (j1, je, - - * , js) is called the index of irregu- 
larity of (x1, °° + , Xn). 


By definition, the index of irregularity of (0) is (0), and the index of irregu- 
larity of a regular 1/-number is 0. 

Irregular //-numbers of the same order having the same (in the sense of (= )) 
index of irregularity, are said to be co-irregular, as also are regular M-numbers of 
the same order. 

17.2 Proper Divisors. We remark once for all that division by (0) is not 
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defined. From the definitions 17.1 it is seen that if («1, -- +, x,) is an irregular 
M-number different from (0), there exist an infinity of irregular M-numbers 
(V1, se » Vm) other than (0) such that (x1, nn) Xn)(-) (M1, sn ty Yn) ( = )(0). 


For example, (0, 2, 3, 0, 1)(-)(yi, 0, 0, y2)(=)(0), where yi, yo are arbitrary 
(finite) real numbers. Thus irregular M-numbers are “divisors of zero”, the 
“zero” being the zero element (modulus of addition) of the system. Again, if 
(21, °° +, 8n) is any irregular M-number other than (0), there exist infinitely 
many pairs of M-numbers, (*1, -- - , Xn), (v1, °° +, Yn), neither (0), at least one 
of which is necessarily irregular, such that (x1, +--+, %n(-)(91, °° +, ¥a)(=) 
(21, °- +, Bn). 

17.3 Theorem. If (x1, +++, %n), (1, +--+, Sn) are co-irregular M-numbers 
different from (0), there exists a unique M-number (y1, - - - , yn) co-irregular 
with them, such that 

(1, rn) Xn)(-) (V1, a) Vn) (= ) (21, cc , Bn). 


17.4 Theorem. The M-product (-) of two (and hence of any finite number) 
of co-irregular M-numbers is co-irregular with each of the factors. 


17.5 Definitions. The irregular M-number (yi, ---, Yn) uniquely deter- 
mined in 17.3 is called the M-quotient of (21, +--+, %n) by (*1,°+°-,4%n), and 
we write 

(41, a) Vn) (= ) (21, cy Zn) (+) (H1, sty Xn); 
(x1, °° +, Xn) is said to divide (21, +--+, 2.) properly. 


18. Infinite M-numbers. Thus far we have considered only one-rowed 
matrices having a finite number of real, finite coordinates. To develop the 
theory of unique decomposition for a variety containing a countable infinity 
of distinct elements it is necessary to introduce matrices having a countable 
infinity of coordinates. Such matrices fall into two classes, finite and infinite, 
the second of which, being of no use for our purpose here, will be ignored. 

18.1 Definitions. A one-rowed matrix (x1, %2, +++, Xn, °° + ), whose coordi- 
nates are real, finite numbers is said to be finite if and only if there exists a 
finite integer m such that «,=0 for all integers h>m. If (x1, +--+, %n,-°°-), 
is of infinite order and finite, it is called an M..-number. The zero M.-number 
Q is the /,,-number all of whose coordinates are zero. 

Operations upon M.,-numbers are now referred to abstractly identical opera- 
tions upon M-numbers by making Q, (0) correspondents, and taking as the 
correspondent of the M.,-number (x1, - +--+, %n, °°: ), other than Q the M-num- 
ber (x1, +--+, %m), where m is the least integer such that xm~0, x,=0 for all 
integers h>m. Precisely as in defining operations and relations ( ) for M-num- 
bers from the corresponding operations and relations ( ), for M,-numbers, we 
do the like for ( ),. and M.,.-numbers with reference to ( ) and M-numbers. 

18.2 Definitions. The reduced equivalent of Q is the M-number (0); the 
reduced equivalent of the M.-number (x1,:--+, Xn, °°), other than Q is the 
M-number (x1, +++, %m), where m is the least integer such that x»+~0, x, =0 
for all integers h>m. We write Q(~),,(0), 
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(41, ty Mn ~) (41, re) Xm) - 
We define the relations (2). by 


(M1, 0+ + 5 Bayo MS)a(Vy +s Iny +) 


when and only when 


(41, Tt y Mn tt M~™) o( 41; a) Xm) (V1, my Yay M~) oN uty Ve) 
(x1, cy ¥m)(S) (91, cy Vs) 
respectively. 


Refer now to 15.1-15.4 and let the respective reduced equivalents of the 
M..-numbers, 


(1°) Ba yey Dye ey Day )y (Hy Way )y (Bay y Bay) 
be the M-numbers, 
(41,°+ +) Maly ty (Pity Daly ty (Ut 5 Hn), (By 5 Bn) 
Then the rational operations upon M,..-numbers are defined thus: 
(H1,°°°, Vat M+) +, Ya )C=)n (51, °° Set) 


when and only when 15.1 holds, and similarly for (—),, and 15.2 (-), and 15.3, 
(+). and 15.4. 

18.3 Theorem. The theorems in 15.5 referring to M-numbers and operations 
( ) imply the corresponding theorems for M.,-numbers and operations ( )., 
with M, ( ), (0) replaced by M., ( ). and Q respectively, and any M-number 
(x1, °° *,%n) other than (0) replaced by the M..-number (x1, °-+ + ,%n,° °° ). 

In the same way from 16.2 we have 

18.4 Theorem. The ring of all M,,-numbers is ordered with respect to (>).. 

18.5 Definition. Two or more M.,-numbers are said to be co-trregular when 
their reduced equivalents (J/-numbers) are co-irregular (Section 17); the ndex 
of irregularity of an M..-number is defined to be the index of irregularity of its 
reduced equivalent. 


18.6 Theorem. If (x1,-++,%ny°**), (81) °° +) Sny ++ +), are co-irregular 
M.,-numbers different from Q, there exists a unique M..-number (y1,-°°--, 
Yn) °° +), CO-irregular with them, such that 


(M1 Any Me) Way MH) (Zr 0 Bn yt tds 


The M.,-product of any finite number of co-irregular M,,-numbers is co-irregular 
with each of the factors. 
This is evident from 18.5, 17.3, 17.4. 


18.7 Definitions. The irregular M.,-number (yi,---,¥n,° °°), uniquely 
determined in 18.6 is called the M.,-quotient of (21,°-°°,2,°°°), by 
(x1, °°°,Xn, °°: ), and we write 

(yt Mngt C=) lB y Sng tt ME) (My ty Bay); 


(%1,°°°*,Xn, °°), is said to divide (21, °° +, Zn) °° * ), properly. 
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18.8 Scalar Products, Derivatives, Etc. Although what follows is not required 
for the arithmetical problem in view, it is included to complete the algebraic 
part of the theory. As the developments thus far for M,-, M-, and M.,- numbers 
are abstractly identical, we may discuss all simultaneously, and lay down the 
following comprehensive definition of the subsequent notation. 

18.81 Definition. N shall refer to any one of M,, M, M., the corresponding 
operations and relations ( ),, ( ), ( ).~ in the three cases being subsumed under 
the common one in the third line of the table in Section 10, with any one of the 
three interpretations ( ),, ( ), ( ). understood throughout a given context. 
The elements of any one of the three species of varieties will be called N-numbers, 
and will be denoted by capital Latin letters, 4, B,---, X, Y,---. The 
modulus of the operation now denoted by + will be denoted by 0 (with, of 
course, the interpretation appropriate to the particular species concerned). 

18.82 Definition. If cis areal or complex number, the scalar product cX of c 
and the N-number X is the matrix obtained from X by multiplying each of the 
coordinates of X by c. If c is pure imaginary, cX is called an imaginary N-num- 
ber. (If c is real, cX is an N-number). 

18.83 Theorem. Scalar products as in 18.82 obey all the laws of combination 
of scalar products in a linear algebra. 

For example, (a+b) X =aX+0X, where a+ is ordinary addition, and, by 
18.81, the + on the right is interpreted in the N-variety. 

Let [X’, Y’|(~)[X, Y] as in 14.1, so that X, Y are of the same order x. 
Then if the jth coordinate y; of Y is a function of the jth coordinate x; of 
X(j=1,---,n), Y’ is said to bea function of X’. 

If Y’ is a function of X’, and if the derivatives dy,/dx; exist (7=1,---, 7), 
the derivative of Y’ with respect to X' is the matrix whose jth coordinate is 
dy;/dx;. Anti-derivatives, integrals as sums, derivatives of complex N-functions 
and their integrals are defined in a similar manner; namely, by means of equiva- 
lent pairs of N-numbers, the definition from the real or complex field being 
applied to the individual coordinates of the pair having the same order. We 
shall not stop to state the procedure for irregular N-numbers where it differs 
from that for regular, as it is sufficiently evident from the like for proper division 
as already constructed. . 

The analyses then defined are abstractly identical with those of the real and 
complex number systems. 


V. ARITHMETIC OF N-NUMBERS 


19. N-integers. For the significance of NV see 18.81; for the definition of 
integers and primes, see 3.1-3.3, and for proper divisibility, 17.5. From these 
the complete rational arithmetic, isomorphic to that of the rational integers, of 
N-numbers is readily constructed. It will be sufficient to lay down the cardinal 
definitions and to state a few of the principal elementary theorems. 

19.1 Definitions. An N-number all of whose coordinates are rational integers 
is called an N-integer. 
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If 4, Bare N-integers, A is said to divide B, written A \B, if and only if B is 
properly divisible by A (17.5) and the N-quotient (17.5) of B by A is an 
N-integer. If A |B, A is called an N-divisor of B. 

This is the definition of arithmetical divisibility as distinguished from mere 
algebraic divisibility as in 17.5. 

An N integer, other than the zero N-integer, each of whose non-zero coordi- 
nates =1 in absolute value, is called an N-unzt. 

Each of the coordinates of an NV-unit is therefore one of the numbers — 1, 0,1, 
the case where each is 0 excluded. 

We now separate JN-integers into four mutually exclusive classes: 

19.11 The zero N-integer (0). 

19.12 Positive N-integers: an N-integer is said to be posttive if each of its 
coordinates is >0. 

19.13 Mixed N-tntegers: an N-integer is said to be mixed if at least one, and 
not all, of its coordinates are negative. 

19.14 Negative N-integers: an N-integer is said to be negative if each of its 
coordinates is <0. 

19.2 Theorem. If X is an N-integer other than (0), there exists precisely 
one V-unit U such that the V-quotient of X by U is positive. 

Thus it suffices to discuss divisibility of N-integers for positive N-integers 
only. 

The N-greatest common divisor (abbreviated N. G. C. D) of the positive 
N-integers, A, B is that positive divisor which is divisible by every common 
positive divisor of A, B; the N-least common multiple (N. L. C. M) of A, B is 
that positive common multiple of A, B which divides every common multiple 
of A, B. 

It is easily verified that the terms greatest and least have here the signifi- 
cance abstractly identical with the like for G. C. D and L. C. M in rational 
arithmetic: if Gisthe N. G. C. Dof A, Band D is any common positive divisor, 
then (see 18.82), G2D;if Lis the N. L. C. M, and M is any common positive 
multiple of A, B, then LS M. Further, all the properties of G.C. Dand L. C. M 
have their V-isomorphs which can be written down at once from the compre- 
hensive correspondence established between N-integers and rational integers; 
for example AB=GL. 

If P isan N-integer other than the NV-zero or an N-unit, and if P is positive 
and has only the divisors P and an N-unit, P is called a (positive) N-prime. 

19.3 Theorem. If an N-prime divides the product of two positive NV-integers 
it divides at least one of the factors. 

19.4 Theorem. An N-integer is divisible by only a finite number of V-primes. 

19.5 Theorem. A positive N-integer is, apart from permutations of the 
factors, uniquely a product of positive N-primes. 

If the N. G. C. D of the positive N-integers A, Bis an N-unity, A, B are said 
to be coprime. Let x;(j=11, 12, °° +*, ts) be all those coordinates of the positive 
N-integer X which are >0 so that p(X) =x;, +--+ x:,1s the norm of X. Each of 
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the v(X) N-integers X’ obtained from X by substituting for x; in turn the 
rational integers x/, where 0<x/ Sx;(j=11, ---, 175), is co-irregular with X. 
Consider the special case where each x;>1, and let 7 be the positive N-unit 
co-irregular with X. Then, if @ denotes Euler’s function, there are precisely 
b(x:,) -- > d(x), say BCX) of the v(X) integers X’ co-irregular and coprime 
with X. Let A be any positive N-integer coprime with X. Then, if A” denotes 
the N-product of precisely factors each A, the N-difference of A®™ and 7 is 
N-divisible by X, which is the analogue for N-numbers of Euler’s extension of 
Fermat’s theorem. The complete theory of congruences requires several de- 
tails on account of irregularity into which we need not enter here. 

It is to be noticed in the ordering of N-numbers that y—>ux« in 8.45 is in- 
sufficient to ensure a | y—6 Tt y unless it be interpreted in the narrow sense 
that y is positive. Since a rational integer which is positive in the ordinary 
sense is an N-integer which is positive as defined in 19.12, the isomorphism is 
complete. Similarly the isomorphism is exact for all N-numbers when in 19.12 
for N-integer we substitute V-number (as a definition). 


VI. ARITHMETIZATION OF A COMMUTATIVE VARIETY 


20. Finite Decomposition. Let I’ be a commutative variety (Section 4) 
having a countable (Section 2, end) subset 2 of elements (I’, 2 may or may not 
be identical), such that there exists in 2 a subset II of elements having with 
respect to the composition * of I the following properties. 

20.1 No element of II is a composite of elements of II. 

20.2 Every element of 2 not in II is a composite of a finite number of 
elements of II in one way only apart from permutations of elements. 

In 20.2 we presuppose the conven'tion 

20.3 If [ has the modulus ux, and @ is any element of I, ux « a@ (and hence 
also a * ux) is to be replaced by aw wherever it occurs. 

Since I’ is countable, it may be ordered. Assume any ordering of its elements 
—one usually will be given by some special property of I’ which is simpler than 
the others, of which an infinity are possible if ! contains an infinity (countable) 
of distinct elements. Hence also the elements 7,;(j=1, 2, - - - ), of Il are ordered; 
say that 7;—7; (see $8) when 7>k. 

20.4 We shall say that the element a of 2 has a finite decomposition if and 
only if 


A Wi Wig & RWG) 


where each of 71, -- - , js is finite and s is finite; and decomposition shall mean 
finite decomposition. 

A composite of precisely 2 elements (x <0) each of which is 8 will be written 
B", and B° shall denote wx. With these conventions the unique decomposition 


of a may be written 
Q™~ 1171 #7272 RTD, 


where the x;,(j=1,---,m,-- +) are rational integers 20, not all 0. We shall 
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call the N-number (x1, x2, °-°+,Xn, °°: ), the zndex of a, and we shall write 
I(a)=(%1, +++, Xn, °° )3 T(ux) =0. (See 18.82.) 

21. Construction of Varieties from IT. Let small Greek letters a, B,---, 
denote elements of I’, and let V denote any one of the symbols of operations 
and relations in a given \V-variety (18.87). Then the variety Iv, whose elements 
coincide with those of I, is completely defined by the following definition of Vy: 

21.1 a Vy when and only when J(a@) VJ(). 

22. Arithmetic of 1. This is completely defined by 

22.1 The integers of I’ are all those elements a of I for which I(a@) is an 
N-integer. (This is implied by previous definitions. ) 

22.2 A property P(a, B,--- ), of integers of subsists when and only when 
in the N-variety in 21.1 the property P(I(a), I(8), - - - ), subsists between the 
N-integers I(a), I(B),---. 

For example, a \B, that is, a divides 8 arithmetically in I when and only 
when I(a) |I(B) in the NV-variety; a> in I when and only when I(a) >J(8); 
a+ in I is equal to y, where y is the uniquely determined element of I’ such 
that I(y) =I(a)+J(8) in the N-variety. 

Owing to the length of this paper we must omit applications. If the 
N-variety is a ring, addition in I is multiplication in the ring; multiplication 
in I’ is anew process in the ring, closely connected with the G. C. Dand L. C. M 
in the ring and with the properties of elements of the ring considered as decom- 
posed into powers of coprime products of distinct primes. It is interesting that 
the arithmetical properties (Fermat’s theorem, quadratic reciprocity, etc.) of 
this new process are abstractly identical with those of multiplication and 
arithmetical divisibility. 


SEMI-SERIAL ORDER 
By ALBERT A. BENNETT, Brown University 


The subjects of serial order and of the calculus of classes have proved 
particularly attractive to postulationalists. In each case by use of relatively 
few postulates the complete logical basis for an entire mathematical discipline 
may be exhibited. Excellent (but entirely unrelated) discussions of both of 
these topics have been provided by E. V. Huntington.! The two subjects differ 
considerably but both may be developed by use of a common symbol, <, of 
order relation. Some other important systems differing from both show also 
an essentially analogous use of a symbol of dyadic ordinal relation (e.g. the 
system of idempotent elements in some algebras, see example 12, below). It 
appears therefore worth noting that a body of common relations found in these 
various basic mathematical studies has hitherto escaped a common formulation. 

1 The Continuum and Other Types of Serial Order, 2nd Edition, 1917, Harvard University Press, 


Postulates for the Algebra of Logic, Transactions of the American Mathematical Society, vol. 5 
(1904), pp. 288-309. (In particular, “The second set,” pp. 297-305.) 
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A class K with at least two distinct elements will be said to have semt-serial 
order if it satisfies postulates I-V given below. In many interesting cases postu- 
lates VI-VIII are also satisfied. The wording used, save for VIII, will be es- 
sentially that of E. V. Huntington, for corresponding postulates in the algebra 
of logic. However by the omission of certain postulates there given but here 
extraneous and by introducing VIII an essentially new system of more extensive 
application is obtained. The arrangement of the postulates here used differs 
from Huntington’s arrangement. 

K is aclass of elements. S is a dyadic relation among elements of K. 

I. (Reflexiveness.) aSa whenever a belongs to the class. 

II. (Restricted Symmetry.) If ab, and also bSa, then a=b. 
III. (Transitivity.) If ad, and bSc, then aSc. 
IV. (Predecessor.) If ad, and if neither abd, nor bSa, then there is an 
element m, such that 
(1) mSa, and msb, 
(2) if xzEm, is such that xSa, and xSb, then xSm. 
V. (Successor.) If a-£b, and if neither a$b, nor bSa, then there is an 
element 7, such that 
(1) aSn, and 6Sn, and 
(2) if y +n, is such that aSy, and dSy, then nSy. 
VI. (Initial Element.) There is an element z such that for each ai, 7Sa. 
VII. (Ultimate Element.) There is an element uw such that for eachau,aSu. 
VIII. (Primitive Element.) If there is an element 7 such that for each a-Fz, 
ta, then there is at least one element p, +7, such that if ¢<p, then 
t=1o0rt=pb. 

That these postulates I-VII are independent has been shown by Huntington 
for a different purpose. That VIII is at least ordinally independent of I-VII 
is seen by taking the example of the set of rational numbers between zero and 
unity, ends inclusive. 

Deductions? from postulates I-V: 
Th. 1. If a=b, aSob. 


(T) 
Def. 1. If ad, and a0, then the notation a<b may be used. 
Th. 2. If ad then not both ad, and dSa are possible simultaneously. 
(II, Def. 1) 
Th. 3. If simultaneously ai Sao, de Sa3, - + +, @p-1 Sa, (R finite) then a; Sa,. (IIT) 
Cor. If a:Sa2, d2803,°°*, G@y-1Sa,%:- but not a,;<a,x, then a4,=a.=-°-: = 
Qp—1 =k (II, ITT) 
Th. 4. The m of IV is unique. (II, IV) 


Hence the rule of combination, A, may be defined? as follows: 


2 These save for necessary rearrangements and a few additions are essentially those of Hunt- 
ington, l.c. 
3 This notation in the case of subalgebras is traditional. Cf. L. E. Dickson, Algebras and their 


Arithmetics. University of Chicago, 1923, p. 26. It suggests the ~ used by Peano, Russell, and 
later writers for logical product of classes. 
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Def. 2. If axb, the element a/AQd is defined asa. If bSa the element a/Qd is 
defined as 0. (If }=a, then aa is defined as a.) Otherwise aA is defined as the 
m of IV. 


Cor. 1. aAb=bAc. (II, IV) 
Cor. 2. (aAd) Sa, (aAd) Sb. (I, II, IV) 
Cor. 3. If xSa, and x Sd, then xS(aA0). (I, II, IV) 
Th. 5. The x of V is unique. (II, V) 


Hence the rule of combination, \/, may be defined as follows.* 

Def. 3. If a<b, the element a\2, is defined as 0. If bSa, the element aV0d is 
defined as 0. (If b=a, then a\a is defined as a.) Otherwise a\/d is defined as 
the n of V. 


Cor. 1. aVb=dVa. (II, V) 
Cor. 2. aS(aVb), bS (avd). (I, II, V) 
Cor. 3. Ifasy, and bSy, then (aVb) Sy. (I, II, V) 
Th. 6. If «S(aAd), then «Sa, and «Sb. (I, II, III, IV) 
Th. 7. If (avd) Sy, then asSy, and dsy. (I, II, III, V) 
Th. 8. Ifasb, and xSy, then (@Ax)S(OA¥). (I, II, III, IV) 
In particular if «Sy, then (aAx) S(aAy). 

Th. 9. Ifasb, andxSy, then (aVx)S (0Vy). (I, II, III, V) 
In particular if «Sy, then (aVx) S$ (bVy). 

Th. 10. (aAb)Ac=aA(bAc). (I, II, III, IV) 


Def. 4. The unique common element (aAd)Ac=a/A(bAc) may be denoted by 
aoc. 
Th. 11. (aVd)Ve=avV(bVec). (I, II, III, V) 
Def. 5. The unique common element (a\V/b)Vc=a\V(b\Vc) may be denoted by 
a\/b\/c. 


Th. 12. If ai, de, +--+, a, are any k elements of the class there is a unique ele- 
ment m which may be denoted by aiAa2/A --- Aa, and which is such that 

(1) mSa1, MSado,-+++, mSa, and 

(2) if x is such that xSa1, xSa2,---, xSa,, then xm. 

(I, II, ITI, IV) 

Th. 13. If ai, a2, -- +, a, are any k elements of the class there is a unique ele- 
ment ” which may be denoted by ai1\V/aeV - - - Vaz, and which is such that 

(1) avSn, a28n,-++,a,Sn, and 

(2) if y is such that a,Sy, aSy,---,a.Sy, thennsy.  (, II, Il, V) 


Proofs of Theorems 8, 10: 

The other theorems given above follow immediately from the postulates. 
The proofs of theorems 8 and 10 are here given as by Huntington. Theorems 9, 
11, may be proved by symmetry. 

Proof of Th. 8: By Th. 6, (aAx)Sa, and (aAx) Sx. From aAxSa, and 
ab, follows by III that (aAx) Sd. From (aAx) Sx and xSy follows by III 
that (aAx) Sy. Hence by Th. 4, Cor. 3, (aAx) S$ (bAy), as desired. 


4 Cf. U used by Peano, Russell, and later writers for logical sum of classes. 
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Proof of Th. 10: Let (aAd)=d, and dAc=e. Then by Th. 4, Cor. 2, eSd, 
exc. AlsodSa,dSb. Hence eSa,eXb,eSc. Hence by Th. 4, Cor.3,eS (bAc), 
and hence again eSa/A(bAc). Thus (aAb)AcSaA(bAc). Similarly aA(bAc) 
<(aAb)Ac. Hence the theorem. 

As stated previously any system with at least two elements, satisfying I-V, 
is said to have sem1-serial order. In particular it may be noted that these postu- 
lates are satisfied by each system having serial order. Indeed for postulates of 
serial order we may take the following due to Huntington (l.c.). 

0. The class K is not an empty class, nor a class containing merely a single 
element. 

1. If a and 2 are distinct elements of K, then either a <3, or b<a. 

2. If a<b, then a and 0 are distinct. 

3. If a<b, and b<c, then a<c. 

It may be noted that while I-VIII include the assumption that K contains 
at least two distinct elements, I-V fails to assure this property of K, here 
covered by 0. Postulates 2, and 3, are essentially equivalent to II and III. 
Postulate 1 is too strong for general semi-serial order. The postulates IV and V 
hold for serial order but in view of 1 they are only vacuously true. However 
the set of theorems 1-13, given above which for the general case make explicit 
use of IV and V, not only continue to hold in the special case of serial order 
but are not in most cases vacuous or trivial. 


Further Deductions from I-VII: 


Th. 14. The element 7 of VI is unique. (II, VI) 
Th. 15. For each a, ia, and if x7, then x=1. (I, II, VI) 
Th. 16. The element u of VII is unique. (II, VIT) 
Th. 17. For each a, aSu, and if uSy, then y=u. (I, II, VIT) 
Th. 18. aAz=z1, and aAu=a. (I, II, IV, VI, VII) 
Th. 19. a\Vi=a, and aVu=u. (I, II, V, VI, VII) 


The proofs of these are again immediate. Hitherto no use has been made of 
VIII, which is also the only postulate whose dual statement, (interchanging 
left and right members, and interchanging z and 1), is not asserted. One con- 
clusion, using only a small part of the content of VIII, is 
Th. 20. 2-Eu. (II, VI, VII, VIII) 

The chief significance in VIII lies in the fact that it also is satisfied by the 
more interesting of the examples of semi-serial order as given below. Other 
analogous examples can be obtained with ease. 


Some Examples Satisfying I-VIII: 


1. The system of natural numbers 1, 2, 3, --- together with w, the first 
transfinite ordinal. Herez=1, p=2, u=w. By aSd is meant the usual order 
relation of magnitude. _ 

2. The system of real non-negative numbers together with —1, and +. 
Here 2=—1, P=0,u=+%.Byasb is meant the usual order relation of mag- 
nitude. 
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3. The system of non-negative rational integers. Herez=1, p is any prime 
number (+1), 1v=0. By aS), is meant a is a divisor of 0. In particular unity 
is counted as a divisor of each number of the system, and zero is regarded as 
divisible by each such number. Here a Ad is the greatest common divisor, and 
a\/b, the least common multiple of a and 0. 

4. The subclasses of a given class u. By 7 is meant the null class and by #, 
any class of but a single element. By aS, is meant that a is a subclass of 0. 
By a Ad is meant the logical product and by aVéd is meant the logical sum of 
a and 0. 

5. The linear projective subspaces of a given space u of N dimensions. 
By 7 is meant the null space. By pis meant a point. By aSbd is meant that a 
is a linear subspace of 0. By a Ad is meant the intersection of a and 0, by aVb 
is meant the linear space of least dimensionality containing both a and b. Note 
that while a Ad is the logical productaV 0 is not the logical sum of the spaces 
regarded as classes of points. It may be remarked that the theory of the inter- 
sections of projective subspaces’ may be regarded as more general than that 
of the theory of the projective space obtained by adjoining a suitable infinite 
region to a Euclidean space of N dimensions. The projective space may be 
the domain of a “finite geometry” in the sense of Veblen and Young.* While 
Veblen and Young explicitly stipulate that a projective line shall contain at 
least three points, the assumption that it shall contain only two points is not 
completely trivial. In fact the finite V-dimensional geometry where each line 
contains exactly two points is exactly the finite “logical field” discussed on its 
own account by Huntington. This relationship is however left unnoted by 
Veblen and Young, and by Huntington. Thus a complete theory for a finite 
geometry of N dimensions with +1 points on a line, if it be so stated as to 
be applicable for =1, gives in this special case the algebra of logic applied to 
a class of N+1 objects. 

The transversal axiom assures that any generalized real projective space 
must contain in each real line a dense set of points. This notion of density is 
not essential to semi-serial order. 

6. The set of closed intervals on a line, counting among intervals the null 
interval, 7, each isolated point, p, and the entire line, uw. By aS), is meant that 
a is a subinterval of b. By aAd is meant the common subinterval of a and 0. 
By a\/b is meant the smallest interval containing both a and b. This is not in 
general the logical sum of the given intervals. One may note that for a corre- 
sponding system of segments (without end points) VIII will not be satisfied. 

7. The set of all convex regions in a plane, counting among convex regions 
the null region, 7, each isolated point p, and the entire plane wu. 

8. The set of all submodules of a given arithmetic module.’ 


’ Cf. P.H. Schoute, Mehrdimensional2 Geometrie. 1. Teil, Die Linearen Réiume. Leipzig, 1902. 
Eugenio Bertini, Introduzione alla Geometria Proiettiva degli Iperspazi. Piza, 1907. 

6 Projective Geometry, Vol. 1, 1910. 

7 Cf. F.S. Macaulay, Modular systems, Cambridge Tracts, No. 19, 1916. 
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9. The class of all linear sets? which are subsets of a given linear set. 

10. The class of all regions in the plane each of which is bounded by a circle; 
including as circular region in particular the null region z, each region comprising 
but a single point p, and the entire plane wu. Here a/AQd is the largest circular re- 
gion contained entirely within the two given circular regions, and a\/0d is the 
smallest circular region entirely covering the two given circular regions. Here 
a/\b is less than the logical product of the two point-sets. 

11. The system of subgroups of a given group u. Byz is meant the identical 
element. By p is meant any cyclic subgroup of prime order. By ad is meant 
a is a subgroup of 6. By a/b is meant the maximal common subgroup of a 
and b, and bya Ad is meant the minimal common supergroup of a and 0. Since 
the entire discussion takes place within the group wu, this minimal common 
supergroup always exists. 

12. The set of idempotent elements (together with zero) in certain algebras 
of finite basis, containing a modulus as these terms are used by Dickson, (1.c.), 
where by aS is meant that simultaneously a-a=a, and a:b=bsa=a. By i 
is here meant the element 0, such that 0-0=0 and for each a, a-0=0-a=0. 
By u is meant the element 1, (modulus) such that 1*-1=1 and for each a, 
a*1=1+*a=a. The elements here called primitive are those called primitive 
by Dickson (1.c. page 55). 


COMBINING CONSTANT PROBABILITY FUNCTIONS! 
By WILLIAM DOWELL BATEN, University of Michigan 


The object of this paper is to show some interesting results which arise in 
combining probability functions which are constant in a particular interval 
and zero elsewhere, and to show how the probability function for the sum of n 
independent variables is formed and constructed. This will be treated for x 
finite and n infinite. The probability function for the sum, by a proper change 
of the variable, approaches the Gaussian function. The rapidity of approach 
is surprising for there is slight difference between the function for the sum of 
four variables and the Gaussian function. 

The particular function treated comes up in considering the errors made in 
using any logarithmic table or any numerical table where the numbers are 
rounded-off numbers; also in considering measurements of time when the 
watch records time in units of seconds, tenths of seconds, etc. In geometric 
probability a constant probability function may arise. This particular function 
is a constant, that is regardless of the values of the variable the probability is 
the same in (0, 2) and the same for (— ©, 0) and (k, ©). In a measure the 
probability is independent of the variable. Two applications are given at the 
close of the paper. 


8 Used in the sense of Dickson, |.c., Chap. II. 
1 Read before the Michigan Section of the Mathematical Association of America, March 22,1930. 
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As by-products, expressions for n! and n’, where h=1, 2,---,mn—1, are 
found. These expressions are certain summations which involve only integercs. 
The derivatives of the mth order will be used to indicate just how the differ- 
ent portions of the function for the sum differ at the ends of the intervals con- 
sidered. Polynomials arise from which the general law for the sum is obtained. 


Case 1 


Let fi(x1)dx: be the probability that x, lies in the interval (x1, x«1+dx1), 
and fo(x2)dx_ be the probability that x, lies in the interval (x2, x.+dx2), where 


fi(a1) = Oin (— 0,0); folwe) = 0 in (— 0,0); 


fila1) = + in (a, k); folxe) = + in (0, k); 
k k 
fila1) = Oin (k, ©); falae) = Oin (Rk, ©). 
Si (m1) fo (42) 


(k, 0) (F, 0) 


Fic. a Fic. b 


Let it be required to find the probability that «,-+x2.=<2 lies in the interval 
(z, g+dz). This can be secured by employing the following theorem which is 
well known: If f(x)dx is the probability that x lies in the interval (x, x-+dx) and 
g(y)dy ts the probability that y lies in the interval (y, y+dy), then the probability 
that «+y=2 lies in the interval (z, -+dz) is 


F(z)dz = is [sade — x)dx. 


There are two intervals which give results other than zero; they are the 
interval OSz<k and the interval kSzS2k. According to the above theorem 
for O0OXzSk, 


0 2 | 1 o1 P24 
F(z) = J 9-048 + i) 7 ° 7 oe + / A °Odx1 = pe 


1 Wahrscheinlichkettsfunktionen und thre Anwendungen, by Von Karl Mayr in Wien. Monats- 
hefte fiir Mathematik und Physik, vol, 30, art. 4, and Calcul des Probabilités, by H. Poincaré. 


1930] COMBINING CONSTANT PROBABILITY FUNCTIONS 425 
and for kS2zS2k, 


0 z—k 1 k{ 1 oe) 1 Ip—z 
F,(z) = | 0*Odx1 + { —*0dx, ++ f — *—dx1 + | O-—dx, = ——, 
_. > Ok ak OR . FR Pe 


from which 


F(z) = Oin (— ©, 0), 


4 e 
pe In (0, k), 


2k — 2 


2 


in (k, 2k), 


= Oin (2k, ©). 


F; (2) 


(k, 1/R) 


FIG. c 


F,(z) is continuous for all values of z but its first derivative is discontinuous 
at (0, 0), (Rk, 1/k), and (2k, 0). fi; and fe are discontinuous at the origin and 
at the point with abscissa k, yet the probability function for the sum is 
continuous. 

Let the probability function for the variable x3 be f3(x3) and similar to f; 
and fo, that is equal to 1/k in (0, k), and zero elsewhere. Then the probability 
function for the sum x1+x%.+x;=2 is given in five intervals: For 0Szk, 


0 71 2-y 
F;(z) = i 0-ody + f 7p dy + —*O0dy = —-; 
_ 0 


for RS2S 2k, 


0 ak1 ’ke-2et+y Re1lo2a- * 4 
py = f o-oay+ fo Ea + fo ays foray 
—~ z—k k 


6kz — 3k? — 22? 
7 2k8 


for 2k S2S3k, 
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0 z—-2k k 1 2k—-—z2+y 
Fi) = f 0-0dy + f O-( )dy + 7 —————d y 


—o 0 2—2k k? 
%0 Ok? — 6kze + 2? 
+ O°( )dy = —————_-; 
( )dy OE 


where y=x,+%2; from which 
F3(z) = 0, in (— «,0), 
2°/2k3, in (0, k), 
(— 222 + 6kz — 3k?)/2k3, in (k, 2h), 
(2? — 6ke + 9k*)/2k, in (2k, 3k), 
= 0, in (3k, ©). 


F;(z) is continuous and its first derivative is continuous for every value of g, 
yet its second derivative is discontinuous at the points whose abscissas are 0, 


k, 2k, and 3k. 


F, ©) 


(2k, 0) \ 
i) 


Fic. f 


f, (z) 


Fic. 2 
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Figure 1 shows the curves, parts of which form F3(z); while figure 2 shows 
F;(z). The dotted lines in figure 1 are not used to make up F(z). At the points 
(0, 0), (k, 1/2k), (2k, 1/2k), and (3k, 0) the separate parts or curves are tangent. 

If fa(xa) is similar to fi, then the probability function for the sum x,+%, 
+%x3+%4=2, according to the theorem, is 


1 
Pilz) = —(") in (0, &), 
= Fgil Se + 1dks? — 12h + 48°) in (2, 28), 


1 
= Prices — 24kz? + 60k?2 — 44k) in (2k, 3k), 


1 
7 erin 2 + 12k22 — 48k22 + 643) in (3k, 4k), 


0 for (— ©,0) and (4k, ~). 


F(z) here is made up of six partseach represented by a different equation. 
F, (gz) is continuous, its first and second derivatives are continuous for all values 
of z, but its third derivative is discontinuous at the points whose abscissas are 
0, k, 2k, 3k, and 4k. The different parts deviate less from the adjacent parts than 
was found in the probability function for the sum of three variables, because 
here the function and its first two derivatives are continuous for all values of z. 
The following figures shows how F;,(z) is formed and F(z) respectively. The 


\ F, (2 H 


(k,0) (2k, 0) 
/ 


Fic. 3 
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parts coincide almost so completely that it is difficult to draw and indicate 
in the illustration how they fail to coincide perfectly. Figure 3 shows ina 
measure just this fact, while figure 4 appears to be one curve with all of its 
derivatives continuous. 


Fi (z) 


(2k, 0) 


Fic. 4 


Summarizing the results it is seen that for the proper intervals: 


nia 
(= (2) 
F(z) = | 7 | 
- z+ »»| 
nee 


22 — 6hz + OR? 
Th 


/ 3 
ae 


1 
yrigs 323 + 12kz2? — 12k22 + 4h) 
F(z) = 


3p (323 — 24k2? + 6022 — 4423) 


(— 23 + 12k2? — 48k22 + 648) 
3'k4 
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Consider F;(z). Add the polynomials; the sum of the coefficients of each 
column is zero except in the last column in which it is 4! when the denominators 
are omitted. Subtract the first polynomial z’ from the second polynomial and 
factor out —4, and this becomes —4(z—k)?. From the third polynomial sub- 
tract the second and factor out 6, and this becomes 6(g— 2k)’. Finally subtract 
from the fourth the third and factor out —4, and this gives —4(z—3k)3. In 
F,(g), as written above, it is seen that for (0, 2), Fu(z) =z’, (omitting denomina- 
tors); for (k, 2k), Fi(z)=23—4(z—k)’; for (2k, 3k), Pilz) =22-—4(2—k)3 
+6(z—2k)'; for each new interval another parenthesis is added or subtracted. 
Hence F,(z) and also the preceding F’s can be written as follows: 


Fi(z) = ' | = (- mr \e — rk)°, where s = 0, 1. 

ra — 1] 

is | 

1 J 2 

F(z) = # — 2(g — k) | = pe 2 v( Ve — rk)", 

Pa —Az-k +(e — 2») s=0,1,2. 

ft ia l 

2!k3 

1 2 2 

rere — 3(z — k) | 
F3(z) = 1 

a 1p8 [22 — 3(2 — k)? + 3(z — 2k)? | 

a [z2? — 3(2 — k)? + 3(2 — 2k)? — (2 — 3k)? ] 


1 $ 3 
— — r — 2 — 
=n 2 v(” \e rk)*, s = 0,1, 2,3. 
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, 3 
3!k4 ! 
: 3 3 
aie [28 — 4(z — Rk) | 
1 
F(z) = a — 4(z — k)? + 6(z — 2k)3 | 
| 
- [23 — 4(2 — k)? + 6(2 — 2k) — 4(z — 3h)? | 


[22 — 4(z — k)? + 6(2 — 2k)? — 4(2 — 3k)3 + (2 — 4) I 


31k! 
4 
r 


1 s 
= ~ 1)( ~ \e—re3, s = 0,1,2,3,4. 
aq mn \ ’ 


The part of F,(z) in (4k, ©) is zero and can be written as 


r=4 4 
x (- mr \e — rh), 


r=0 


In general it can be proven by mathematical iuduction that 


: n—-1 ) 
Gia tye” I 
—1l_ ” — n—1 
(a — ine! (") (2 rk) ' 
ot — n—1 (" R)n-1 -- « ( — 2k)! 
P(e) = (tle )e 78 ) ° 


eo 8 © © 8  &© © © @ 6 8 ee me 


tt _ n—1 ” p)r-1 1 —( ” t1— 1° p)7-1 
wae (0 cet ee ee GD Ce 
\(n — 1)!k 1 n 


1 8 nN 
7 (n — 1)!k” d(- mi “Ve — rk)”, s=0,1,2,--+-,n. 
—_ . r= (0) . 


F,(z) is made up of (n+2) different curves, where F,(z) is zero for (— %, 0) 
and is shown above for the other interval between 0 and zk and the interval 
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(nk, ©). It is not difficult to find a law for the coefficients of the polynomials 
on pages 428, 429. The above may be briefly written as 


F,,0(3) = 0 for (— «, 0) 
F(z) = 


1 t n 
Pai) = D— "ee = ray for tee, + 1A) 


where ¢ runs from 0 to ». The interval [~k, (7+1)k] must here mean the 
interval (nk, ©). 


Consider 
Pe De X(- of a on 
Pp,i(2) = ir x- »("\e — rk)", 
Py, te(2) = om X- v(" Ve — rk). 


It is seen that the first (7—2) derivatives of F, ;1(z) and F, :(z) are the same 
at the point whose abscissa is tk, and also the (n—2) first derivatives of 
F,, :(z) and F,, +1:1(g) are the same at the point whose abscissa is (t+1)k. The 
(n—1)th derivatives at these points are discontinuous, which shows that the 
different curves tend to continue into the adjacent curves completely as con- 
tinuation of themselves. 


Case 2 


By Liapounoff’s theorem, ? F,(z) for large values of 2 approaches uniformly 
the Gaussian function 7/2e-", By this theorem the probability that the 
sum of m independent quantities lies between 4(2B,,)!/? andé, (2B,)/?, or that 
i(2B,)? <¢<h(2B,)'!, approaches uniformly 


ty 
2 
wef edt 
ty 


lim [Ba Da | = 0, 


n— i=l 


provided that 


2 Sur extension du théoremé limite du calcul des probabilités aux sommes de quantités dépen- 
dantes, by S. Bernstein. Mathematische Annalen, vol. 97 (1926). Sur une Proposition dela Théorie 
des Probabilités, by A. Liapounoff, Bull. de L Acad. Imp. des Sc. de St. Petersbourg, (5), vol. 13 
(1900), pages 358-386. 
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where B, is the sum of the expected values of the x’s raised to the second power 
and c, is the expected value of 20, 3. If the origin is translated to the point 
(k/2, 0) it is easily seen that the limit is zero and that the probability that 
i (2B,)? <2 <t(2B,)"? approaches 


to 
qi? { e-* dt 
ty 


uniformly, or that 
t,(2B,,)1/2 bo 
lim F,,(2)dz = won f edt 
n>0 VJ t1(9B V2 t1 
or that 
b> t2 
lim (2B,) 2 °F, [(2B,)1/?*2\|dz = ron f edt. 
t 


N— © ti 1 
But since ¢; and fg can take on any values it follows that 
(2B,,)1?. F,[(2B,)¥26g]a2e-®, 


Figure 5 shows m~/e-* and (2B,)"/?- Fi[(2B,)/2-z] plotted together. There 
is less difference between them than the figure indicates, especially at the ends. 
By-Products 


Since the sum of the polynomials in F,(z) is 4!, then by adding them as 
written on page 430 it follows that (omitting denominators) 


4{23 — 3(g — k)? + 3(2 — 2k)3 — (2 — 3k)8} = 412°. 


(2B,)'2F4[(2Bs)"2 2] 


Fic. 5 


But since all of the coefficients of the different powers of the z2’s vanish it fol- 
lows that 


1930] COMBINING CONSTANT PROBABILITY FUNCTIONS 433 


(0)§ — 3(— Rk)? + 3(— 2k)3 — (— 3k)? = 31R8. 
Let k=1 and this becomes 
(0)* — 3(— 1)* + 3(— 2)* — (— 3)* = 3! 


The coefficients here are the coefficients of the binomial (a—b)*. In general 
this becomes 


y(- v("\ rk)” = n!k" and y(- v("\- rr = n! 


r=0 


Since the constant term in Fr »_i(z) is (nk)"", the following relation is 
obtained if the constant term in F,»-1(z) as written on page 431 is equated 
to (nk)"1; 


n—-1 n 
D(= ("cH ry = (nye 
r=0 r 

If R=1 and 1/n, respectively, then 


we o(")- prt = grt 


Ec oC \(-a) = 


F,, .n-1(2) is always equal to (—s-+zk)"". By comparing the coefficients of 
this with those of F,, »-1(z) on page 431 it is seen that 


n—1 


L(— »("\- rk)! = (— 1)™ "(nk)". 


r=0 


If k=1, then 


x(- n("\- = aX 1h, 


r=0 


where / is an integer and less than or equal to n—1 and m>2. It will be noted 
that n’ is an algebraic sum of integers to n—1 all raised to the power / with 
proper coefficients. The coefficients of these integers raised to the power / are 
the coefficients of the bionomial (a—0)”" with the exception of the last one. 


Applications 


The mantissas in a five place table of logarithms are rounded-off numbers. 
For example the mantissa of log 152 is .18184. From what is in the table it 1s 
not known whether the 4 came from .1818362, or .1818449, or .18183901, or 
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.18184001. The 4 is accepted as being the correct fifth digit. The value of the 
mantissa as written in this table might have been any one of the numbers lying 
between .181835 and .181845. Any number in this interval as far as is known 
from the table is equally likely and the probability that the fifth digit came 
from numbers in this interval is unity and hence the probability that the 
error lies in the interval (—.5,+.5) is unity and the probability that the error 
lies outside of this interval is zero. This gives a probability function similar 
to the ones discussed in this paper. If numbers are multiplied their logarithms 
are added and it is desirable to know the probability function or error law for 
the sum of 2 such functions. F,(z) developed in this paper gives such a prob- 
ability function; in fact it gives a probability function for the sum of the errors 
arising in using any logarithmic table. 

A scientist wishes to measure the duration of a certain event and uses a 
watch which gives the time in seconds. The hand of the watch jumps every 
second and makes the jump at the moment the particular second is reached. 
He finds that the duration of a certain event was ¢ seconds. The actual duration 
might have been #.001 seconds or ¢.99999 seconds or any one of the infinite 
numbers lying between ¢ and ¢+1 seconds. The law of error for the individual 
event is a constant in the interval (—.5, .5) and zero elsewhere. If the average 
of m such experiments is obtained the error law for this average is given bya 
function similar to F,(z) 


THE SOLUTION OF CERTAIN DYNAMICAL PROBLEMS 
By R. C. COLWELL, Department of Physics, West Virginia University 


The type of dynamical problems to be solved in this article is discussed in 
Routh’s Rigid Dynamics, (Part 1, page 171) but the method of solution is some- 
what different. Routh states that in many dynamical problems the relative 
motion of the different bodies is all that is required and it is not necessary to find 
the absolute motion of each body in space. His fundamental theorem is that if 
any dynamical system is referred to a moving point C, we may reduce C to rest 
by applying to every element of the system an acceleration equal and opposite 
to that of C. It is also necessary to suppose that an initial velocity equal and 
opposite to that of C has been applied to each element. In the method outlined 
here, it is first assumed that the point C is fixed in space; but no reversed forces 
are applied to C. After the solution is obtained with C fixed the forces acting are 
calculated for C in motion and the necessary correction applied directly to the 
first solution. This method will be exemplified first with the following problem 
given by Routh. A circular hoop whose weight is nw is free to move on a smooth 
horizontal plane. It carries on its circumference a small ring weight w, the co- 
efficient of friction between the two being uw. Initially the hoop is at rest and the 
ring has an angular velocity w about the center of the hoop. Show that the ring 
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will be at rest on the hoop after a time (1+7)/uw. First suppose that the center 
of the hoop is fixed in space so that the hoop has a rotation but no translation 
and is thus compelled to rotate about its center by the friction of the ring w. 
Solve for the time under these conditions. Let a, be the angular velocity of the 
ring at any time ¢ and w, that of the hoop. Then, by equating momenta, 


(1) Ty = Toy + Town; 
also, from the energies, 
(2) sly? = Flyw? + 4]. + Loss in friction. 


Now the centrifugal force acting is umv,’/r and the distance passed over along 
the hoop in time dé is 7(w,— w,,)di; hence the loss in friction is 


t 
(3) | umrrwe (wy — wp)dt. 
0 
Substituting (3) in (2), we get 
t 
(4) ST? = tlw? + low? +f umrrad? (wy — w,)db. 
0 


. Differentiating (4) and using (1), we obtain the differential equation 


5) fen ans i 0 
1 


With the initial conditions t=0, w,=0, w,=w the solution of (5) is 


Toa, umyr? 
w{ Tw — Io} I 


(6) t. 


At end of time f, 

(7) Tyo = Typ + Down. 

With (7) substituted in (6), the solution becomes 
Io n 


8 {= — i. 
8) Typo ww 


So far the hoop has been regarded as fixed upon a central axis. If, however, it is 
free to move, the actual acceleration instead of being v?/r will be given by 


(nw + wa’ = wv?/r 
or 
(9) (=, 
[y(n + 1)] 
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The relative acceleration of the hoop and ring is then 


a— a = v/r — y/[r(n + 1)] 


or 
(10) a—-a= (v2/r){n/(n + 1)}. 


The force is weakened in the same ratio and the time lengthened in the inverse 
ratio. 


Hence 
(11) t = (n/pw) X (n+ 1)/n = (nm + 1)/ nw. 

A second problem of the same general type is this: A flat circular disk in two 
parts (A and B) is lying upon a smooth table. A block m is started in rotation 


about A with angular velocity w and coefficient of friction u(Fig. 1). The part 
A which is concentric with the part B rotates around B with a frictional couple 


79) 
m 
7 


Fic. 1 
K. How long before m and A have the same angular velocity? First suppose 


that the disk is fixed at C so that there is rotation without translation. Then 
the momental equation gives 


(12) Tw = [yw + Towe + Tews. 
The loss in friction between m and A is 


t 
{ umrw? (w, — we)db. 
0 


The loss in friction between A and B is 


t 
{ K (we — ws) dt, 
0 


where K represents the work done by the frictional couple in turning through 
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one radian and the friction does not change with the velocity. The energy 
equation is then 


(13) 40 yw? = $lywe + §lowe? + 31s? 
+ [unre (wy — we)dt + [ Ke — ws)dt. 
The third equation is 
(14) K = I;3(dws/dt) . 
The solution of (12), (13) and (14) for a gives the differential equation 
(15) T,(dw,/dt) + umr’a? = 0, 
from which 


(16) wy = Tywo/(T1 + pmr*at). 


The three equations also give for we 


dus umrrol 2 
(17) I = ——-——- 

dt (7, + umrrwt)? 
Integrating, 
(18) Town = — Kit+ Iw - TPw/(11 + pmr*at). 


Equation (14) gives 
(19) T3003 = Kt. 


With some loss in generality the three differential equations of motion could 
have been written down at once from the formula L=Ja: 


(20) umv? = — I1(dw,/dt), 
(21) umv? — K = I2(dwe/dt), 


To find the time which elapses before w;=we, use equations (16) and (18). 
From these 


(23) 22 (umrrwk) + IK — unr?) t + Tylew = (). 
If as in this case mr? = J, equation (23) reduces to 
(24) 2(uwk) + (K — umr*w*)t + Iw = 0. 


From this equation the time / may be found for any given case when the center 
C is fixed. If, however, the center is not fixed and the whole disk M slides over a 
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perfectly smooth surface, it is only necessary as before to write mM/(M-+m) 
for m in equation (24). Thus the transition from fixed to moving bodies be- 
comes extremely simple. 

It is easy to show that fixing the center of mass of the whole system gives 
another simple and complete solution of this type of problem. The reason for 
this is that when a mass m moves around the circumference of a circle of mass M 
and radius a we may regard the system as a rigid body, because m and M must 
always remain the same distance apart. Hence if no outer forces are acting upon 
the system, the center of mass of the complete system must move in a straight 
line. The energy due to the motion of the center of mass may then be subtracted 
from the total energy and the center of mass regarded as fixed in space. Suppose 
that the hoop MM is lying upon a smooth table and the mass m moves upon the 
circumference of the hoop without friction. Initially the mass m is given a 


Fic. 2 


velocity w about the center of the hoop; let us find the subsequent motion. The 
total kinetic energy at once divides into three parts; the energy of m about the 
center of gravity C, the energy of M about C, and the kinetic energy of both 
masses regarded as located at the center of gravity. Since (m+M)V’'=mz, 
where V’ equals the linear velocity of the center of mass, we have 


1 1 Ma )? 1 ma 2 1 (maw)? 
—mw*a? = —m + has + Sea treet i + — ———— . 
2 2 M+om 2 Mom 2MUV+m 


Thus the center of gravity of the system moves in a straight line parallel to the 
direction of the original impulse with a velocity mv/(M-+m) while the mass m 
and the center of the circle rotate about it with uniform angular velocity w. 

If, however, there is a coefficient of friction 4 between the block and the 
hoop, the block and hoop lose angular velocity about the center of gravity, but 
the hoop gains angular velocity about its own center. Let J,, be the moment of 
inertia of the block about the center of mass of the system, J;, the moment of 
inertia of the hoop about the same point, J; the moment of inertia of the hoop 
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about its own center, w, and w, the angular velocities of the block and hoop 
respectively. Then regarding the center of mass C as fixed and omitting its 
energy from our equations we have 


(25) Ta — Toy = Twn. 


In this equation J=1,,.+Jn. since the two masses M and m move as a rigid 
body. 
The centrifugal force of the rotating block is 


F =mMaw?/(M +m), 
and the frictional force 1s 
umMawe/(M + m); 
the frictional couple about the center of the hoop is 
umM @o?/(M +m) = K'wé, 


where K’ is written for the constant um Ma?/(M+m). 
The energy equation so far as rotation 1s concerned is 


t 
(26) 4Tw? — Flu? = $lpwe +f K'w? (wy — wp) dt. 
0 


The last term in (26) is the energy lost in friction. 
From these two equations, we obtain 


(27) T,(dw,/dt) = K'w? and I(dw,/di) = — K'w?. 
Initially :=0, w =o, and finally 
(28) Wh = Wb. 
Using (27) and (28), 
Iw Iw I’ 
(29) oy =, eH 
Klot + I I, (Kot +D 


Equating the two parts of (29),:=1,/K’w, which is the time required for the 
block to cease sliding along the circumference of the hoop. Putting in the value 
of K’ 


(30) t= (M+ m)/umw. 
In this method of solution it is possible to keep track of the whole energy at any 
time t. Let us calculate the energies at the time when the block just ceases to 


slide along the circumference of the hoop, that is when t=J;,/K’w. First the 
kinetic energy of the center of gravity due to its linear velocity is 


(31) mara?/2(M +m). 
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The kinetic energy of the hoop about the center of gravity of the system is 
(32) Trews /2. 
The kinetic energy of the block about the center of gravity of the system is 
(33) Tywh /2. 


The kinetic energy of the hoop about its own center is 


1 1 Tw? 
(34) Maret = —Mat}———h 
2 2 (I + In)? 


The energy lost in friction is 


t K'Pa3 ¢* I, — K'wt 
(35) [kot wo — wnat = —— 
0 Ti, 0 (I+ K’at)3 
1 TJIIy 
=— w*, 
2 I+T; 


The sum of (32), (33), (34) and (35) gives the value Jw?/2 which is the amount of 
energy originally going into the rotation. Adding to this the linear kinetic 
energy (31), we obtain the complete energy ma?w?/2. 


QUESTIONS AND DISCUSSIONS 


EDITED by R. E. Gitman, Brown University, Providence, Rhode Island. 


The depariment of Questions and Discussions in the Monthly is open to all forms of activity in 
collegiate mathematics, including the teaching of mathematics, except for specific problems, especially 
new problems, which are reserved for the department of Problems and Solutions. 


A REPLY TO QUESTION No. 58! 


By Wo. FitcH CHENEY, Jr., Connecticut Agricultural College 


QUESTION No. 58!: Does the exponential with general base occur frequently 
enough in mathematics to warrant the general adoption of a special new nota- 
tion for it, and if so, is Professor Ransom’s suggested symbol? likely to meet 
with sufficient approval to be generally adopted? 

Some time ago I had occasion to prepare and type a paper involving a great 
many exponents, with various bases, and I adopted for my own convenience 
the use of the dollar sign, placed between the base and the exponent. It 1s 


1 This Monthly, vol. 37 (1930), p. 188. 
2 This Monthly, vol. 37 (1930), pp. 187-188. 
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easy to remember, in that anyone will agree that the dollar sign denotes power, 
and hence such a complicated expression as 


Av — Brx-3 + a/¥ 
may be written all on one line as 
A$a$2 — BE(2x% — 3) + yhs, 


which could not be confused with any existing notation. A judicious use of 
parentheses is the one essential. This has an advantage over the notation pro- 
posed by Professor Ransom, in that but one symbol is ordinarily necessary, while 
his suggested symbol, { requires two strokes with a back-space between them. 

In my opinion, the exponential with general base does not occur frequently 
enough in mathematics to warrant the general adoption of a special new nota- 
tion for it, but in any paper which does involve its frequent use, I advocate the 
use of some special notation, specially defined in that paper. 


THE ARC OF THE ELLIPSE 
By R. GoormacuticH, Bruges, Belgium 


In the April, 1930 issue! of this Monthly, R. A. Johnson has given the follow- 
ing expression for the approximate length S of the ellipse whose semi-axes are 


a; b: 
T a? + 6b? 1/274 
=— 2 | 
80 [at b+ ( 2 ) | 


Expanding in terms of a and the eccentricity e, we have 


3 5 180 
Sp = ral 1 — Set — Set — — —¢8 i 
26 28 p14 
whereas 
1 3 5 175 441 A851 - 
S = deal — —e? — —e*t — —e® — ——e3 — ——eld — eld... |, 
76 98 q14 716 720 


Up to the sixth power of e, the two expansions are the same. 
Another remarkable and probably new approximation is 


a? + b2 1/2 
;) | 


Sy = =| 9(0 + 6) — 5(ab)!/2 + ( 


1 Vol. 37 (1930), p. 188. 
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The expansion is the same as for S, up to the tenth power of e: 


3 5 175 441 4844 | 
6 _ 58 10 rn 


—~ Te 


26 28 214 c 216 2.20 


A Note by the Editor 


It may be of interest to emphasize the degree of accuracy of the preceding 
formula by applying it to an ellipse having the general size and shape of the 
earth’s orbit (which in Newtonian mechanics would be a true ellipse if one neg- 
lects, as we shall do, the perturbations due to heavenly bodies other than the 
sun). Assuming, as at present it seems proper to, that the age of the earth is 
less than one hundred billion years, then the total distance the earth has 
traveled since its creation would differ from the approximate distance given by 
the preceding formula by about the thickness of the sheet of paper on which this 
is written. 


On STROPHOIDAL CURVES 


By R. GoormacuticH, Bruges, Belgium 


1. In the December, 1928 issue of this Monthly was published a paper 
by R. M. Mathews and Otto Dunkel,! giving a solution of the following ques- 
tion: 

A line drawn through the end F of the loop of a right strophoid or a folium of 
Descartes cuts the curve again in QO and R such that the segment QR subiends a 
right angle at the node O. Are these results particular cases of a general result 
for a certain class of cubic curves ?? 


This question suggests a general problem: To determine algebraic plane 
curves I’ of the »” order, having chords QR passing through a fixed point F 
and subtending a right angle at another given point O. 

2. Consider the polar curve [’’ of T, with respect to a circle C having its center 
at O; then the orthoptic curve of I’ isastraight line A, the polar of F. IfT’”’ is 
the polar curve of I’ with respect to a circle C’ having itscenter O’ on A, the 
chords of I’’’ subtending a right angle at O’ are parallel. 

Consider rectangular axes with the origin at O’, and let the y-axis be parallel 
to these chords. The equation of the curve I'’’ may be written: 


IIA 
BS 


t=k 
> Anil) y? — 0, k 
1=0 


where A;_:() isa polynomial in x of degree not exceeding n—1. 


1 Vol. 35 (1928), pp. 544-547. 
2 This question was proposed as Problem 2928 in this Monthly for the year 1921. (Vol. 28, 
p. 466.) 
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Since the degree of I’ is m there must be at least one of these polynomials 
with the maximum degree. If we set in turn y=éx and y= —¢"'x, we shall obtain 
two equations, 


i=k 


ik = 
> Ap_i(x) vit? = 0, A(x) a*-t(— 1)*-ift = 0, 
i=0 =(0 


which must have the same roots for a given x. Hence 
Az—i(a) a? = c(— 1)*-*A (a) x *-*, 
where c is a constant for the given x. Replacing 7 by k—7 we have also 
A j(ax)a*-* = c(— 1)*Ag_i(a) at = 6?(— 1)*A, (x) x*%. 


Since not all of the A ;(x) polynomials can be identically zero, we must have 
c=1 and k=2m. It will now be convenient to take the coefficient of y” as 
2A m(x). 


Thus the equations of the I’’’ curves have the form, 
SD, Ala) [y2™-t + c(— 1)ix?™2tyi] = 0, c= +1ore= —1, m<n, 
t==0 


where the polynomials A;(x) are quite arbitrary, except that there must be 
at least one, say A;(x), of degree »—2m-+17 if the degree of the curve is n. 

The initial remark regarding the relation between I and I'’’ enables us to 
pass from the equation of one to the equation of the other. 

Let a, @ be the coordinates of 0, 7 the radius of C, and R the radius of C’. 
Let X, Y bea point on I, and x, ya point on T'’”’. 

An easy calculation gives the equations of transformation 


zx = X—a, sy=V—8B, Re =a(X —a) + BY — B) 47’. 
If we take O as the origin of parallel axes for , we have the simpler equations 
2x = a’, 2y = y’, R’x = ax’ + By’ + 7°, 


If we insert these values of x and y in the equation for I’’’, the result, after 
suppressing the accents, may be written thus: 


DA ia, 2) [yt + o(— Dixr™%y!] = 0, 
1=0 


2=ax+6y+r%,c¢c=+1o0re = —1, 


where B,(x, 2) is an arbitrary homogeneous polynomial in x and z of degree 
n—2m-+1; the R® of the transformation has been absorbed into the arbitrary 
constants of B;(x, z). The coordinates of the point F are 0, —7?/8, this point 
being the pole of A with respect to C. 
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We shall now apply these general results to cubics and quartics. 
Cubics: Setting n=3, m=1, we find 


Ao(x) ly? + x] + Ai(ax)[y Fy] = 0. 
The only case of interest is then 
(«+ a)(y? — x7) + (bx? + cx + d)y = 0; 


the cubics have an infinity of chords parallel to O’y and subtending a right 
angle at O’. 

When d=0, O’ is the double point of the cubic, and the tangents at this 
point to the two branches of I'”’ are perpendicular. Therefore the tangents at 
the double point O of the corresponding curve are also perpendicular; since 
the cubic passes through the point at infinity on O’y, Flies on I: 


If a cubic has a node with perpendicular tangents ai this point, the chords 
subtending a right angle at the node pass through a fixed point lying on the curve. 
Quartics: Here n=4, m=1, 2. Disregarding certain degenerate cases, we 


find 
(x? + ax + b)(y? — x?) + (ex + dx? + cx + f)y = 0 
and 


0. 


yt + xt + (ax + 6)(y? — wy) + (cx? + du + e)y? 


For instance, when a=d=e=o0, c=2, this last equation represents the 
trifolium of de Longchamps, and when a=c=d=e =o, Cramer’s trifolium. The 
properties of the parallel chords of these curves, subtending a right angle at 
the node, are well known. 


RECENT PUBLICATIONS 


EpITED BY RoGER A. Jounson, Brooklyn College of the City of New York 


All books for review should be sent directly to the editor of this department, at Brooklyn College, 
66 Court Street, Brooklyn, N. Y., and not to any of the other editors or officers of the Association. 


REVIEWS 


Introduction to the Theory of Fourier’s Series and Integrals. Third Edition. By 
H. S. Carslaw, Macmillan and Co., Limited, London, England, twenty 
shillings net. Macmillan and Co., New York, seven dollars. 1930. 

The first and second editions of this book are too well known to be given 
space for a review. The newly appearing third edition differs but little from the 
second. There are certain enlargements amounting to twenty-eight pages in 
text and exercises, exclusive of appendices. There are also occasional improved 
wordings. The historical introduction is brought more nearly up-to-date, 
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and accounts for four pages of the increase. The portion of the book dealing 
directly with Fourier series contains a few theorems proved with increased 
generality. Parseval’s theorem is a noteworthy addition. Appendix II on 
Lebesgue integrals is new. This is a readable simple introduction to this sub- 
ject in English and was much needed. Brief applications to Fourier series are 
given. 

No bibliography is given at the end of the volumein the third as in the 
second edition. References, however, are given at the ends of chapters. 

Persons owning the second edition will probably not find it worth while 
to buy the third unless wanting it for a class text. Large libraries should have 
the latest edition of so widely used a book. 

TOMLINSON FORT 


The History and Significance of Certain Standard Problems in Algebra. By Vera 
Sanford. Teachers College, Columbia University, 1927. Teachers College 
Contributions to Education, No. 251. viii+102 pages. 


This little book contains a careful and interesting study of the standard 
verbal problems which appear in textbooks on algebra. These problems the 
author classifies under three heads; genuine problems, or those arising from 
real situations; puzzles, or recreations; and an intermediate class called pseudo- 
real problems in which natural phenomena are combined with unnatural condi- 
tions. 

There is a discussion of the reasons why problems are taught, the charac- 
teristics of good problems, efforts to make problems interesting and real to the 
student, and some of the ingenious methods formerly used for solving problems. 

A chapter is devoted to the history of commercial problems, showing the 
striking way in which the genuine problems of business arithmetic reflect con- 
temporary conditions and offer material of value in compiling a commercial his- 
tory of Europe. 

Problems from scientific mathematics form another class of genuine prob- 
lems to which a chapter is devoted. The striking thing about the history of 
problems of this type is their late appearance. Even so simple an idea as the 
principle of the lever was overlooked by the makers of problems until the six- 
teenth century and instances of scientific problems were rare until the time of 
Newton. 

Problems of the recreational type, on the other hand, are for the most part 
handed down to us from antiquity and have seen little or no development in 
modern times. Many interesting illustrations of puzzle problems are given 
both in ancient and in modern dress. Of particular interest are those which 
are based on progressions; and the author suggests how the teaching of that 
subject might be improved by the use of such colorful problems instead of the 
lifeless ones of the usual textbook. 

Problems of the pseudo-real type are defended on the ground that they 
provide a varied material for practice in analysis, and that in many cases 
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they are more real to the student than problems which actually occur in real 
situations. 

In the closing chapters the author discusses changes in problem material, 
reasons for the disappearance of certain types of problems, and the survival 
of others, and finally makes some suggestions as to the lines along which the 
future development of problems is likely to proceed. In conclusion she says that 
“in the future puzzle problems will be used because human beings enjoy them; 
genuine problems will remain because men demand specific and immediate 
applications of the theory they study; and pseudo-real problems will supple- 
ment the other two in providing opportunity for the analytic thinking that forms 
the most important reason for teaching algebra.” 

Rosa L. JACKSON 


Manual of Trigonometry, for Colleges, Universities, and Technical Schools. 
By E. C. Kennedy. New York, The Macmillan Co., 1930. 90 pages 84 X11 
inches. $1.10 


This is a collection of 126 problems and exercises in Trigonometry, so ar- 
ranged as to be available for laboratory work. For the most part there is one 
exercise to each page, but the last nineteen exercises are listed on one page with 
no space for solutions. Some attention is paid to the difficulties of solving tri- 
angles of extreme forms, and the tables at the end of the book include the 
common Maclaurin series. There is also a table of the functions of small angles; 
there are conversion tables for degrees and radians, and tables of the values 
of constants to fifteen places. 

R. A. J. 


PROBLEMS AND SOLUTIONS 


Edited by B, F. Finkel, Otto Dunkel, and H. L. Olson 


Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All 
manuscript should be typewritten, with double spacing, and with margins at least one inch wide. 


PROBLEMS FOR SOLUTION 


N.B. Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well-known textbooks or results found in readily accessible sources, will not 
be proposed as problems for solution in the MONTHLY. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


3448. Proposed by Oliver D. Kellogg, Harvard University. 
Prove that whenever the infinite series, with positive terms, 


Uy + Ug + ug+--:: 


converges, the series 
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Uy U2 U3 
al 9 13 
diverges, 


tn = Un + Unsi + Unsre + _ 
being the remainder of the first series after m — 1 terms. 


3449. Proposed by W. E. Buker, Leetsdale, Pa. 

(1) Find a number X such that X?+5 and X?—5 are each square numbers. 

Note: This problem was proposed by John of Palermo and solved by Leo- 
nardo of Pisa about 1220 A. D. A solution is X =41/12; for (41/12)?+5= 
(49 /12)?; (41/12)?—5 =(31/12)?. How did he arrive at his result? 

Reference: Florian Cajori, History of Mathematics, pp. 124. 


3450. Proposed by the Late G. B. M. Zerr. 

A starts from Washington towards Baltimore, a distance of 40 miles, and 
travels at the rate of 10 miles per hour. Before he arrives at Baltimore, a snow- 
storm starts at Washington and at all places occupying a certain unknown dis- 
tance towards, but not reaching beyond Baltimore; if A is caught in this storm 
he must stop until it is over; he is also to receive for this journey a number of 
dollars inversely proportional to the time occupied in it, at the rate of 50 dollars 
for one hour. The time when the storm commences is unknown, but all events 
are equally probable; show that A’s expectation is $11.66. 

3451. Proposed by R. Goormaghtigh, Bruges (Belgium). 

If two conics circumscribed to a triangle are orthogonal at a given point M, 
their tangents at M being the axes of the conic conjugate to the triangle and 
having M as center, the product of their normal chords at M is equal to four 
times the product of their radii of curvature at M. 


3452. Proposed by Charles K. Robbins, Purdue University. 
Solve the functional equation 


A(x, y)- we, 2) + va, y) = w(y, 2). 
x,y, and z are independent variables and 0w/dy#0 and dy /dz#40. 


3453. Proposed by Nathan Alishiller-Court, University of Oklahoma. 
Given the radical axis of two circles, their circle of similitude, and the length 
of their line of centers, construct the two circles. 


3454. Proposed by M. S. Knebelman, Princeton Universty. 
Deduce the explicit expression for P(m, 2) from the relation 
P(m,n) = P(n,m) = > P(i,n — 1), PC, 1) = 1, 
t=1 


where m and 7 are positive integers. 


3455. Proposed by Solomon Kullback, Brooklyn, N. Y. 
A triangle ABC, with AB constant, is inscribed in a circle. On AC and BC, 
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construct equilateral triangles, ACD and BCE. Find the locus of the midpoint 
of ED as C moves along the arc ACB. 


SOLUTIONS 


3403 [1929, 543]. Proposed by E. A. Whitman, Carnegie Institute of Tech- 
nology. 

If in problem 3379, proposed in May, 1929, $12 and 12 are replaced by “a” 
dollars and a respectively, for what values of “a” is there a solution? 

Problem 3379 reads: Two men own jointly x cows which they sell for x 
dollars per head, and with the returns buy sheep at $12 per head. As their 
income from the cows is not divisible by 12 they purchase a lamb with the 
remainder. Later they divided the flock so that each had the same number of 
animals. How much money was due the man with the lamb by the other man? 


Solution by William I. Miller, University of Pittsburgh. 


Let the number of sheep, which must be odd, be 2”~-+1, and let k represent 
the price of the lamb in dollars. Then 


a(Qn+1) +k, O0< k <a, 
a+ k (mod2a), 0<k <a. 


The problem is to determine a so that the congruence has solutions for just one 
value of k. By trial, a=3, 6, 8,10, or 12. It is not necessary to try values for a 
greater than 18, for if a219, there will always be at least two perfect squares 
between a and 2a, so that k cannot be unique. 

To prove the last statement, suppose we can choose ” so that 2a>(u+1)? 
where 2? >a2(n—1)*%. This will be possible if 2(7—1)?>(n+1)?, or if n26, and 
hence ifa225. The statement is obviously trueif 19Sas< 24. 

Also solved by W. E. Buker, and the Proposer. 


Note by the Editors: If a is odd it may be shown that k is not unique for a>3. For, set 
<=ma-+i, where m is an odd positive integer and i=1 or 2. Then x?=a[am?+2mi]+7 and the 
brackets contain an odd integer. Hence k may be taken as 1 or 4. This reduces the trials above to 
a=3 and to the even integers. 


3406 [1930, 37]. Proposed by William P. Parker, Pyengyang, Chosen, Korea. 
Find the condition ‘that (ax+By+yz) (aix+Biy+y1z) — (aex+Boy +22)? 
may be resolved into two linear factors. 


v2 
or 


ll 


v2 


Solution by E. D. Rainville, University of Colorado. 


The expression under consideration is a ternary quadratic form. By a well- 
known theorem, (Maxime Bécher, Introduction to Higher Algebra, page 137), 
the necessary and sufficient condition that this expression be reducible is that 


2(aay — ag’ ) abi + Bar — 2aeb, ayi + yar — 2Zarye 
A =! abi + Bar — 2arbo 2(BBi —_ Bo") Byi1 + vBi1 — 2Bove | = 0. 
aY1 + yar — Zaye Byi + vB — 2Bey2 2(vv1 — 2) 
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If we expand A into 27 third order determinants in the usual way, it is 


immediately obvious that 


a QA, a, |? 


A=216 6B, Be. | =O. 
Y %Y1 Y¥2 
That is, the necessary and sufficient condition desired 1s 
Q@ Ay Qe 


B Bi Bo | = 0. 
Y Y1 Y2 


Note by Otto Dunkel. Geometric considerations enable us to discover the 
required condition. If), uw, y denote homogeneous linear expressions in x, y, 2, 
then A\y,—v? set equal to zero gives a conic for which vy = 0 is the chord of contact 
of the two tangents\ =0, w=0. If the conic degenerates into two straight lines, 
then these two straight lines pass through a point common to the three lines 
\=0, ».=0,v=0. The converse may also be considered geometrically. 

An analytical proof may be given which depends mainly upon the simple 
theorems for linear dependence. We shall prove that: 

A necessary and sufficient condition that 


(1) Au — v? 
where \, uw, v are homogeneous linear expressions in x, y, 2, Shall reduce to the 


product of two linear expressions, 1s that \, uw and v shall be linearly dependent, that 
as that 


(2) avxatbt+to=0, 


where a, b, care constants not all of which are zero. 

If (2) is true, then we may solve for at least one of the three expressions, 
say \, in terms of the other two, uw and v. Inserting this expression for A in (1), 
we shall obtain a homogeneous quadratic expression in w and vy. Such an ex- 
pression can always be factored, and hence (1) reduces to the product of two 
linear factors. 

Suppose now that 


(3) hu — v? = a, 


where a and @ are linear in x, y, g. Suppose first that a=cv, B=c’v, where c and 
c’ are constants. Since y=0O for an infinite set of values of x, y, 2, either A or u 
must vanish for more than one set of these values. Suppose it is A, then A and pv 
are linearly dependent; consequently, A, w, v are linearly dependent. We may 
now suppose that not both of the above identities are true, say @ 1s not linearly 
dependent upon v. Since \ and @ vanish simultaneously for one set of values of 
x, y, %, this set of values must make v also vanish. Hence A, v, @ are linearly 
dependent. If the coefficient of a in this linear relation is zero, then \ and v are 
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linearly dependent, and, therefore, X\, uw, v are linearly dependent. Suppose now 
the coefficient of @ is not zero, we may then write aA +bv=a where a is not zero 
since this case is excluded here. By a similar argument we arrive at the result 
a’'u+b'v=a. Hence ad\—a’u+(b—b’)vy=0, where neither a nor a’ is zero. Since 
this exhausts the possible cases the theorem is proved. 

Also solved by W. E. Buker, E. F. Cox, Raymond Garver, J. H. Neelley, 
A. Pelletier, . J. ORamler. 


3407 [1930, 37]. Proposed by Nathan Altshiller-Court, University of Okla- 
homa. 

A ray of light emanating from a fixed source L is reflected by a flat mirror 
at a point WM so that the reflected ray passes through a given point J. Find 
the locus of / when the mirror revolves about a fixed axis s. 


Solution by A. Pelletier, Montreal, Canada. 


Let s be the z-axis, and let the coordinates of J and L be (a, 0, 0) and (0, ¢, d), 
respectively. For any position of the mirror, LM passes through J, the point 
symmetric to J with regard to the mirror in that position. Thus the locus of 11, 
is a circle of radius OJ =a which lies in the xy-plane. Hence the point / lies 
on a cone with the vertex Z and with this circle as a base. The equation of this 
cone is 


(1) (dx — bz)? + (dy — cz)? = a®(d — 2)?. 


Next let us consider the projection of the path of M on the xy-plane. Let 
ON be the trace of the mirror on the xy-plane, and let a be the angle which ON 
makes with the x-axis. Then the coordinates of J; area cos 2a, a sin 2a; and the 
equation of the projection of this path is obtained by eliminating a from 


(2) y = x tana, (y — ¢)/(# — b) = (¢ — asin 2a)/(6 — acos 2a). 
The elimination of a gives 
(3) (by — cx)(ax? + y") + ale — y)(a? — 9”) + 2a(a — b)ay = 0. 


The equations (1) and (3) determine the locus of Min space. The points L 
and J are the extremities of the actual path of M. 


NOTES AND NEWS 


Readers are invited to contribute to the general interest of this depariment by sending items to 
Professor H. W. Kuhn, Ohio State University, Columbus, Ohio. 


Harvard University has conferred an honorary doctorate on K. T. Comp- 
ton, the newly elected president of the Massachusetts Institute of Technology. 


Indiana University has conferred honorary doctorates on Dr. C. O. 
Lampland and Dr. V. M. Slipher of the Lowell Observatory, Flagstaff. 
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Lake Forest College has conferred an honorary doctorate on Pro‘essor 
W. D. MacMillan, of the University of Chicago. 


Professors P. Franklin and D. J. Struick, of the Massachusetts Institute 
of Technology, have been elected Fellows of the American Academy of Arts 
and Sciences. 


A portrait of Professor E.H. Moore, of the University of Chicago, painted 
by Mr. Ralph Clarkson, has been presented to that University by Professor 
Moore’s former students. It will be hung in the new Eckhart Hall of 
Mathematics, Physics, and Astronomy. 


Dr. W. F. Willcox, of Cornell University, represented the United States 
at the meeting of the International Institute of Statistics which was held at 
Tokyo in September, 1930. 


Dr. V. W. Adkisson has been appointed assistant professor of mathematics 
at the University of Arkansas. 


Mr. J. G. Adshead has been appointed assistant professor of mathematics 
at Dalhousie University. 


Assistant Professor J. P. Ballantine, of the University of Washington, has 
been promoted to an associate professorship of mathematics. 


Dr. P. M. Batchelder has been promoted to an associate professorship of 
mathematics at the University of Texas. 


Leon H. Bunyan, who has been an instructor at the University of Wiscon- 
sin, Extension Division, Milwaukee, Wisconsin, has been appointed assistant 
professor in the department of mathematics of Rutgers University, New 
Brunswick, N. J. 


Associate Professor C. W. Cobb, of Amherst College, has been promoted 
to a professorship of mathematics. 


Dr. H. P. Evans has been promoted to an assistant professorship of mathe- 
matics at the University of Wisconsin. 


Professor J. W. Glover, of the University of Michigan, has been appointed 
president of the Teachers Insurance and Annuity Association of America. 


Assistant Professor Cornelius Gouwens, of Iowa State College, has been 
promoted to an associate professorship of mathematics. 


Dr. Lois W. Griffiths, of Northwestern University, has been promoted to 
an assistant professorship of mathematics. 


Assistant Professor Einar Hille, of Princeton University, has been pro- 
moted to an associate professorship of mathematics. 


Dr. J. J. L. Hinrichsen has been appointed assistant professor of mathe- 
matics at Iowa State College. 
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Assistant Professor Clyde M. Huber, of Rutgers University, has been 
appointed professor and head of the department of mathematics at Atlantic 
University, Virginia Beach, Va. 


Dr. B. W. Jones has been appointed assistant professor of mathematics at 
Cornell University. 


Dr. A. Marguerite Lehr, of Bryn Mawr College, has been promoted to be 
an associate in mathematics. 


Dr. C. O. Oakley has been promoted to an assistant professorship of mathe- 
matics at Brown University. 


Associate Professor J. F. Reilly, of the State University of Iowa, has been 
promoted to a professorship of mathematics. 


Assistant Professor C. A. Rupp has been promoted to an associate pro- 
fessorship at Pennsylvania State College. 


Professor C. D. Smith, of Louisiana College, has been appointed professor 
and head of the department of mathematics at the Mississippi Agricultural and 
Mechanical College. 


Assistant Professor W. M. Whyburn has been promoted to an associate 
professorship of mathematics at the University of California at Los Angeles. 


Dr. B. C. Wong has been promoted to an assistant professorship of mathe- 
matics at the University of California at Berkeley. 


A Correction 


There is a misprint in line 7 of J. P. Ballantine’s article entitled A peculiar 
Function, in this Monthly, May 1930, p. 250. Instead of 


r = Rcos30 when 90 <6 180 


read 
r= Rsin§@ when 90 < @SK 180. 
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e A leading college course 


DIFFERENTIAL AND 
INTEGRAL CALCULUS 


Granville-Smith-Longley 


Published in a revised edition last fall, this excellent course was 
immediately introduced in over seventy-five colleges in the middle 
west alone and in many other leading colleges all over the country. 
The material is so arranged that the book is equally suitable for 


extended or for short courses. $3.20, subject to usual discount. 


GINN AND COMPANY 


Boston New York Chicago Atlanta Dallas Columbus San Francisco 


“OF ALL THE DISTINGUISHED ECONOMISTS 


who have begun as mathematicians, none has gone so far in 
mathematics as has Professor Evans.”—Joarnal of Political 
Economy. 


Mathematical Introduction to Economics 
| By GRIFFITH C. EVANS | 


Professor of Pure Mathematics, Rice Institute 
177 pages, 6 x 9, illustrated, $3.00 


Ts BOOK purposes to treat a sequence of economic problems by means 
of a few rather simple mathematical methods. The Jowrnal of Political 
Econonzy goes on to say: 


“The accumulation of factual studies will, as in the physical sciences, call 
more and more insistently for mathematical treatment. Many economic 
problems seem to require formulation in terms of functionals, on which 
Professor Evans is a leading authority. This book helps to lay a ground- 
work upon which future contributions to political economy of first-rate 
importance may be expected to be based.” 


Send for a copy on approval 


McGRAW-HILL BOOK COMPANY, INC. 
370 Seventh Avenue New York 


THE FOURTEENTH SUMMER MEETING OF THE 
MATHEMATICAL ASSOCIATION 


The fourteenth summer meeting of the Mathematical Association of 
America was held, by invitation, at Brown University, Providence, R.I., on 
Monday and Tuesday, September 8—9, 1930, in conjunction with the summer 
meeting and colloquium of the American Mathematical Society. Three hundred 
five were present at the meetings, including the following one hundred 


seventy members of the Association. 


C. R. ApamMs, Brown University 
ETHEL M. ANDERTON, Mount Holyoke College 
R. C. ARCHIBALD, Brown University 


Ciara L. Bacon, Goucher College 

W. D. BATEN, University of Michigan 

A. A. BENNETT, Brown University 
THEODORE BENNETT, University of Wisconsin 
E. M. Berry, Lynchburg College 

G. D. Brrkuorr, Harvard University 

H. F. BLIcHFELDT, Stanford University 

G. A. Buiss, University of Chicago 

M. G. Boyce, Western Reserve University 
R. W. Brink, University of Minnesota 
GERTRUDE L. BROcKETT, Brown University 
J. A. BULLARD, University of Vermont 

L. H. Bunyan, Rutgers University 

/, H. Bussey, University of Minnesota 

. D. BUTTERFIELD, University of Vermont 


i 


* 


. 5. Carrns, Yale University 

. D. Carrns, Oberlin College 
H. Camp, Wesleyan University 
C, 
D. 


= 


Camp, University of Nebraska 

CAMPBELL, Syracuse University 

G. A. CAMPBELL, Amer, Tel. and Tel. Co., 
New York, N. Y. 

A. B. CuHace, Brown University 

W.F. CHENEY, JR., Connecticut Agric. College 

LENNIE P. CoPELAND, Wellesley College 

C. H. Currirr, Brown University 

H. B. Curry, Pennsylvania State College 


On: 


H. T. Davis, Indiana University 

J. W. Davis, Dorchester High School for Boys 
F. F. DECKER, Syracuse University 

L. S. DEpERIcK, Aberdeen Proving Ground 
ARNOLD DRESDEN, Swarthmore College 

W. H. Durfee, Hobart College 

L. A. Dvg, Cornell University 


J. A. EresLanp, West Virginia University 
H. P. Evans, University of Wisconsin 
D. A. FLANDERS, New York University 


PHILIP FRANKLIN, Massachusetts Institute of 
Technology 
ORRIN FRINK, JR., Pennsylvania State College 


T. C. Fry, Bell Telephone Laboratories, 
New York, N. Y. 


C. A. GARABEDIAN, St. Stephen’s College 

H. A. GARABEDIAN, John Hancock Mutual 
Life Ins. Co., Boston Mass. 

H. M. Geuman, University of Buffalo 

B. P. Giix, College of the City of New York 

D. C. GILLESPIE, Cornell University 

R. E. Gitman, Brown University 

J. W. G Lover, Teachers Ins. and Annuity 
Assn., New York, N. Y. 

W. C. Graustetn, Harvard University 


E. S. HaMmonp, Bowdoin College ; 

E. R. HEprRick, University of California at 
Los Angeles 

A. O. Hickson, Duke University 

T. H. HILDEBRANDT, University of Michigan 

EINAR HILte, Princeton University 

T. R. Hottcrort, Wells College 

E. V. Huntineton, Harvard University 

W. A. Hurwitz, Cornell University 


M. H. INGRAHAM, University of Wisconsin 


DUNHAM JACKSON, University of Minnesota 

R. L. Jerrery, Acadia University 

R. A. JoHNson, Brooklyn College of the City 
of New York 

F. E. JoHnston, George Washington University 

F, C. Jonau, Western Reserve University 


HERMAN Karnow, Brown University 

O. D. Kettoce, Harvard University 

A. J. KEMpNER, University of Colorado 
CLARIBEL KENDALL, University of Colorado 
B. F. KIimBati, University of New Hampshire 
F. W. Koxomoor, University of Florida 

H. W. Kuan, Ohio State University 

J. H. Kusner, University of Florida 


W. D. LamBert, U. S. Coast and Geodetic 
Survey, Washington, D. C. 

R. E. LANGER, University of Wisconsin 

SoLoMon LEFScHETz, Princeton University 

S. B. LirravEer, Massachusetts Institute of 
Technology 
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E. E. LinMAN, General Electric Co., Schenec- 
tady, N. Y. 

Mrs. Mayme I. 
Chicago 

J. J. Lucx, University of Virginia 


Locspon, University of 


C. C. MAcDuFFEE, Ohio State University 

J. A. McLauca.in, St. Bonaventure’s College 

H. P. MANNING, Brown University 

EMILIE N. Martin, Mount Holyoke College 

A. E. MeEpeEr, Jr., New Jersey College for 
Women 

HELEN A. MERRILL, Wellesley College 

E. J. MiLes, Yale University 

NorMAN MILLER, Queen’s University 

E. B. Mone, Boston University 

E. C. Motina, Amer. Tel. and Tel. Co., New 
York, N. Y. 

C. L. E. Moore, Massachusetts Institute of 
Technology 

C. N. Moore, University of Cincinnati 

L. T. Moore, Yale University 

R. K. Morey, Worcester Polytechnic Insti- 
tute 

RICHARD Morris, Rutgers University 

Marston Morse, Harvard University 

Davin Mosxkovitz, Brown University 

F. H. Murray, Amer. Tel. and Tel. Co., New 
York, N. Y. 

J. R. MussELMAN, Western Reserve University 


J. H. NEELLEY, Carnegie Institute of Tech- 
nology 


H. L. Otson, Michigan State College 
F, W. OwEns, Pennsylvania State College 
Mrs. F. W. OWENS, State College, Pa. 


ANNA B, PECKHAM, Denison University 

F. W. PERKINS, Dartmouth College 

H. R. PHALEN, St. Stephen’s College 

JAMES PIERPONT, Yale University 

WINNIFRED F. Pine, St. Margaret’s School, 
Waterbury, Conn. 

HILLEL PoritsKy, General Electric Co., 
Schenectady, N. Y. 

G. B. Price, Harvard University 

KE. J. PURCELL, University of Colorado 


SUSAN M. Ramo, Smith College 

W. R. Ransom, Tufts College 

S. E. Rasor, Ohio State University 

A. G. Rau, Moravian College 

C. J. REEs, University of Delaware 

Mina S. REEs, Hunter College 

C. N. REYNOLDs, West Virginia University 
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Harris Rice, Worcester Polytechnic Institute 

R. G. D. RicHarpson, Brown University 

L. V. Rosinson, Harvard University 

RoBIN RoBINnson, Dartmouth College 

C. F. Roos, Cornell University 

M. F. Rosskopr, Brown University 

GEORGE RUTLEDGE, Massachusetts Institute of 
Technology 


S. A. SCHELKUNOFF, Bell Telephone Labora- 
tories, New York, N. Y. 

CAROLINE E. SEELY, New York, N. Y. 

R. S. SHaw, College of the City of New York 

I, M. SHEFFER, Pennsylvania State College 

W. A. SHEWHART, Bell Telephone Laboratories, 
New York, N. Y. 

W. G. Simon, Western Reserve University 

Lao G. Simons, Hunter College 

T. M. Simpson, University of Florida 

E. B. SKINNER, University of Wisconsin 

H. E. StauGut, University of Chicago 

H. L. SLosin, University of New Hampshire 

C. H. SmMILeEy, Brown University 

CLARA E, SMITH, Wellesley College 

W. M. Situ, Lafayette College 

VIRGIL SNYDER, Cornell University 

JOsEPH SPEAR, Northeastern University 

May J. SPERRY, Syracuse University 

C. C. Spooner, State Normal 
Marquette, Mich. 

ELIZABETH TIT. STAFFORD, Texas Technological 
College 

Marion E. Stark, Wellesley College 

W. P. SuEsmMAN, Providence, R. I. 

Mary C. Surra, Elmira College 


School, 


J. D. TamMarxIn, Brown University 

T. Y. THomas, Princeton University 

MARIAN M. Torrey, Goucher College 

J. I. Tracey, Yale University 

Brrp M. Turner, West Virginia University 
A. C. TYLER, Providence Country Day School 


OSWALD VEBLEN, Princeton University 
C. H. VEHSE, West Virginia University 


J. L. Watsu, Harvard University 

A. C. WASHBURNE, Berkshire Life Ins. Co., 
Pittsfield, Mass. 

C. W. WaTKEvs, University of Rochester 

WARREN WEAVER, University of Wisconsin 

V. H. WELLS, Williams College 

EVELYN P. WIGGIN, Randolph-Macon Woman’s 
College 

C. E. Witper, Dartmouth College 
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R. L. WiLpeEr, University of Michigan RoutH G. Woop, Smith College 

ELLEN E. WILEy, Middlebury College F. S. Woops, Massachusetts Institute of 
A. H. Witson, Haverford College Technology 

ELIzABETH W. Witson, Cambridge, Mass. Frances M. Wricut, Elmira College 

W. A. Witson, Yale University J. W. Younc, Dartmouth College 


The meeting at Providence was characterized by the very extensive plans 
formed for the entertainment of the guests. They were comfortably housed in 
the dormitories of Pembroke College of the University, and enjoyed the con- 
venience of having their meals together in the dining room of Alumnae Hall. 
The parlors of this hall were continuously used as meeting places throughout 
each day and evening. 

On Monday afternoon a large party was shown about Providence under 
the guidance of Mr. Norman M. Isham, an authority on Colonial architecture 
and furniture; numerous examples of New England architecture were visited. 
Monday evening President and Mrs. Clarence A. Barbour with Vice President 
and Mrs. Albert D. Mead received the guests in the parlors of Alumnae Hall, 
a welcoming speech was made by Doctor Barbour and delectable refreshments 
were afterward served. On Tuesday afternoon the ladies of the department of 
mathematics of Brown University served tea to the visiting guests. 

Wednesday afternoon was observed as a half holiday, giving opportunity 
for the guests to go in automobiles or by bus to Newport, where they followed 
first the Shore Drive past beautiful estates, then the Cliff Walk of three and 
one half miles to the Casino, where a real shore dinner was served. On Thursday 
afternoon an opportunity was given to drive about the city, particularly to the 
beautiful Roger Williams Park and other scenic parts of Providence. The 
mathematicians were indebted to Miss Margaret Stillwell, custodian of 
the Annmary Brown Memorial, and to Mr. Lawrence Wroth, librarian of 
the John Carter Brown Library, for interesting special exhibits and many 
courtesies. Professor R. C. Archibald was frequently on duty throughout the 
week to show visitors the very remarkable mathematical library situated on 
the second floor of Wilson Hall, and cordial welcome was extended to the 
mathematicians to work in the library before or after the meetings; numerous 
visitors availed themselves of the opportunity to visit and to use the library. 
A resolution was adopted by rising vote at the close of the sessions of the 
Association expressing our appreciation of the fine hospitality shown by the 
administration and the department of mathematics of Brown University, 
and of the efficient service rendered by the committee on arrangements and 
the program committee. 

The American Mathematical Society held its thirty-sixth summer meeting 
and fourteenth colloquium from Tuesday to Friday, with lectures by Professor 
Solomon Lefschetz of Princeton University on “Topology.” A very gratifying 
increase in enrollment is to be noted as the colloquium lectures follow from 
summer to summer. Addresses were also given by Professor T. H. Hildebrandt 
of the University of Michigan and Professor J. D. Tamarkin of Brown Uni- 
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versity on topics in the general theory of linear operations and integral equa- 
tions. Sessions for the reading of papers were held on Tuesday afternoon, 
Wednesday morning, and Thursday morning and afternoon. 

The Mathematical Association held sessions on Monday afternoon and 
Tuesday morning, President Young presiding at the first session and Professor 
Kempner at the second session. An excellent program had been arranged by 
a committee consisting of Professors Marston Morse (chairman), A. A. Bennett, 
Lennie P. Copeland, and E. P. Lane. Abstracts of some of the papers are given, 
numbered in accordance with the numbers of the papers. 


First SESSION OF THE ASSOCIATION 


(1) “Heaviside operational calculus” by Dr. J. J. Smitu, General Electric 
Company. 

(2) “Random sampling” (illustrated) by Dr. W. A. SHEWHART, Bell 
Telephone Laboratories. 

(3) “Teaching and research in mathematics” by Professor W. A. HURWITZ, 
Cornell University. 

1. The paper of Dr. Smith will appear in an early i issue of the Monthly. 

2. Dr. Shewhart’s paper will also appear soon in the Monthly. 


SECOND SESSION OF THE ASSOCIATION 


(4) “Italian contributions to modern mathematics” by Professor ENRICO 
BomPIANI, Rome, Italy. 

(5) “A mathematical theory of harmony and melody” (illustrated) by 
Professor G. D. BirKHoFF, Harvard University. 

(6) “The summer school for teachers of mathematics” by Professor H. P. 
HAMMOND, Director of summer school, Society for the Promotion of Engineer- 
ing Education. 

4. The Mathematical Association was greatly honored in having Professor 
Bompiani accept its invitation to speak at this summer meeting. He had been 
lecturing the past summer quarter at the University of Chicago, and is lecturing 
for a part of the present academic year in eastern universities. His presence at 
the meetings of the mathematical organizations brought with it much pleasure 
and he won many new friends by his geniality and pleasing personality. The 
paper will appear in a later issue of the Monthly. 

5. Professor Birkhoff, assisted by Professor Marston Morse at the piano, 
developed a theory of harmony in which a comparison of chords and sequences 
of chords was effected by means of an analysis of the underlying aesthetic 
factors and application of a formula presented by him before the International 
Mathematical Congress of Bologna of 1928. The possibility of a similar treat- 
ment of simple melodies was also outlined. These conclusions will be contained 
in a book on the “Mathematical Elements in Art” which Professor Birkhoff is 
preparing. 

6. The Summer School for Engineering Teachers, of the Society for the 
Promotion of Engineering Education, holds a particular interest this year for 
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teachers of mathematics, since it is probable that one of the sessions to be held 
during the summer of 1931 will be devoted to the study of methods of teaching 
mathematics to engineering students. 

The Summer School had its inception in the general investigation of 
Engineering Education, conducted by the Society for the Promotion of 
Engineering Education in the years 1924 to 1929, inclusive. It is a continuing 
enterprise which has as its purpose concrete measures for the improvement of 
instruction in engineering. When it was established in 1927 there were no 
precedents for such an enterprise in higher education in America, and but one 
similar undertaking is now conducted, namely—the Summer School for 
Teachers of Engineering of Great Britain. 

Since its establishment seven sessions of the Summer School have been held, 
as follows: 

In 1927—Mechanics, at Cornell University and at the University of 
Wisconsin. 

In 1928—Physics, at the Massachusetts Institute of Technology, and 
Electrica] Engineering at the University of Pittsburgh. 

In 1929—Mechanical Engineering at Purdue University. 

In 1930—Engineering Drawing and Descriptive Geometry at the Carnegie 
Institute of Technology and Civil Engineering at Yale University. 

From small beginnings, with forty teachers in attendance at each session 
the Summer School has grown to considerable proportions, the session of 1930 
having been attended by a total of 190 teachers. Since its beginning, nearly 500 
teachers have attended the sessions and the staffs have numbered nearly 200. 

An idea of the nature of one of these sessions can be secured from a brief 
account of one of them. The program of the physics session was divided into 
a number of subdivisions: 

No. 1. Educational principles and practices; for the study of the general 
principles of teaching. This division was under the direction of Professor Walter 
F. Dearborn, of the Graduate School of Education of Harvard University. 

No. 2. Methods of teaching and subject matter of college courses in physics 
for engineers. This was the principal division of the program and was conducted 
under the direction of a full-time teaching staff, which included Professors W. S. 
Franklin, of Massachusetts Institute of Technology, O. M. Stewart, of the 
University of Missouri, and A. W. Duff, of Worcester Polytechnic Institute. 

No. 3. The correlation of physics with other subjects of instruction, 
conducted under the leadership chiefly of teachers of engineering and of sub- 
jects related closely to physics.. 

No. 4. Applications of physical laws, a division in charge of practicing 
engineers and scientists. 

No.5. Advanced physics, a series of lectures conducted by prominent 
physicists from colleges and industries. 

No. 6. Committee reports prepared by groups of members of the session 
on problems of importance in the teaching of physics. 
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No. 7. General lectures and recreation. 

In accordance with the general plan, the Summer School sessions on different 
subjects or divisions of the curriculum are conducted each year in different 
institutions throughout the country. It is planned in this way, during a course 
of years, to cover all of the important divisions of engineering education and 
so to locate the sessions as to have them readily accessible to teachers in different 
parts of the country. It is notable, however, that all of the sessions thus far 
have been attended by men from widely separated localities. The session on 
civil engineering, in 1930, for example, numbered among its attendants repre- 
sentatives of thirty states and provinces of Canada and from one foreign 
country. Sixty different collegiate institutions were represented. 

Members of the sessions are also widely representative of the different 
teaching grades and degrees of experiences, one of the sessions numbering, as 
an illustration, three deans, thirty professors, seventeen associate professors 
thirty assistant professors, and fourteen instructors. 

The staffs of the sessions are recruited from among the foremost teachers, 
scientists and engineers of the country. They read, in fact, like a section from 
“Who’s Who in Engineering Education.” 

The meetings are conducted through formal lectures, discussion periods, 
seminars, model teaching exercises, and committee work. 

Of equal importance with the regular meetings are the informal gatherings 
of the teachers throughout the sessions for the discussion of their mutual 
problems. Arrangements are made at each session so that the entire group can 
live together for the period of the session, generally in one of the dormitories of 
the institution. Organized recreational features are provided. 

When the Summer School was begun in 1927, the initiative for holding the 
sessions came from the Board and staff of the Society for the Promotion of 
Engineering Education, in charge of the work. For the past two or three years, 
however, the sessions have been held as the result of invitations received from 
groups or organizations of teachers. The American Mathematical Society 
and the Mathematical Association of America have thus expressed a desire to 
have one of the sessions devoted to the teaching of mathematics, and the Society 
for the Promotion of Engineering Education, through action of its Council, 
has approved the holding of such a session if the necessary arrangements can 
be made. The University of Minnesota has extended the invitation to hold this 
meeting at Minneapolis just prior to the meetings of the two mathematical 
societies in September, 1930. It is probable that the session will open on 
August 24 and close on September 5. The program will be devoted to educational 
principles, to the content and method of teaching mathematics, correlation with 
other subjects of the engineering curriculum, to advanced mathematics, and 
a number of other sub-divisions. 

Applications to attend this session may be addressed to H. P. Hammond, 
Director of Summer School, Society for the Promotion of Engineering Educa- 
tion, 99 Livingston St., Brooklyn, N. Y. 
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MEETING OF THE BOARD OF TRUSTEES 


Eight trustees were present at the meeting on Monday evening, Professors 
Hedrick, Huntington and Jackson being also present by invitation. 

The trustees appointed Professor Lao G. Simons of Hunter College as a 
trustee to fill the vacancy occasioned by the death of Professor Cajori; she will 
serve until January 1932. A suitable resolution recognizing the Association's 
loss in Professor Cajori’s death will be offered at the time of the annual meeting 


in December. 


The following thirty-eight persons were elected to membership on applica- 


tions duly certified: 


To Individual Membership 


C. E. Amos, B.Sc. (Denison). Grad. Asst., 
Ohio State Univ., Columbus, Ohio. 

BRoTHER ANSELM, A.B. (Mt. St. Joseph’s 
Coll.). Teacher, St. Xavier High School, 
Louisville, Ky. 

W. E. Bosertz, M.S.E. (Michigan). Research 
Dept., Westinghouse Elec. and Mfg. Co., 
Wilkinsburg, Pa. 

ANTHONY Braun, A.M. (Catholic Univ.). 
Monastery, Washington, D.C. 

J. O. CHELLEVoLD, A.M. (Northwestern). 
Asst. Prof., St. Paul-Luther Coll., St. Paul, 
Minn. 

H. V. Craic, Ph.D. (Wisconsin). Adj. Prof., 
Univ. of Texas, Austin, Tex. 

H. B. Curry, Ph.D. (G'ttingen). Asst. Prof., 
Pennsylvania State Coll., State College, Pa. 

J. D. Dawson, M.S. (Ohio State).  Prof., 
Antioch Coll., Yellow Springs, Ohio. 

J. M. Fein, A.B., Chem. E. (Columbia). Instr., 
Columbia Coll., New York, N. Y. 

ORRIN FRINK, JR., Ph.D. (Columbia). Asso. 
Prof., Pennsylvania State Coll., State College 
Pa. 

H. A. GARABEDIAN, B.S. (Tufts). (F.A.S. 
1930). Asst. Mathematician, John Hancock 
Mut. Life Ins. Co., Boston, Mass. 

GracE T. Gunn, A.M. (Northwestern). Univ. 
of Omaha, Omaha, Nebr. 

J. D. Hitz, A.B. (California at L.A.). Asst., 
Univ. of California at Los Angeles, Los 
Angeles, Calif. 

J. A. Hurry, A.M. (California). 
Head of Dept., Western State 
Gunnison, Colo. 

C. E. Ketitam, A.M. (Chicago). Head of Dept., 
East Chicago High Schools, East Chicago, 
Ind. 


Prof. and 
Coll., 


V. V. LatsHaw, Ph.D. (Indiana). Head of 
Dept., State Teachers Coll., Hays, Kans. 
Ravtpo LEFEvER, A.M. (Nebraska). Strang, 

Nebr. 

M. M. Lemme, A.M. (Indiana). Instr., Univ. 
of City of Toledo, Toledo, Ohio. 

R. H. MacCuttouau, M.S. (Lafayette). Prof., 
Defiance Coll., Defiance, Ohio. 

I. J. MacDonatp, M.S. (St. Bonaventure’s 
Coll.). Oratory Prep. School, Summit, N. J. 

H. B. MacDoucat, M.S. (Iowa). South 
Dakota State Coll., Brookings, S. Dak. 

EpitH A. McDouc te, A.B. (Delaware). Instr., 
Women’s Coll., Univ. of Delaware, Newark, 
Del. 

James McGirrert, Ph.D. (Columbia). Prof., 
Grad. Dept., Rensselaer Polytech. Inst., 
Troy, N. Y. 

H. E. Menke, A.M. (Ohio State). Asst. Prof., 
Otterbein Coll., Westerville, Ohio. 

T. C. Morenouse, Mgr. College Dept., The 
Macmillan Co., New York, N. Y. 

J. D. Novak, B.S. (Gettysburg). 
Chicago, Chicago, IIl. 

RUFUS OLDENBURGER, M.S. (Chicago). Instr., 
Univ. of Michigan, Ann Arbor, Mich. 

OYSTEIN ORE, Ph.D. Prof., Yale Univ., New 
Haven, Conn. 

BROTHER Pau.inus, A.B. (Mt. St. Joseph’s 
Coll.). Instr., St. Xavier High School, 
Louisville, Ky. 

Mary S. Paxton, A.M. (Indiana). Teacher, 
S. S. High School, Fort Wayne, Ind. 

James Pierpont, Ph.D. (Vienna). 
Yale Univ., New Haven, Conn. 

WINNIFRED F. Pine, A.B. (Brown). Teacher, 
St. Margaret’s School, Waterbury, Conn. 

RutH B. RAasmuseEn, M.S. (Chicago). Instr., 
South Dakota State Coll., Brookings, S. Dak. 


Univ. of 


Prof., 
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C. G. Reen, M.S.E. (Michigan). Asst. Prof, H. A. Toops, Ph.D. (Columbia). — Prof., 


Civil Eng., Gettysburg Coll., Gettysburg, Pa. Psychology, Ohio State Univ., Columbus, 
H. F. Ries, A.B. (Michigan). Asst. Actuary, Ohio. 

Guaranty Life Ins. Co., Davenport, Iowa. MARQUESS WALLACE, A.B. (Westminster Coll., 
FLoRA M. STREETMAN, A.M. (Rice Inst.). Fulton, Mo.). Prin., and head of Dept., 

Houston, Tex. Missouri Milit. Acad., Mexico, Mo. 


Aside from routine business of the trustees, a report was presented by 
Professor Dunham Jackson, chairman, of the Committee on Geometry, a joint 
committee of the Mathematical Association and the National Council of 
Teachers of Mathematics. This is to be sent to the trustees in mimeographed 
form with a view to action at the December meeting. 

W. D. Cartrns, Secretary 


FLORIAN CAJORI 


By LAO G. SIMONS, Hunter College of the City of New York 


The death of Professor Florian Cajori occurred on August 14, 1930. He 
had undergone an operation toward the end of last year, but had satisfactorily 
recovered. The suddenness of the event increased the regret that followed upon 
its announcement. 

Professor Cajori was born at St. Aignan near Thusis, Canton of Grisons, 
Switzerland, on February 28, 1859. He came to the United States in 1875 and 
in the course of time became a naturalized American citizen. His early education 
was obtained in Zillis, Thusis, then at the Kantonsschule in Chur (Grisons) and 
later at the State Normal School in Whitewater, Wisconsin. He received the 
degree of B.S. in 1883 and M.S. in 1886, both from the University of Wisconsin, 
(spending one year at this time as a student at Johns Hopkins University) and 
the degree of Ph.D. from Tulane University in 1894. The honorary degree of 
LL.D. was conferred upon him by Colorado College in 1913, that of Sc.D. by 
the University of Wisconsin in 1913, and the LL.D. again by the University of 
California in 1930. 

Professor Cajori was associated professionally with Tulane University and 
Colorado College from 1885 to 1918 except for one year spent with the United 
States Bureau of Education. He was appointed professor of the history of 
mathematics at the University of California on July 1, 1918 and served in 
that capacity until July 1, 1929, when he retired with the title of professor of 
the history of mathematics, emeritus. He was a member of many scientific 
societies, among them: the Association of University Professors, the American 
Association for the Advancement of Science, the History of Science Society, 
the American Mathematical Society, the Mathematical Association of America, 
the National Council of Teachers of Mathematics, the Deutsche Mathematiker 
Vereinigung, and the Circolo Matematico di Palermo. 

As already stated in the October issue of this Monthly, “he was a charter 
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member of the Mathematical Association of America and was one of an 
original group of four (later enlarged to twelve) representatives of mid-western 
universities and colleges who made possible the re-establishment of the American 
Mathematical Monthly on a sound financial basis.” He served as the Associa- 
tion’s president during 1917. 

He was a member of the “National Conference of Ten” of the National 
Education Association “Committee of Ten”, 1892, and a member of the 
“Geometry Syllabus Committee of Fifteen” 1910-1913, vice-president of the 
History of Science Society, 1924-1925, the first year of its existence. The last 
recognition that came to him from historical organizations was his election 
in 1929 as president of the Comité International d’Histoire des Sciences. 

He was a familiar figure at meetings until recent years when he felt that the 
time consumed in this way must be spent on his own researches and writings. 
His last personal appearance on a program was at the History of Science Society 
meeting in Durham, North Carolina, last Christmas week when he read a paper 
on “A Century of American Geodesy.” 

Professor Cajori’s special field was the history of mathematics. He was a 
pioneer in it in the United States and an indefatigable worker from as early as 
1890, when his book on The Teaching and History of Mathematics in the United 
States was published by the U. S. Bureau of Education, until his death. A re- 
markable variety of articles and reviews in magazines flowed from his pen, the 
number from 1918 to 1930 exceeding one hundred-thirty. In addition, he 
published a number of books. His work entitled History of Mathematics 
appeared first in 1894 and A HAtstory of Elementary Mathematics with Hints on 
Methods of Teaching in 1896. (A later edition of the latter was translated into 
Japanese and published in Tokyo in 1929.) These were followed by History of 
Physics, 1899; Abschnitt XX in M. Cantor’s Vorlesungen tiber Geschichte der 
Mathematik, 1908; History of the Logarithmic Slide Rule, 1909; William Oughtred, 
1916; History of the Conceptions of Limits and Fluxtons in Great Britain from 
Newton to Woodhouse, 1918; The Early Mathematical Sciences in North and South 
America, 1928; Mathematics in Liberal Education, 1928; Checquered Career of 
Ferdinand Rudolph Hassler, 1929; History of Mathematical Notations, in two 
volumes, 1928-1929. 

The following books were about ready for publication at the time of Pro- 
fessor Cajori’s death and will be printed in the near future: Newton's “Princtpia”’ 
and Newton’s “Optics.” 

Particularly valuable contributions by Professor Cajori are found in 
Sir Isaac Newton, 1727-1927, published in 1928 and A Source Book in Mathe- 
matics, 1930. Interspersed during these years are several elementary and 
college textbooks. The words on the memorial over the tomb of Sir Christopher 
Wren in St. Paul’s Cathedral, London, “Lector, si monumentum requiris, 
circumspice”, may well be transferred from stone to living words in the case of 
this historian of mathematics. 

The ability of Professor Cajori to do continuous, concentrated work was 
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phenomenal. The painstaking effort of years went into his monumental work 
A History of Mathematical Notations. Such a result as this is the outcome of 
endless search, powers of observation and an almost miraculous recognition of 
possible sources of information. He was like a magnet in his chosen field 
working to draw items of interest to himself, and when he came to combine 
these items into the written work, his acute observations and deductions made 
his writings no mere recital of facts, valuable as this might have been. Instead 
there are the suggestions as to improvement along many lines which a study of 
history would provide. 

Professor Cajori had a charm of personality that made him an endearing 
character to those with whom he came in contact. He was a fine type of 
gentleman, interesting to listen to and interesting to talk to. His influence was 
far-reaching extending to his students and colleagues, to his associates around 
the world in many lines of research, and to a wide circle of friends. That in- 
fluence will continue to be felt through the presence of the man in his historical 
writings. 


A GENERALIZED FOURIER SERIES REPRESENTATION 
OF A FUNCTION 


By W. O. PENNELL, St. Louis, Mo. 
Introduction 


This paper describes a general method of obtaining, by operational analysis, 
a quasi Fourier series S(x) representing a function f(x) as follows: 


(1) S(a) = b"f(a — na), na< x < (n+ I)a, 


where ” takes on positive and negative integral values including zero, 0 is any 
real constant, and f(x) is a function defined in the interval 0<x<a. If unity 
is substituted for b the series reduces to the classical Fourier series for f(x). 
O0<x <a. 

It will be noted that if S,(«) denote the Fourier series for f(x)b~*/* for the 
interval 0<x«<a then 


(2) Sila) = fla — najbor9le na<cax<(n+ 1a 


where as in (1) takes on positive and negative integral values including 0. 
By multiplying both sides of (2) by 07/* we get 


Si(4)b7/* = b"f(x — na) 


which is the same as (1). It is obvious then that the series (1) may be obtained 
by multiplying by 0*/¢ the classical Fourier series for f(x)b7*/*, 0<x <a. 

Heaviside, in his Electromagnetic Theory, vol. 2, discussed operational 
methods of obtaining Fourier series for certain functions, but as far as the 
author is aware no general method of obtaining Fourier series for a function 
by operational means has been published. 
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Deduction of Formula 


There is an operator e~*? known as the translation’ operator which has the 
property of shifting the operand to the right or to the left a distance a, according 
to whether a is positive or negative. That is e?f(x)=f(x—a). This is true 
whether f(x) (subject to certain restriction) is continuous or discontinuous. The 
proof of this action of the operator may be obtained for positive values of x 
rather easily from an application of Carson’s integral equation’ and for nega- 
tive values of x from an application of a modified form of Carson’s equation. 

Now if we write 


eo? (e? + b)~If(x) P(x), 


where f(x) is the function for which we wish to obtain the generalized or quasi 
Fourier series and where P(x) is a “pulse” defined:as follows: 


P(x) = 1, 0O< «<a, 
1 w«=Oand «=a, 
= 0, «>a, 
=0, «<0, 
we get by expanding the operator by long division: 
(3) €(ea? + b)-4f(x) P(x) = [1 — bene? + be Pe? — - + = | f(x) PCa) 
= f(x) P(«) —bf(a—a)P(a—a)+0?f(a—2a)P(x—2a)— ++: 
which is evidently the right half of the series we wish or that portion of (1) for 
which 220. 
(3) can be expressed in operational form as follows: 
f(a)P(x) = f(x) [1@) — 1(x—a)|, where 1(x) is the unit® function, 
that iswhere 1(v) = 1, «> 0, 
= 0, *+< 0, 


, « = 0, 


ble 


f(a)1(x) — 9? f(x + a)1(a), 
[F(p) — €97p(p) ]1 (x) 


where F(p) and ¥(~) are the operational equivalents’ of f(x) and f(x-+a) 
respectively. 


I 


1 This name was apparently first given to this operator by Oliver Heaviside in his Electro- 
magnetic Theory, Vol. 2, page 111. 

2 See Electric Circust Theory and the Operational Calculus, by J. C. Carson. (Published by the 
McGraw-Hill Book Co.) 

3 Many writers have defined the unit function as having all values between 0 and 1 for x =0. 
The definition given satisfies Dirichlet’s condition and conforms with the results obtained at the 
points of discontinuity by a Fourier series. 

4See Heaviside’s Operational Calculus, by Berg (McGraw-Hill Co., 1929), Electric Circuit 
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So 
(4) e7P(er? + 5) 1 f(a) P(x) = [et (p) — W(p) ](e%? + 6) 1(a). 


The left hand half of the series or that part of (1) for which 7 is negative 
is evidently given by 


(5) — €97(b + 69)" 'f(x) P(x) = — b'f(x + a)P(x + a) 
+ b-*f(a + 2a)P(x% + 2a) — b-3f(~ + 3a)P(x + 3a) + «> 
(5) may be expressed in operational form as follows: 


f(a) P(x) = f(x) [1(— « + a) — 1(- «)] 
= € *?f(% + a)1(— x) — f(x)1(— x) 
= [e~*7p(p) — F(p) ]1(— x). 
So 
(6) — €97(b + €%?)“1f(%) P(x) = [e*?F(p) — Wp) (0 + €27)“M(— x). 


(4) is 0 if x<O and represents the series of x >0. | 
(6) is 0 if x>0 and represents the series of x <0. 
(4)-+(6) represents the series for all values of x. 


But 
(7) (4) + (6) = [e*”F(p) — ¥(p)](b + e*)*[1(x) + 1(- x)] 


[er?F(p) — ¥(p) ]( + 7”), 


since 1(«) -+1(— x) =1. 
If expression (7) is evaluated by the Heaviside expansion theorem or some 
other recognized operational method the generalized Fourier series is obtained. 
It has not been rigorously demonstrated that the expansion theorem applies 
to an expression like («¢?-++5)—! or (e?—b). Regarding » as an algebraic 
quantity and by starting from the known! equality, 


°° — 8ap 
=) 


€ oP + €@P n=1,2...(2” — 1)*r? + 4a*p? 


e °P — €%P 


by rather simple algebraic manipulations we get 


1 1 2 -° ap — log, b 


(8) => —S 


——__—_____—__———,; §> 0. 
eeP +h 26 b  nmi,3,5... NW’? + (ap — log. 6)? 


Theory & Operational Calculus, by J. R. Carson, (McGraw-Hill Co., 1926, Operational Circuit 
Analysis, by Bush (John Wiley and Sons, 1929), The Practical A pplication of the Fourier Integral, 
by Campbell (Bell System Technical Journal, October, 1928), Generalization of Heaviside’s Ex- 
pansion Theorem, by Pennell (Bell System Technical Journal, August, 1929), Heaviside’s Electric 
Circuit Theory, by Cohen (McGraw-Hill Co., 1928), Electromagnetic Theory, by Oliver Heaviside, 
Vols. 2 & 3. 

5 Chrystal’s Algebra, Vol. 2, page 338. 
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Similarly by starting with the known expansion of 
(eo? + €~¢?) (e%? — €—¢P)—1 ; 


it can be shown that 


(9) = — 4 Oy FS 
erp — b 2b = b( ap — log, b) b n=1,2,3-- 40x? + (ap — log. b)? 


Applying the Heaviside expansion theorem to the partial fractions on the right 
of (8) and (9) we get 


(10) 1 _ 1 _ i > 2nrb*!4 sin nrx/a+2(log, b)b7/* cos n/a b> 0 
erP+bhb 1+06 D n=1,3,5°° log. b + n?r? 
and 
1 j(zla)—1 
pnb Tobe log. b 
2 - —s-b!* log, b cos 2nwx/a + 2nrb*!* sin 2nrx/a 
TS we pee log? b + 4n?x? 


If we apply the expansion theorem directly to (e*7-+0)—!, b>0 we get the same 
result as by (10). 
If, however, we apply the expansion theorem directly to (e7?—b)—!, b>0, we 
get the same result as given by (11) except that the term 0%/”—1/log,d is missing. 
The expansion theorem cannot then be applied directly to an expression 
e??(e7? —b)—1, b>O-unless the extra term is added to the result. 
We will now obtain the generalized Fourier series for several functions. 
Example 1: Find a series to represent f(x) such that 


f(x) = 1, 0O<x<a, 
=1-4, a<x«< 2a, 
1-—6+0%, <x < 3a, etc. 


Here the pulse is an infinite one, namely 1(x). The operational expression is 
e7P(e2P + 6)-11(x%) = I(x) — de 2P1 (x) + 07-22? 1(x) +: - 
= 1(x) — d1(x — a) + B71(x% — 2a)--:- 
To evaluate €7?1(x)(e¢?-+5)—! remember that the expansion theorem is given by 
¥(6) _¥(O) | yx YU) 
Z(p)  Z(0) rn PrZ' (Pn) 
where p, =the roots of Z(p)=0. In this case Y(p) =e, pZ’p=ape”, and 
b,=the roots of (€¢? = —b) 


=ntt/a-+ (log.b) /a, 
n=+1, +3,-- 


Pp 
EPn® , 


(12) 
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So 
f(a) Eo? 1 4 ErPn 
X= = -_— —_— PyXr 
emt bh 14d aprerPn 
. 1 00 enrix/a + x/a log, b 
-J yy eee 
1+6 41,43... nit + log. b 
1 id cos urx/a 
13 (x) = —— + 26/4 log, b — 
(13) Ie) 1+6 5 ie. wa? > loge 
id n sin nrx/a 


+ 2rbz!e >» 


" m=1 48,5... nog? + log? 6 ) 
In case b =1 (13) reduces to 


2 sin nrx/a 


2 


W  1,8,5,... nN 


1 
(14) f(x) = aD + 


} 


which is the classical Fourier series for 
f(*) = 1, 0< “<a, 
= Q, a<u< 2a, 
1, 2a<x«< 3a, ete. 


The values of (13) for b=$, a=1, and for the first three approximation curves 
have been calculated and plotted on Fig. I. The Gibbs effect will be seen at 
x=0, 1, 2, 3, etc. 

The first wave between x =0 and x =1 is obviously the same as for the corre- 
sponding wave in the classical series where }=1. On Fig. I-A has been plotted 
and superimposed upon the generalized curve, the first wave of the Fourier 
curve, and it will be seen that the two waves are practically identical. 


Example 2: Find the series for f(x) when 
f(x) = e?, 0<n<e, 
= — be*, C¢< x" < 26, 
+ be", 26 << uw < 3c, ete. 


The pulse is 
P(x) 


e*[1(x%) — 1(% — c)] 

= p(p — 1)" (%) — emePer te (x) 

[P(p — 1)" — plp — 1)~le*Pe* Ji (x), since e* = p(p — 1)71. 

So the operational expression for the series is 

(15) —— | + _? —| (a) = | ee |r. 
e>+oLp—1 p—1 (p—1)er+5 (p—Dlerth) 


Evaluating (15) by the expansion theorem we get 
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cos (nrx/c) 
nn? + (log. b — c)? 
n sin (nx / C) 


(16) f(w) = 2(6 + &) (log. b — c)b(e/-1 > 


2(b C) af (zle)—-1 — 
F200 ee x we + (log. b — c)2 


AA Ae 
CCEA 
Tei ar taecare 
ee ee es a eee 
ee eee ceeeaccees 
A se ees 
ie seascataee 
G- TA 

CAPT 

on 

oe 

a 
Eee 


it ae 
iT ae 
fe fam oe 


If b=1, (16) reduces to the classical Fourier series 
n sin (nrx/c) 


7) fa) = 2+) PERE ape) Dv 


3 
nx? + ¢? n=1,3,5... Nx? + ¢? 


cos(nrx/ c) 


[November, 
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where 


f(x) = e, 


0O<x*<e, 


=— ee" 6€< “x < 2c, 


2¢6< 4 < 3¢, etc. 


ere, 


HERE EERE EEE 
ttt TER] | Lee | | is 
tt ft am 
TEELEELELELELT Ia TTT 
———<—$—+$ —— Tt A A A ' SS 

aoe Se 
lo 

TED 

TsHehti tt] Tt TTT yy yy 
{| San Sanne am. ~o Suenos sees ee ee 


Here also the Gibbs effect is 


Fig. II-A shows the third approximation curve superimposed upon the 


Fig. II shows the first 3 approximation curves. 
ultimate curve. 


seen. 
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Example 3: Find the series for 


Tv Tv 
f(«) = cos «, ~ BZ StS y’ 


vin Tv 
b cos x, —< “x <—-; 
2 2 


I 
S 
O 
f 
8 
| 
| 
A 
8 
rX 
& 
O 


The pulse is 
P(x) = (cos «)1(a + $2) — I(x — $7) 
= [e(t!2)? cos (a — gr) — €— 7/2)? cos (x + gr) J1(«) 
= ¢€(7/2)P (sin x) 1(x) + €(-7/2)? (sin %)1(x) 
eID 99(p 4 AY(x) $e ¥/>>p(p2 + 1-M(a) 
since sin x = p(p? +1). 


The operational expression for the wave is 
™ p p e (87/2) p p e(r/2)p 


= — ——_——] — —__-] 
mee me ety GED FD 


Solving (18) by the expansion theorem we get 


(b1/2 — b-1/2) > 2(1— n? + mw? loge? 6) cos n(x-+ gm) + 4na log. b sin n(x-+ fxr) 
T nal bobo [(m + 1)? + 2? log.2b | [(m — 1)? + w-? log. | 


(18) (x). 


(19) f(x) = bel 


The three first approximation curves are shown on Fig. III for the value 6 =4. 
Each half of the wave is a perfect sine curve, with the same wave length, but 
the amplitude of the 2nd half wave is one half that of the first. This is an 
entirely different curve from one in which the damping factor is exponential as 
for instance e~ cos x. 

When } =1, (19) becomes equal to cos x which is the same result as obtained 
by Fourier series. 

Example 4: Find the series for 


f(a“) = 4, 0<uax<c fla) =b'"Me+c), -cxcux<O, 

b(x — 6), ¢6< 4 < 2e, b-2( 4% + 2c), —-¢<x< — 26, 
= (x — 2¢), 2¢< 4 < 36, b-3(% + 3c), —2e<a< — 3e, 
etc. etc. 


The pulse is 
«[1 (x) —1(«—c)] = [p-!— pe? — ce? J 1 (x). 


The operational equivalent is 


cP / (ee? — b)—![p-! — pole? — ce’? ]1 (x). 
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Solving this we get 
cbz!-[(b — 1 — loge | 


20 = 
(20) f(x) bloze b _ 
nx 
2b — 1) cbtle (log 2 B)cos( *)+ Acnrb*!¢(loge b)sin( ; a) — Acnr?b!¢ cos ( =) 
— c 
v b oe [log.? b+ 4n21r? } ——- 
2 2 
— cb*/< log. b cos (=) — 2cnrb*!¢ sin (=) 
2 C C 
+> 2 — 


BD newl,2,80 [log b + 4n?r 2] 
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In (20) if b=1 we get 
f(«) = $¢ — cr7} > n sin (2nrx/c), 
n=1,2,3e0° 
which is the Fourier expansion for 
f(«) = 4, 0O<x<e 
= X— 6, ¢< x < 2, 
=x—2¢, w< x4 < 3c. 
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The curve represented by (20) when c=1 and B= and the first three 
approximation curves are shown on Figs. IV-A and IV. 


Final Remarks 


The operational process explained in this paper can be used, by starting 
with 6=1, to derive directly, the classical Fourier series for a function. In 
general there is no saving in labor by deducing a Fourier series in this manner. 
For one accustomed to the operational methods it may be easier than the 
classical way, but the reverse is undoubtedly true for one used to the classical 
way. 

The operational method does, naturally, open up the generalized series, 
which, while they can be obtained from the classical theory, as has been ex- 
plained, are not generally known, at least the author has seen no reference to 
them. 

In all the examples given the amount of shift in the translation operator is 
the same as the wave length of the pulse. This equality is not essential and by 
taking the amount of shift more or less than the wave length more complicated 
waves are produced and their sine and cosine series may be obtained. 

It will be noted that the expansion is of the form S(x) =A +Bb*/4+ Coz/¢ 
>~*[Da sin (ntx/a)+E, cos (ntx/a)], n=1, 2,-+-+, although in some cases 
some of the costants are zero. 

The author wishes to acknowledge his indebtedness to Miss Elizabeth 
Harris who calculated and plotted the approximation curves, an undertaking 
of very considerable labor. 


ON A CLASS OF FINITE SUMS! 
By LEONARD CARLITZ, University of Pennsylvania 


1. Introduction. The present paper grew out of an attempt to evaluate the 
sum of the -th powers of the natural numbers from one to m. The expression 
most easily arrived at is in terms of the so-called Stirling? numbers and coincides 
with that as given, for example, by Schwatt.2 Schwatt shows how useful the 
operator («d/dx)" may be in this and like summations. Here we employ the 
generalized operator (x*d*/d«*)”; this enables us to sum 


S [mlm — 1) +++ (m —-A4 DI. 


The sum involves a set of numbers that are a direct generalization of the Stirling 
numbers; it consists of \(7—1)+1 terms (see equation (5)). 


1 Presented to the American Mathematical Society, April 18, 1930. 
2 Stirling, Methodus Differentialis, p. 8. 
3]. J. Schwatt, Operations with Series (1924), p. 86. 
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When dD is even it is possible to get a result involving but A(7—1)-+1 terms. 
To effect this simplification use is made of a simple algebraic indentity (see 
equation (6)). 

In the remainder of the paper, an attempt is made to consider abstractly 
arrays of numbers analogous to the arrays mentioned above. Explicit expres- 
sions for the elements of a large class of arrays are obtained; these arrays include 
the generalized Stirling numbers. 


2. The Operator (x«\D*)". Writing D for d/dx, we put 
(n—1)A+1 a) 
(1) (@D)" = > On ¢8th-IDstr-1. 


s=] 


and we seek a recursion formula for a}. Applying («*D>) to both sides of this 
equality, 


r rN 
(AD) = Dan -) (s EA — 1) ligst@--ipsta—1-i, 
8 7=0 4 


where 
m\* = mim — 1)-+-(m—k+1). 
From this 
N 
) d A) 
(2) Qnti,s = » ( ‘) (s + 1 — 1) Van s-rvte. 
i=0 t 


(When 7=0, (s+7—1)!*=1.) 
Equation (2) plus the “initial” conditions, 
Mii1=1 a,=0 (s> 1), 


8) 0 for s<l, 


& 

3 

% 
I 


define a triangular array of numbers. When \=1 this is the array of Stirling 
numbers. When \=2 we may easily calculate the first few elements, (x denotes 
the row, S the column.): 


1 2 3 4 5 6 7 8 9 
af oa 
2 foo | 4a ft 
7 3 7 4 32 7 38 12 1 
4 3 208 652 576 188 24 1 
5 46 - 1280 9080 16944 | 12052 3840 580 40 1 
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Let now («\D*)” be applied to x”. Then by (1), 


(n—1)\+1 


(4) (mP)" = Dy dug ml, 
s=1 
m ik (m + 1) !4+1 
But ar 
therefore, from (4), 
m (n—1)A+1 r) (m + 1) [sta 
(5) (mP)"= DY anes 3 
2 s=1 AY + rN 
3. Summation of (5) for \ even. We require the following identity: 
d 
(6) m'> = DS A(m +k + i)!(m — k — 2d)! 
1=0 
where 


. t 


Proof: (6) may be proved by an induction on &. It obviously holds for 
k=—Xand 1—X. Assuming then that (6) holds for B, 


m 12d 


X , 
DiAs(k)(m + & + i)!@m — k — 20)1 


DA(k) (m+ k+1+ai(m—-k-1- 2)! 

+ DTiA(k) (QR + A$1 + )(m+t-R+E DIM — &-1— 2)! 

Da lAc(h) + (+ 1)Assi(k)-(2k + 20+ 24 3)] 
‘(mtk+i+i)li(m-—k—-—1-— 2n)!. 


But 
As(k) + (a + 1)Aipi(k): (22 + 2X + 2+ i) = Ak + 1), 
as may be verified without difficulty. From this 
mI> = PA(kK+Dim+k+14+ d)!l(m—k-1- 2), 
completing the induction. 
Let us now put 


(n—1)A+1 0) 
(7) (m!)" = DY ban slm +s — 1)2Ote-D, 
s=1 
The possibility of this expansion will appear incidentally in getting a recursion 
formula for 6). 
Assuming (7) and using (6), we have 
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—1)d 
1Qv\nt1 — ot 0 2(s+—1) 2n 
(mini = Sb (mts — 1) 126s -m! 
s=1 


d 
= Don alm +s — 1) POPD. ag(s—1) nts iI) !(m—s— 24-4) 
1=0 ; 


1=0 


1 


(A —1)= @ (s+ 2d — 1)P-H(s + — 1) rm) 


nN . 
=> x ( *) (s-E2N—1) P-i(s-FA—1) Poids (me s-Fi— 1) 2OteHRD 
8 a t 


Collecting the coefficient of (m—+s—1) 2Q+4s- 


» Xr | 
@ a= D(C) Fe- NM tri Yeo 


+=0 


This formula together with (3) (writing 0 in place of a) defines for each value 
of A an array similar to those in §1. Using these numbers we may replace (5) 
by the following expression: 


m (n—1)A+1 2\+s—1 
a) (m +s)! 
(9) y mm 12a n — > } Ons . 
2 s=1 2 + 2s — 1 


It is perhaps unnecessary to remark that (7) might have been obtained by 
expanding the operator («?\D)" in terms of (x?+8-1D2Q+s—Dys-1) ; 


(10) (¢?AD2) 2 — Side o(aPto-1p2O+e-1) xs—1) ; 


However, the method used above seems simpler. 
4. Arrays in general. The operator E. 
Definition: We define the operator? E by 


Ef(s) = f(s — 1), 


f(s) being any function of the integral variable s. 
Making use of EZ, some of our formulas may be put in much simpler shape. 
For example, (2) becomes 


u r 
Onis = » ( YG +i 1) iB. ge? 
i=0 


(11) 0) 
(E+s\(E+s5+1)---(E+s+2— 1)-a, 5. 


Similarly, (8) may be written: 


‘ E and its inverse are familiar operators in the calculus of finite differences. 
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(A) fr a 
oO. = Dd ( ‘Jo +i— DMs +X 45-1) Dip” 
i 


i=0 


(12) [E+s(s+0)]--- [E+ (s+ — 1)(s + 24 — 1)]-022 
(A) 


(13) = [E+ s(s + 2.— 1)] +--+ [E+ (s+A-— 1)(s +2)] das. 
Note that the operators in (11) are permutable; those in (13) also are permu- 


table, but those in (12) are not. 
We shall now consider arrays of numbers c™) defined by (3) and 


nN 
(A) > (A) . OO) 
(14) Cn+1,8 = Oy (s) E-*- yg. 
i=0 


The properties of these arrays will depend on the operator 
Sia; (s)BXi, 


Let us take the simplest case \ =1; we have then the operator 
B(s)E + a(s); 


we shall take 6(s)=1. We inquire when two such operators are permutable. 
Now 


[E + a(s) [EZ + 6(s)] = E+ [a(s) + B(s — 1) JE + a(s) p(s), 
[E + B(s) [EZ + a(s)] = BE? + [B(s) + a(s — 1)JE + B(s)a(s). 
But from 
a(s) + B(s — 1) = B(s) + a(s — 1) 


follows 
a(s) — B(s) = a(s — 1) — B(s— 1) = 4, 
a quantity independent of s. 

Therefore, a necessary and sufficient condition that E+a(s) and E+8(s) be 
pbermutable is that a(s) —B(s) be independent of s (cf. (11) and (13)). This result 
will be of use in §5. 

We.next take \ = 2, and consider 


(15) E2 + A(s)E + B(s). 


Let us attempt to exhibit it as a product 


[E + 6(s) [EZ + a(s)]. 
Since a(s—1)+6(s) =A (s) and a(s)8(s) =B(s), 
B(s) 
a(s) = 


A(s) — a(s — 1) 
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and we obtain the following expression of a(s) as a continued fraction: 


B(s Bis — 1 BCA 
(16) a(s) = 2S) BEAD BO 
A(s) — A(s—1)- A(1) — » 
where y=a(0) is arbitrary. As (12) and (13) indicate, the decomposition of 
(15) is by no means unique; and indeed this is evident from (16). As an ex- 
ample, take 


E? + 2sE + s(s + 1); 
then by (16), 


sis +1) (s— I)s 1.2 
a(s) = So ., : 
2s— 2(s—1)- 2-1—y 
(4 1 
st1 2—-2-— 2» 
_s—(s— ily s(t—v) +e 
~(stt—s s(1—v +1 
so that 4 + 
s y y 
us) =o yaa TP 


Since (15) can be expressed as a product in infinitely many ways it is natural 
to ask whether it is possible to pick v in (16) so that the factors will coincide. 
In general this cannot be done; it is easy to show that av can be found only when 


A(s) = [B(s) ]? + [Bs — 1) ]*”. 
More generally, (15) can be expressed as a product of permutable operators 
only when 

A(s) = w+ BG)PO + [e+ Bs — HL 
for some constant yp. 


5. Explicit expressions for the elements of certain arrays. We go back to the 
simple case \=1 of (14): 


Cntijs = [E + as) Jens, 
Evidently 


(17) Cnot,e = [E+ a(s) ]"C1,0. 
We shall now expand the right member of (17). If we put 
(E+ a(s))" = YA (EY, 
7=0 


it is easily seen that 


(n) 


(18) A‘ (s) = YBi(s)ar( - j). 
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Let z be fixed; from the definition, A® (s) =1, 


As” (s) =0 for OSnSi-1. 


Solving the system (18) by Cramer’s Rule, 


(— 1)? 
» Tha — h) — os — j)] 1 Las — j) — a(s — &)] 
k=j+1 
Therefore, using (18), 
n a 1)?a” — 
(19) E+a(s))*= > 2 De) E?. 
7 * Tles— i) -als—) [la(s—j) —a(s—&)] 
k=7+1 
By (17) and (3), 
1 s — 1) -iq"(7 
(20) aie = —) _ 
pitco ~ a(h)] [1 fa(2) — a(4)] 
k=j+1 


from which all the remaining formulas of this section are derived. We next take 
the array defined by two permutable operators E+a(s) and E+{8(s); B(s) is 
then =a(s)+y. Hence, starting with 


Certs = (FE + a(s))(E + a(s) + u)en3 


= {(E+ a(s))(E + a(s) +) }" cre 
n (2) 


= (E+ a(s))"(E + a(s) +)" cr 
> ("ee + a(s))"**er,4 
4 


7 “n n _ 8 (— 1) *-7q2+1(7) 
7 a (7) a LH (aG) — a(h)) LI(a() — a7) 


we find that 


at OL : (— 1)*4a"(j)(a(7) + mu)” | 
2 an 2 Hes) — a(h)) (ele) — a(j)) 


The close analogy between (20) and (21) indicates clearly the form of Onn 
for 


(E + a(s))(E + a(s) +) --+ (E+ a(s) +7). 
We shall now apply (20) and (21) to (11) and (13). For (11), \=1, and we find 
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(22) =e > (: 7 ale [sign 
— 4 


(s— 1)! i \s 
This may be put in the form 


3 bron) 


which is the expression given, among other places, in Schwatt’s® book. For 
general A, (11) vee 


1 
(23) nye = (= ye ( ) e+ 1) G@ X= 1). 
(s — a i=l 1 
The treatment of on is somewhat more detailed; we find forA=1 
(1) 25+ 1 
24 bn,s = — 1)s-4 2k +1 n 
(a) ae (ET Var + Dia + 0) 
For \=2, we take a(s) =s(s+3), u=2. 
Then 
(2) 2s + 3 
Bn s —_ 2k 3 n 
Peay Do ( ak + 9uG + De + DE +91 


For general \ we find 


(A) - 2s+2r—- ') _ _— , 
(25) ba,s er Tab! D- 1)s ( sk (2k+2d—1) [hk (kR+2\—1)]*. 
It should be noticed that (21) can be obtained by the method of finite differ- 
ences; this is apparently not the case with (25). At any rate the method used 
above enables one to easily obtain an explicit expression for the elements of any 
array corresponding to operators composed of permutable linear operators. 

6. A property of permutable operators and théir associated arrays. . 

Let F=ao(s)Ei'+ +++ +a;(s) and G=6o(s)E’+ +--+ +8;(s) be any two per- 
mutable operators. To F and G correspond the arrays fn,s; 2n,s; to the product 
H = FG corresponds the array hy,,. Then the (2n—1)st row of the array that begins 
as fn,» for the first n rows and continues as Bn,s ts the n-th row of hn,s. 

Proof: Let 7. be the element in the (2n—1)st row and s-th column of the 
compound array described above. Evidently 


Ns = Gr Fre, s, 
where of course ¢;,, is zero for s#1 and one for s=1. Now 
hn = Hh. = Hr... 
But, since FG=GF, 


H*1 —_ Gripe 
which completes the proof. 


5 Loc. cit., p. 86. For other references, see Nielsen, Nombres de Bernoulli, p. 26. 
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A PROBLEM IN DIFFERENTIAL GEOMETRY 
By B. F. KIMBALL, University of New Hampshire 


One approves of using vectors in the study of differential geometry, but at 
times their seeming simplicity hides an essentially complicated state of affairs. 
Take, for instance, the vector equation: 


(1) r=acost+ bsinit+ ct, 


where r, a, b and c are position vectors. In a certain text, along with several 
simple problems, one is asked to prove that the above equation represents an 
elliptical helix. The above vector form at once shows that the curve lies on an 
elliptical cylinder, and that it winds around the cylinder, the various windings 
being at equal distances apart as measured along elements of the cylinder. 
But it is not, strictly speaking, a helix unless c has special directions, as deter- 
mined by the relative lengths of a, b and c and in that case the curve does not 
make a constant angle with the elements of the cylinder., Perhaps the author of 
the text is using the term “helix” in a rather general sense. 

It is interesting to note what the facts are concerning this curve. We use 
a dot over a letter to denote differentiation with respect to the parameter f. 
Let 7 denote the torsion, k the curvature and s the length of the curve. The 
vector product is denoted by an X and the scalar product by a dot placed be- 
tween the letters denoting the vectors. A parenthesis containing three vectors 
indicates the determinant of their vector components. A familiar formula gives: 


(2) 7 (rrr) 
RB k3(r?)3 
Now for the above curve 
(3) (rrr) = (abc). 


Thus a necessary condition that 7/k be constant is that the quantity 22(r?)? 
be constant. One finds that 


(4) k(r?)? = [(a X b) + (c X 5) >? 
r2 


We wish to find conditions on a, b and c which make this a constant. 
We write 


(5) Wi(a Xb) + (c Xr) Ph = 2’, 


where W is constant. On expanding r* and [(aXb)+(cX+#)|? one finds that 
each is equal to an expression in ¢ of the form 


(6) A cos 2t + Bsin 2+ Ccosti + Dsint+ E. 


1930] A PROBLEM IN DIFFERENTIAL GEOMETRY 481 


Thus in order that (5) be an identity in ¢, corresponding coefficients of (6) 
must be equal and one obtains the five conditions: 


6b? — @ cX a)? —(cX bd)? 
a _ (6X a)? = (eX by)? 


2 


2 2 
—arb=(cXa)-(c X b)W; 
(7) — 2(c*a) = — 2(a X b)*(c X b)W; 
+ 2(c*b) = — 2(a X b)(c X a)W; 
ope (a Y py pCO NO |W 


We define three angles a, 8, and y to satisfy the relations 
a‘b = abcosa, atc = accosB, bec = bc cosy, 


where the italic letters denote the lengths of the vectors. Thus solving the 
2nd, 3rd, and 4th equations for the cosines of these angles one obtains; 


_ (Wa? — 1)(Wb? — 1) _ (Wa? — 1)\(We? + 1) 


2 ee 2 
(8) cota = Wa? » cos? 6 War 
oe (Wb? — 1)(We? + 1) . 
cos? y = —agege 


Now using the values of the sines obtained from the above relations it is 
found that the first and last of equations (7) are identically satisfied. Thus the 
equations (8) are necessary conditions that the curve (1) be a helix. Without 
loss of generality in the discussion, one can take a and b as giving the major and 
minor axes of the ellipse defined by the first two terms of (1). This allows two 
possible choices of W. If one takes W=1/a? one finds that cosy will be nega- 
tive. This leads to the conditions 


(9) W = 1/0, cos®a = 0 
and 
a* — 6*)(b? + @? 6767 ++ 2 — @ 
(10) cos?y = 0, cos? 8 = (at BY Fe) sin? B = mer ew) 
ac? a*c? 


which show that in any case c must be perpendicular to the minor axis of the 
directrix ellipse. 
Under (9) and (10) we have 


(11) =—,Tr=-——, (r Xr)? = Br, 
r 
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Let d denote the fixed direction, if such exists, with which the helix makes 
aconstant angle. From the theory of the helix we have 


d parallel to rt + kb 
or 


(abc) fr b rXr 


ber? Jt? r. | x x r | 


(12) d parallel to 


Using (11) one can write this vector as 


11 I ; yey tt 
Py = Fpallabo)e + b(r Xr). 
We set 


d = (abc)r + B°(r X 1), 
and expanding in terms of ¢ and noting that 
b?(c X a) = (abc)b 
because of the conditions (10), we find that 
d = [(abc)c + 0%(a X b)] + [b2(b X c) — (abc)a] sint. 


Now the two brackets can be shown to represent parallel vectors under the 
choice of 6 given above. 

Thus under the special conditions (10) the curve is a helix which makes a 
constant angle with the vector 


(abc)c + b?(a X Db). 
The cotangent of that angle will be (abc) /b*. 


EXTENSION OF THE CONCEPT OF GROUP 
OF ISOMORPHISMS 


By G. A. MILLER, University of Illinois 


It is well known that the group of isomorphisms, or the group of automor- 
phisms, of a given group G is one of the most important concepts of group theory. 
Hence it may be desirable to note here a certain extension of this concept since 
this may throw some new light on its real nature. The group of isomorphisms 
of G may be constructed as follows: Write G in the form of a regular substitu- 
tion group and construct the group formed by all the substitutions on the let- 
ters of G which satisfy the conditions that they transform G into itself and also 
omit a fixed letter of G. The substitution group thus formed is simply isomor- 
phic with the group of isomorphisms of G when G is regarded as an abstract 
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group. When G is regarded as a regular substitution group the given substitu- 
tion group may be regarded as the actual group of isomorphisms of G. The 
substitutions and the subgroups of G which are transformed into themselves 
under this group of isomorphisms are called characteristic substitutions and 
characteristic subgroups respectively of G. The symmetric group on the letters 
of G may contain many regular substitution groups which are simply isomorphic 
with G. In abstract group theory it is customary to regard all simply isomorphic 
groups as the same group and this is also done in the enumeration of the regular 
substitution groups. It is obvious that the symmetric group on all except one 
of the letters of G transforms G into all of its conjugates on its own letters and 
involves no two substitutions which transform all the substitutions of G in the 
same way. Hence such a symmetric group may be regarded as the symmetric 
group of tsomorphisms of G, and to distinguish it from the group of isomor- 
phisms of G noted in the preceding paragraph this may be called the holomorph 
group of tsomorphisms of G. It may be noted that there are exactly g substit- 
tions in the symmetric group on the letters of G which transform G according 
to the same substitution in each of these groups of isomorphisms, g being the 
order of G, and that at least one of these is of the same order as the isomor- 
phism in question. 

It is evident that under the symmetric group of isomorphisms of G there 
are no characteristic substitutions and no characteristic subgroups of G be- 
sides the identity except in the trivial case when the order of G is 2, and that 
these two definitions of the group of isomorphisms coincide when and only when 
G is one of the following four groups: The identity, the group of order 2, the 
group of order 3, and the non-cyclic group of order 4. All the groups of the same 
order have the same symmetric group of isomorphisms but they usually have 
different holomorph groups of isomorphisms. The quotient obtained by divid- 
ing the order of the symmetric group of isomorphisms by the order of the holo- 
morph group of isomorphisms is equal to the number of the conjugates of G 
under the symmetric group on its letters. Characteristic substitutions and char- 
acteristic subgroups correspond to such substitutions and to such subgroups of 
the corresponding group under the symmetric group of isomorphisms but they 
do not necessarily correspond to themselves under the isomorphisms of this 
group. 

Under the holomorph definition of the group of isomorphisms only the possi- 
ble interchanges of the operators in the possible automorphisms of a group are 
considered while according to the extended definition isomorphisms with simply 
isomorphic groups are also considered. Since all simply isomorphic groups are 
frequently regarded as the same group and all such groups may be supposed to 
be represented as regular substitution groups on the same set of letters whose- 
number is equal to their common order, it seems desirable to note the effect of 
such an extension of the notion of a given group on the concept of its group of 
isomorphisms. It should however be observed that the ordinary, or holomorph, 
definition of the group of isomorphisms seems to be the more useful, and should 
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always be understood unless the contrary is explicitly stated. In closing it may 
be added that the present note has close contact with the article published in 
this Monthly, volume 29(1922), page 319, and may be regarded as an extension 
thereof along certain lines. 


POSSIBLE TYPES OF MULTIPLICATION OF SERIES 
By E. T. BELL, California Institute of Technology 


1. Throughout the theory of numbers there is a sharp and generally im- 
passable break between additive and multiplicative properties. For example, 
in order to devise a definition of addition for ideals, it seems to be necessary to 
revise the existing theory, which is purely multiplicative, ab initio. Again, in 
rational arithmetic, some of the most intractable questions are those combining 
both additive and multiplicative properties, for example Goldbach’s hypothesis 
that every even integer is the sum of two primes. For additive rational arith- 
metic the natural analytical tool is the power series; for multiplicative, the 
Dirichlet. It is conceivable but not probable that other types of arithmetic 
may exist; namely, sections of arithmetic in which the laws of algebra are pre- 
served in so far as they are relevant, which are neither multiplicative nor addi- 
tive only. In trying to disprove such existence, I was led to certain simple 
functional equations in two variables, one of which is restricted to be an inte- 
ger >0; to settle the question indicated above it is sufficient to prove that the 
obvious solutions of these equations are the general solutions. Possibly these 
equations are familiar to some reader of this Monthly who will supply the de- 
sired proof. 

2. Let x be a parameter, m an integer =O, and let a, be independent of x. 
Let an, f(x,n) be defined and single-valued for all values of x, ” considered. 
Further let an, f(x,2)(n=0,1,...) be such that 


2.1 A(x) = anf, n) 


is uniquely defined and has a meaning such that the product of two functions 
of the same kind as A(x) is a function of the same kind: 
2.2 A(x) - B(x) =C(a), 


where 


B(x) = dod, f(a, n), C(x) Yd iénf(x, n). 

n=0 n=0 
Further suppose that the terms in the product on the left of 2.2 can be re- 
arranged in any way after multiplication without affecting the meaning of 


A (x) B(x). 
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The multiplication in 2.2 will be possible if f(x,z) is such that 
2.3 f(x, mi)f(%, m2) = f(x, b(m, ne)), 


where $(m, 2) is an integer 20 whenever m, m2 are integers =0. From the 
hypotheses it follows that (m, m2) is a symmetric function of 7, 1, 


2.4 (m1, M2) = o(Me, m1). 


It follows also from the hypotheses that the multiplication defined by 2.2 is 
associative. Hence, and by 2.4, 


2.5 b(b(m1, M2), M3) = P(h(Ms, M2), 21) 


for every triple of integers 71,22,.4320. If for the moment we drop the restric- 
tion that m1, m2, ms be integers, and consider only polynomials }(, m2), it fol- 
lows by a simple argument that¢ is of the first degree in m, m2 separately, and 
that there are two essentially distinct solutions of 2.4, 2,5; namely, 


2.6 (m1, Me) = Ny + Me + 6; b(mM1, Me) = CnyNe, 


in which, if @(,72) is to bea positive integer when 71,2 are positive integers, 
cis an arbitrary constant positive integer (independent of 71,72). 
3. The functional equations to be solved are therefore, from 2.6, 2.3, 


3.1 f(s, m1) f(x, No) = f(x, Ny + no + c), 
3.2 f(a, m) f(a, m2) = f(x, cnyne). 


A solution of 3.1 is f(x, 2) = [F(x)]**¢; a solution of 3.2 is f(x, 2) =(c-n)?™; 
where, in either, F(x) is an arbitrary function of x, arbitrary to the extent 
demanded by the definitions concerning 2.1. 

Hence, taking a new variable y= F(x), we see that 3.1, 3.2 define respec- 
tively a power series in y and a Dirichlet series in y, and that 2.2 is in the respec- 
tive cases Cauchy multiplication or Dirichlet multiplication of series (for 
c=0, c=1 respectively). 

What are the general solutions of 3.1, 3.22? It need not be assumed that 
f(x,n) is a continuous function of x. 

I have since found a much more general solution of 3.2 which, however, 
does not seem to settle the question of complete generality. 
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SOLUTION OF EQUATIONS BY 
ADDITION-SUBTRACTION LOGARITHMS 


By P. H. NYGAARD, North Central High School, Spokane, Wash. 


By the use of addition-subtraction logarithms (also called Gaussian log- 
arithms) it is possible to find the logarithm of the sum or the difference of two 
numbers directly from their logarithms. The tables used for this purpose con- 
tain what are known as A, B, and C logarithms. All cases of addition can be 
done by means of the A and B logarithms. Substraction problems require 
either the A and B or the B and C combination depending upon how large a 
difference exists between the logarithms of the two numbers. The following 
discussion is based upon the addition-subtraction logarithms as found in 
Jones’s Logarithmic Tables.} 

The purpose of this paper is to present a method of approximating the values 
of the roots of two types of equations by means of addition-subtraction logar- 
ithms.? In the first part equations involving powers of x will be considered, while 
the second part will deal with exponential equations. 

Formulas similar to those of the first part have been stated by Liiroth in 
the Rendiconti del Circolo Matematico di Palermo, vol. 27 (1909), pp. 393- 
401. Litiroth’s formulas, however, are not adapted to simple tables such as 
those of Jones. As far as the writer knows, the formulas of the second part 
are new. 


1. Trinomial Equations. 


Let gx™+hx"=k represent the equation under consideration. The method 
to be explained will give all of its real solutions provided each of the five con- 
stants is real. Any or all of the constants may be negative, fractional, or irra- 
tional. The only limitation is that there must be only two terms containing 
the unknown. 


Case 1. gx™+hx"=k, and g, h, k, and x‘are all positive. The value of x to 
be found should be roughly estimated. The equation should be arranged so 
that, for this value of x, gx"™>hx". In deriving the formulas the terms gx” and 
hx” are considered the numbers to be added and & their sum. Then from the 
definition of the quantities A and B, as used in the table of addition-subtrac- 
tion logarithms, 


A = log h — log g — (m — n) log x, 
B = log k — log g — mlog x. 


1 George W. Jones, Logarithmic Tables, The Macmillan Co. (Tenth Edition, 1905). 

2 Editor's Note: For an account of Gauss’s method of solving certain algebraic equations by 
means of addition-subtraction logarithms, see his Beitrdge zur Theorie der algebraische Gleichungen 
(Zweite Abteilung) in his Werke, vol. 3, p. 85; see also the paragraph entitled Die Gawss’sche 
Methode der Auflisung der trinomischer Gleichungen in Weber’s Lehrbuch der Algebra (Zweite 
Auflage, 1898), pp. 393-397. 
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Elimination of log x between these two equations gives 

(1) A—m ‘(m — n)B = log h — log g — m‘(m — n)(log k — log g). 
Solving the first of them for log x gives 

(2) log « = (log h — log g — A)/(m — n). 


The value of each of the five given constants should be substituted in formula 
(1) and the formula simplified. A and B will be unknown. We find from the 
table of addition-subtraction logarithms the value of A which, with its cor- 
responding value of B, satisfies formula (1). After A has been thus determined, 
we find log x from (2), and then find x from its logarithm. 


Illustrative Example. Solve the equation x1+31.8%=28.72. We shall pro- 
ceed to find the positive root whose value is approximately .9. Since for this 
root 31.8% >', we arrange the equation in the form, 31.8x+x+=28.72. Then 
g=31.8, h=1, m=1, n=4, and k=28.72. From (1),, 


A—1-(1-—4) B=log 1—log 31.8—1-'(1—4) (log 28.72 —log 31.8) 
or 
A+ 3B= 0 — 1.502427 + 3(1.458184 — 1.502427). 


This gives 4+3B=8.364844—10. From the table of addition-subtraction 
logarithms we find that if A =8.336—10, 


B= .009314, and A + 3B = 8.363942 — 10; 
if and A =8.337—10, 
B= .009335, and A + 3B = 8.365005 — 10. 


Since A +38 is supposed to equal 8.364844 —10, we find by interpolating that® 
A =8.33685—10. From (2) we get 


log «= (log 1 — log 31.8 + 10 — 8.33685)/(— 3) = 9.94643 — 10. 


Therefore x =.88395. 

Case 2. gx™—hx"=k and g, h, k, and x are all positive. The value of x to 
be found should first be approximated and a rough calculation should be made 
to see whether, for this value of x, log gx™—loghx” is less than or greater than .4. 

3 Finding A to 5 decimal places from three-place tabulated values is justifiable, because the 


function A+B, for any k, is almost a linear function of A for nearby values. The successive 
differences are large enough to determine two interpolated figures correctly—often 3. Thus, when 


A =8.335, A+3B =8.362876 


— Diff, = 1066 
A =8.336, A+3B =8.363942 

— Diff. =1063 
A =8.337, A+3B =8.365005 

— Diff. = 1063 


A =8.338, 4+3B =8.366068 
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Case 2a. When log gx™—log hx" <.4. By making use of the definitions of 
A and B logarithms it may be shown as in case 1 that 


(3) A+n(m—n)"B = log k — log h + n(m — n)— (log g — log h), 
and | 
(4) log x = (log k — log h — A)/n. 


We find from the table of addition-subtraction logarithms the value of A which, 
with its corresponding value of B, satisfies formula (3). We determine log x 
from (4), and then find x from its logarithm. 


Illustrative Example: Solve the equation x?—7x*=2. We shall find the root 
between 2 and 3. For this root, log x?—log7x ?<.4, so the equation comes under 
Case 2a. Here g=1, h=7, R=2, m=3, and n=}. Substituting in (3), 

A + 3(3 — 3)7!-B = log 2 — log 7 + 3(3 — 3)~*(og 1 — log 7), 
or | 
A +41B = .301030 — .845098 + 2(0 — .845098). 
This gives 4 +3B=9,.286912—10. From the tables find a value of A which, 
when one fifth of the corresponding value of B is added, gives 9.286912 —10. 
We find A =9.27202—10. From (4), 
log x = (log 2 — log 7 + 10 — 9.27202)/% = .36782. 


Hence x=2.3325. 
Case 2b. When log gx™—log hx” >.4. For this case the B and C logarithms 
must be used. The formulas, found as in case 1, are: 
(5) B+ m(m — n)*C = log g — log h + m(m — n)(log k — log g), 
and 


(6) log x = (B — log g + log h)/(m — n). 


We find from the table of addition-subtraction logarithms the value of B 
which, with its corresponding value of C, satisfies formula (5). We then find 
log x from (6), and x from its logarithm. 

Illustrative Example: Solve the equation (+/845)x™—93.26x—“!7 = 1000. 
This equation has purposely been made difficult to show the general utility of 
the method. There is a root between 3 and 4 which will be determined. Since 
for this root log [(~/845)x*]—log [93.26x-“!"] >.4, the equation comes under 
Case 2b. Here g = (+/845), h=93.26, k=1000, m=z, andn=—/17. From (5), 


Bo aa + V17)C = log W845 — log 93.26 + rr + +/17) (log 1000 — log 1/845) 
which gives B+2.3124C =3.046902. We locate a value of B so that the sum of 
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this B and 2.3124 times its corresponding C is 3.046902. That value of B is 
3.0478. From (6) we get 


log « = (3.0478 — 1.463428 + 1.969695)/7.2647 = .4892. 


Hence x =3.085. 
If a root is to be found under Case 1, it may save time in determining A 
to change formula (2) into 


A = log h — log g — (m — n) log x. 


By substituting in this formula a rough approximation to x it is possible to 
get an idea as to just about what value of A to consider. Formulas of similar 
usefulness may be obtained for Case 2a by changing (4) into 


A = log k — log h — n log x, 
and for Case 2b by changing (6) into 
B = log g — log h+ (m — n) log x. 


These supplementary formulas are especially helpful when it is desired to find 
two roots so close together that they both come under the same case. Thus, 
7x—x?=12 comes under Case 2a for both x=3 and x=4. Using the formula 
suggested in this paragraph for Case 2a, we find that for the first root A= 
.12494 and for the second root A =9.87596—10. These values both satisfy 
formula (3), and when substituted in formula (4) give, respectively, « = 3.000 
and x =4.0000. 

Negative roots can be obtained, as is ordinarily done, by finding the corres- 
ponding positive roots of f(—x). Hence x may be confined to positive values. 
If k is negative, the equation should be multiplied through by —1. Then 
either both the coefficients will be positive as in Case 1, or one will be positive 
and the other negative as in Case 2. 

Limiting the number of terms containing powers of x to two does not 
greatly impair the usefulness of the method. Any cubic equation with integral 
exponents can be handled by making the proper substitution so as to eliminate 
the second degree term. Equations of higher degree often arise through the 
process of eliminating radicals or fractions. Since the method here proposed 
does not require exponents and coefficients to be integral, many of these higher 
degree equations can be avoided. Thus, x?—x?=5 would, upon changing to 
the form «?—5 =x? and squaring each side, give a fourth degree equation with 
three terms containing x to which the logarithmic method of this paper does 
notapply. However, by leaving the equation in the form, x? —x?=5, the method 
applies directly. 

The advantages of this logarithmic method over the more usual methods of 
solving equations containing powers of x may be summarized as follows: (1) It 
eliminates much of the tedious arithmetical work, by substituting for it the 
use of tables. (2) It is applicable to a large variety of such equations which 


490 SOLUTION OF EQUATIONS BY LOGARITHMS [November, 


are otherwise solvable only by the process of successive guesses. (3) Answers 
can be found to 4 or 5 significant figures in much less time than by other me- 
thods. The writer’s experience shows that it requires on the average about one 
half as much time as Horner’s method. 


2. Exponential Equations. 


The logarithmic method is applicable also to exponential equations. Here 
we shall confine ourselves to only one special form, which occurs however in 
many different connections. It is 


geet he-e= =k, 


where g, h, c, and k are any positive real numbers, e=2.71828---, and ge* 
>he~ for the value of x to be found. For this equation the following two for- 
mulas may be derived in much the same way as before: 


(7) A — 2B = logg + log h — 2 log k, 
and 
(8) X = (log h — log g — A)/.86859¢ 


The values of A and B are found by reference to the table of addition-sub- 
traction logarithms. We determine the value of A which, with its corresponding 
value of B, satisfies formula (7). We find x by substituting this value for A 
in (8). 
Two illustrative problems dealing with exponential functions will be solved. 
Suppose it is desired to find the angle whose hyperbolic cosine is 3/2. Since 
cosh « =4(e*+e-*), we have 


.5e7 + .5e-7 = 1.5. 
Here g=.5, h=.5, c=1, and k=1.5. From (7), 
A — 2B = 2log .5 — 2log 1.5 = 9.045757 — 10. 


From the table of addition-subtraction logarithms we find that if A =9.164— 
10, B=.059140, and A—2B=9.045720—10. If A =9.165—10, B=.059267, 
and A —2B=9.046466—10. Since A —2B is supposed to be 9.045757—10, we 
find by interpolating that A =9.16405—10.. From (8), x«=—A/.86859= 
96242. 

The equation commonly given for the catenary is y=4a(e7/*+e7-7/¢), Sup- 
pose we know that a=60, and want to determine x so that y=183.7. Here we 
have 


30e7/89 + 30¢-7/69 = 183.7, 
for which g=30, h=30, c='/89, and k=183.7. From (7), 
A — 2B = 2log 30 — 2 log 183.7 = 8.426025 — 10. 
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The value of A which, when 2 times the value of its corresponding B is sub- 
tracted from it, gives 8.426025 —10 is A =8.45018—10. From (8), 


x = — A/.86859¢ = 1.54982/.014476 = 107.06. 


Conclusion 


No attempt has been made to give an exhaustive survey of the logarithmic 
method which has been explained. Enough has been included to show the gen- 
eral utility of the method in the solution of equations of many different types 
by the use of the same set of tables and the same procedure. Only one type of 
exponential equations has been solved, but the method can be readily extended 
to others. 


QUESTIONS AND DISCUSSIONS 
EDITED BY R. E. GILMAN, Brown University, Providence, Rhode Island 


The department of Questions and Discussions in the Monthly 1s open to all forms of activity in 
collegiate mathematics, including the teaching of mathematics, except for specific problems, espectally 
new problems, which are reserved for the department of Problems and Solutions. 


A NoTE ON A PAPER CONCERNING A BESSEL FUNCTION 
By S. A. SCHELKUNOFF, Bell Telephone Laboratories, Inc. 


In a recent issue of this Monthly, Mr. C. C. Furnas presented an empirical 
formula for the modified Bessel function.1 The method by means of which he 
arrived at this approximation is an interesting one, but his final formula and 
table are not so accurate as he believes them to be, partly because of the inherent 
limitations of the method itself and partly because of inaccuracies of mechanical 
integration. The purpose of this note is to call attention to a more accurate 
formula, and to correct the table for the benefit of those who are interested in 
practical applications of Bessel functions. Our method is less ingenious but 
more straightforward than his. 

While the method used by Mr. Furnas leads to a series defining log Jo, it 
appears that his interest is really centered in the values of I(x) itself, since he 
tabulates the values of this latter function. If this is the case it would have been 
a fairly simple matter to make use of the well-known asymptotic expansion 


(1) I(2) = —— i+a+o tot j 
ne ~ \/(Qrx) 8x 128? 1024x° 


which may be found, for example, in Watson’s Theory of Bessel’s Functions, p. 
203, equation (2). 


1C. C. Furnas, Evaluation of the modified Bessel function of the first kind and zeroth order, 
this Monthly, vol. 37 (1930), pp. 282-287. 
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If, on the other hand, there is some special reason for desiring a series for 
log Io(x), we can easily obtain one by the simple expedient of taking the log- 
arithm of (1). Thus we are led to 


1 1 1 9 75 
2) log To() = * ~ > log x ~ log 2m + log | 1 — _ 
(2) log Io(x) = « 08 08 am + og [1 +5 ee 12882) 10240 | 


or, expanding the last term in a series by means of the usual formula for 
log (1++€) when € is small, to 


\ 


1 100 


1 1 
3) log I ~ = log # — = log 2 
(3) log Lola) = « °8 0B am = +o 16x? | 1536x3 


This process could readily be justified by introducing the remainder term in (2) 
and treating the resulting expression in the customary way. 

Of course the series for logig/)9 may be obtained immediately by multiplying 
(3) throughout by logice. For the purpose of comparison with Mr. Furnas’ 
equation (16), it may be interesting to write down the first few terms of this 
series. They are: 


1 1 
(4) logio I(x) = 0.43429) + Ba +... | -F login « — 0.39909. 
x 


The accompanying table was computed by the use of formula (1) and its 
accuracy checked by using (3) independently as a control. It is believed to be 
accurate to within half a unit in the last place. 

Comparing our table with that given by Mr. Furnas, we observe that the 
differences between his values for Jo(x) and ours range between —0.149 and 
+0.111 times the corresponding powers of 10. Considering the inherent 
limitations of the method used by Mr. Furnas it is not at all surprising that 
such inaccuracies should have crept in. 


Values of the Modified Bessel Function Jo(x) 


x I(x) x I(x) 
12 1.8949 «10! 90 5.1392 1037 
14 1.2942 *105 100 1.0738 X10” 
16 8.9345 X105 200 2.0397 108 
18 6.2184 108 300 4.4758 K 10128 
20 4.3558 X10? 400 1.0419 X10”? 
30 7.8167 X10 500 2.5048 X 10735 
40 1.4895 K 1036 600 6.1463 1028 
50 2.9326 * 102° 700 1.5296 X 103° 
60 5.8941 X10 800 3.8461 «1034 
70 1.2016 X 1029 900 9.7473 XK 10888 
80 2.4752 K 1038 1000 2.4857 X 104% 
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A SIMPLE PROOF OF THE THEOREM OF MORLEY 
By Jacos O. ENGELHARDT, Brooklyn, N. Y. 


TuHeoreM!: If the three angles of a triangle be trisected, the triangle whose ver- 
tices are each the intersection of a pair of trisectors adjacent to a side, 1s equilateral. 


A 


sin 3% 
2R=1, where R is the radius of the circumscribed circle. 


LEMMA 1: sin 3a=4sin a sin(60°-+<a)sin(60° —a). 
Lemma 2: If a+b-+c¢=180°, cos’a-+cos’b-+cos’c = 1 — 2cos(a)cos(b)cos(c). 
LemMA 3: x+y+2=60°. 


PROOF: 
sin 3x sin 2 
= — — = 4sin x sin zg sin (60 + x). 
sin (y + 2) 
Similarly BF =4 sin x sin 2 sin (60-2). 
Therefore 


(FD)? = 16 sin? x sin? z[sin? (60 + «) + sin? (60 + 2) 
— 2sin (60 + x) sin (60 + 2) cos y| = 16 sin? x sin? z[cos? (30 — x) 
+ cos? (30 — z) — 2 cos (30 — x) cos (30 — 2) cos y| 


1 For other proofs of this theorem see R. A. Johnson, Modern Geometry, p. 253; and Philip 
Franklin, in Contributions of the Mathematics Department of the Massachusetts Institute of 
Technology, Second Series, No. 117 (Nov., 1926), p. 57. 
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But, by Lemma 2, 
cos?(30 — x) + cos?(30 — z) 


1—cos?(180— y) — 2cos(30— x)cos(30— z)cos(180— y) 
sin? (180 — y) + 2cos(30 — x) cos(30 — 2) cosy. 
Therefore (FD)? =16 sin? x sin? z sin? (180—y) and FD=4 sin x sin y sin z. 


Similarly DE =4 sin x sin y sin 2, EF=4 sin x sin y sin zg, and therefore 
FD=DE=EF. 


I 


CONSTRUCTION OF A TABLE OF HYPERBOLIC 
SINES AND COSINES 


By S. A. Corey, Des Moines, Iowa 


In the May, 1930 issue of this Monthly, Professor J. P. Ballantine! has 
given a method of computing a table of sines and cosines, which by making a 
slight modification may also be used in computing a table of hyperbolic sines 
and cosines. | 

Employing the identities, 


sinh (x + 1)x = sinh (m — 1)« + 2 cosh mx sinh x, 


1 

) cosh (wm + 1)x = cosh (wm — 1)x + 2 sinh mx sinh «, 
and taking 

(2) 2 sinh x = (.1)*, 


where & may for convenience be 1, 2, or 3 we get by substituting in (1): 
(3) sinh (x + 1)x = sinh (x — 1)x + (.1)* cosh nx, 
° cosh (m + 1)x = cosh (m — 1)x + (.1)* sinh nx. 


Taking this value of x and tabulating cosh mx for even values of m and 
sinh nx for odd values of n, we get by taking k =1: 


1. = cosh 0x 


.05 = sinhix (From Equation (2)) 
1.005 = cosh 2x = cosh0Ox + .1 sinh 1% 

.1505 = sinh 3x = sinh 1x + .1 cosh 2x 
1.02005 = cosh 4x = cosh 2x + .1 sinh 3x 


25250 = sinh 5% = sinh 3x + .1 cosh 4x, 
and so on. 

Each new entry is obtained by adding one-tenth of the last entry obtained 
to the entry next preceding. By taking & larger, our unit of measurement, 2x, 
may be made as small as desired. As the unit of measurement decreases the 
tabular accuracy increases. Professor Ballantine’s equation (4) would indicate 
that 20-place accuracy could be obtained by taking k=7. 


1 Vol. 37 (1930), pp. 248-250. 
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An ELEMENTARY Upper Bounpb To THE Roots oF EQUATIONS 
By J. M. FELp, Columbia University 


1. Introduction. Cauchy has given a rule for the determination of an upper 
bound to the roots of algebraic equations, viz., the positive roots of 


et + ayxert + -+.- tq, =0 
cannot exceed the greatest of the quantities 
(ka,)*!", (kas)'!8, a) (ka;,)1"*, 


where Gn, @;: °° , d are the negative coefficients and & is the number of nega- 
tive coefficients. The purpose of this note is to extend this result to equations 


m 
> ar? = 0. 
0 


Two cases will be considered. First an upper bound to the positive roots will 
be found, assuming the a’s to be real; and secondly we shall determine an upper 
bound to the real part of the roots of exponential equations, allowing the 
a’s to be complex. In both cases the a’s are real. 


2. Let 
(1) emt + gy yerri® + +++ + age® = 0, 


where the a’s and a’s are real numbers and let an >Qn-1>-+°++* >a. In order 
that (1) have a positive root at least one of the a’s must be negative. Trans- 
posing the terms with negative a’s to the right we get 


(2) emt + grewmt + +++ + Gy. e%rti® = ageta® + + ++ Agyp—1e%a+ka® 


Since 
een? /k = Ags jerrti® 
if 
log (Raq43) 
42-— 


On —~ Aq+j 
we see that 


ecne = @ era” + oe + Dg k—1errtkal® 
provided x is greater than or equal to the greatest of the quantities 


(3) log (kae+) (j=0,1,-°:,k — 1). 


On —~ Agti 


Therefore (1) can have no positive root greater than the greatest of the 
quantities (3). 
If the a’s in (1) are integers such that a; =k, letting e**=y* (1) becomes 


(4) y™ + dn1y™* + +++ + do = 0; 
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and we have the result that (4) can have no positive root greater than the great- 
est of the quantities, 


(5) (hagy re) © = 0, 1, a) k — 1). 
In the equation 


n 
(6) ean® — cEeeni® — > nbicrienn—iz = Q, 
$2 


where ¢ is positive and 


Qn—-1 — An-i An — An—-i 
B; = ————) %=— 
Qn — An-1 Qn — An—-Ii 
the quantities (3) all equal 
log (nc) 
ae 
An — An—-1 
which is a root of (6). 


3. Let the a’s in (1) be complex. Then for any «x that satisfies (1) we have 
(7) | em? | S| dysem | + +--+ + | age] . 
If & is the number of terms in the right member of (7) we have 
| em? | > | dn—remet* | + + + + | aoe? | 
for any x such that 
(8) | em* | > k| On_pemn?? | (p = 1,2,---,m); 
and consequently such values of x cannot satisfy (1). From (8) we obtain 


| e(an—an—p) 2 | > k | On—p | 
or 
log k| dn—p | 
(9) R(«) > —————— (p = 1,2,---,n), 
An — An—p 
where R(x) represents the real part of x. Thus (1) can have no roots in the half 
plane 
log k| dn—p | 
R(x) > the greatest ——————— (p=1,2,---,n). 
On — An—p 
If in (4) the a’s are complex this result becomes: the absolute value of the 
roots of (4) cannot exceed the greatest of the numbers, 


(Rk | dnp | )1/” (p =1,2,---,m). 
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ON COLLATERAL READING IN MATHEMATICS 
By J. H. Kusner, University of Florida 


In the May, 1928 issue of this Monthly! there appeared a report of a com- 
mittee of the Mathematical Association of America, presenting a list of books 
for use as collateral reading by freshmen and sophomores, together with a list 
of assignments and a proposed method of administration. These suggestions 
struck a responsive chord in the mind of the present writer and he has for the 
past two years been experimenting with collateral reading, and has, he believes, 
learned one or two things worthy of communication. 

Probably the main objection which teachers of college mathematics have 
to such innovations as collateral reading is the combined one of the difficulty 
of working the reading in as an integral part of the course and also the objec- 
tion to taking time away from the study of mathematics for the purpose of 
studying about mathematics and mathematicians. The committee proposed 
that the instructor devote a small portion of time, say one half hour per week, 
to class discussion of the material of the reading, which not only has the objec- 
tion of taking class time, but also necessitates a multiplicity of copies of re- 
serve books since all members of the class must read the same assignment each 
week. Also, it involves making the collateral reading required work, which 
many teachers who are in sympathy with the general idea are not ready to do. 

The present writer has developed a method of administration which, al- 
though undoubtedly capable of much improvement, has little in it that is 
objectionable on the grounds mentioned above. 

First of all, the reading has been placed on a-voluntary basis. At the begin- 
ning of each semester, the student is offered the opportunity of entering upon 
the course of reading 7m addition to the regular work of the course and entirely 
separate from it, and if he elects it he must read one assignment each week. 
Naturally, so long as there exists the necessity of assigning grades, it is only 
just that the satisfactory completion of the collateral reading have some effect 
on the grade awarded. The present writer has adopted the scheme of raising 
the semester grade one letter if the reading for the entire semester has been 
completed satisfactorily and if the student has already earned a passing grade 
in the course. Thus a student earning D, C, B, or A in the regular work of the 
course receives C, B, A, or A respectively if he does the reading. In this way, 
no student receives credit for the regular course as a result of collateral reading 
alone, and yet some recognition is awarded, except for the A student, who 
generally is motivated strongly enough by intellectual curiosity to need no recog- 
nition. 

The weekly discussion in class suggested by the committee has been replaced 
by a five to ten minute discussion between the student and instructor on the 
completion of an assignment, these discussions taking place during a regular 


1 Vol. 35 (1928), pp. 221-228. 
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office hour, the student appearing whenever he has a report to make. Many 
teachers will, of course, object to the great burden of so many personal confer- 
ences, and the writer can do little but agree that it is a great burden if the in- 
structor has very many students doing the reading. Capacities, however, vary 
widely, and if the instructor is not overburdened he will find these collateral 
reading conferences very interesting and enjoyable. Indeed, the present writer 
was most pleasantly surprised when he first undertook this work and found 
that even the duller students have their interest and appreciation awakened as 
a result of the readings and conferences. In fact he has come to believe that 
some of his best work has been done by means of the close and effective personal 
contact which this makes possible. Rare indeed are the students in whom there 
is no response to the compelling appeal of the story of mathematics and its 
creators to be found in the course of collateral reading, and the opportunity 
for vital guidance on the part of the instructor in the report conference is 
greater than it seems to be before it has been experienced. The present writer 
feels that the report conference is perhaps the most valuable element of the 
collateral reading course, and he recommends it strongly. 

Further, the assignments themselves, as indicated in the appended copy 
of the latest edition of the list used by the writer, have been modified some- 
what, and for two reasons. First, there is too much duplication in the books of 
the original list. Second, it has been found to be more satisfactory to have in 
the first few assignments a survey of the history of mathematical science so 
that the student may soon receive a perspective picture into which may fit 
the more detailed historical and biographical readings which are placed later 
in the list. This seems to develop an earlier hold on the interest of the all too 
prevalent type of student who feels—“what good is mathematics anyhow?” 

It is only these first few assignments which need be read in a definite order. 
The later historical readings fit into the picture already obtained and the phil- 
osophical and miscellaneous readings are satisfactory anywhere. There is the 
additional advantage of this plan that fewer reserve copies of the books are 
needed. The writer recommends one copy per six students of the books of as- 
signments 1 to 6, one copy per twelve students of the books of assignments A7 
and B7, and one copy per seventy-five students of each of the others. 

It is obvious that a number of books suitable for this purpose are missing 
from the list. This is due solely to library limitations and delays involved in 
securing out-of-print books. The list will, of course, grow as time passes inas- 
much as books satisfactory for this purpose are appearing with ever increasing 
frequency. 

In conclusion, it should be remarked that some of the reading list is usable 
even among secondary school students. Some years ago the present writer 
experimented with collateral reading with boys and girls fourteen and fifteen 
years old, and found that if done judiciously, good results could be obtained. 

The following is a copy of the reading list which has been issued to students 
taking this work. 
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Uniwersity of Florida—Collateral Readings in Mathematics 


Mathematics is, par excellence, the science of exact thought. As such, it 
is the natural study of all persons possessing the attribute of intellectual cur- 
iosity, those seeking entrance to the life of the mind. Furthermore, as the lan- 
guage of the deductive sciences, its role in modern life is a very important one. 

. However, the place of mathematics in a liberal education rests not only 
upon these considerations, but also upon those of another sort. In the words 
of a great philosopher and mathematician, “Mathematics, rightly viewed, 
possesses not only truth, but supreme beauty—a beauty cold and austere, 
like that of sculpture, without appeal to any part of our weaker nature, without 
the gorgeous trappings of painting or music, yet sublimely pure, and capable 
of a stern perfection such as only the greatest art can show. The true spirit 
of delight, the exaltation, the sense of being more than man, which is the touch- 
stone of the highest excellence, is to be found in mathematics as surely as in 
poetry.” (Bertrand Russell in “Mysticism and Logic.”) 

Unfortunately, in most cases this exaltation comes but gradually—and even 
then, generally only after rather extensive study. However, a thoughtful and 
critical consideration of certain aspects of mathematics and mathematicians 
does make it possible to obtain more quickly a glimpse of what Wordsworth 
describes as “that independent world created out of pure intelligence.” It is 
these aspects which are considered in the readings listed below. 

One assignment is to be read each week and a five or ten minute oral dis- 
cussion with the instructor will be necessary upon the completion of each assign- 
ment. All the books listed are on reserve in the main reading room of the 
Library. 

The first ten assignments must be read in the order in which they appear 
in the list. The remaining ones may be read in any order after the comple- 
tion of the first ten. 


1. History of Elementary Mathematics—F. Cajori. Pp. 1-92. 
2. Mathematics (Our debt to Greece and Rome)—D. E. Smith. Pp. 1-89 and 
160-164. 
. History of Elementary Mathematics—F. Cajori. Pp. 93-138. 
. History of Mathematics in Eurobe—J. W.N. Sullivan. All. 
. Early Mathematics in North and South America—F. Cajori. Pp. 11-86. 
. Early Mathematics in North and South America—F. Cajori. Pp. 90-149. 
There are two alternatives for 7, 8, 9, 10. 
A. 7. Pioneers of Science—Sir Oliver Lodge. Pp. 5-107. 
8. Pioneers of Sctence—Sir Oliver Lodge. Pp. 108-202. 
9. Pioneers of Sctence—Sir Oliver Lodge. Pp. 206-303. 
0. Pioneers of Sctence—Sir Oliver Lodge. Pp. 305-397. 
B. 7. Makers of Science—I. B. Hart. Pp. 19-102. 
8 
9 


nm > WwW 


. Makers of Science—I. B. Hart. Pp. 103-209. 
. Makers of Science—I. B. Hart. Pp. 210-314. 
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10. Read either 11 or 12 or 13 below. 
These may be read in any order: 
11. Galileo—W. W. Bryant. All. 
12. Kepler—W. W. Bryant. All. 
13. Archimedes—Sir T. L. Heath. All. 
14. Introduction to Mathematics—A. N. Whitehead. Pp. 7-41. 
15. Introduction to Mathematics—A. N. Whitehead Pp. 42-86. 
16. Philosophy of Mathematics—J. B. Shaw. Pp. 1-30. 
17. Philosophy of Mathematics—J. B. Shaw. Pp. 154-168 and 186-195. 
18. Science and the Modern World—A. N. Whitehead. Pp. 1-54. 
19. Thinking about Thinking—C. J. Keyser. All. 
20. The Fourth Dimension Simply Explained—H. P. Manning. Pp. 7-51. 
21. Mysticism and Logic—B. Russell. Pp. 58-73 and 33-45. 
22. The Human Worth of Rigorous Thinking—C. J. Keyesr. Pp. 1-60. 
23. The Human Worth of Rigorous Thinking—C. J. Keyser Pp. 271-314 
24. Mathematical Recreations and Essays—W. W. R. Ball. Pp. 44-61 and 
170-187. | 
25. Canterbury Puzzles—A. E. Dudeney. Pp. 11-57. 
26. Canterbury Puzzles—A. E. Dudeney. Pp. 58-109. 
27. Canterbury Puzzles—A. E. Dudeney. Pp. 110-161. 
28. The Beautiful Necessity—Claude Bragdon. All. 
29. Projective Ornament—Claude Bragdon. All. 
30. The Curves of Life—T. A. Cook. Pp. 1-40. 
31. The Curves of Life—T. A. Cook. Pp. 41-80. 
32. The Curves of Life—T. A. Cook. Pp. 81-114. 


RECENT PUBLICATIONS 
EDITED BY ROGER A. JoHNsoN, Brooklyn College of the City of New York 


All books for review should be sent directly to the editor of this department, at Brooklyn College, 
66 Court Street, Brooklyn, N. Y. and not to any of the other editors or officers of the Association. 


NEW BOOKS RECEIVED 


Number, the Language of Science. A Critical Survey written for the Cultured 
Non-Mathematician. By Tobias Dantzig. New York, The Macmillan 
Company, 1930. xiv-+260 pages. $3.50. 

La Gamme. Introduction a l’Etude de la Musique. By P. J. Richard. Preface 
by Marius Casadesus. Paris, Librairie Scientifique Hermann et Cie, 1930. 
viii +232 pages. Paper, 28 francs. 

Applied Mechanics. By Norman C. Riggs. New York, The Macmillan Com- 
pany, 1930. xii+328 pages. $3.75. 

Mechanics for Students of Physics and Engineering. By Henry Crew and K. K. 
Smith. New York, The Macmillan Company, 1930. xviii+372 pages. $4.00, 
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Intermediate Mechanics: Dynamics. By D. Humphrey. London, Longmans 
Green and Co., 1930. xii+382 pages. $4.20. 

A Course of Analysis. By E. G. Phillips. Cambridge, The University Press, 
1930. vili+362 pages. 

Cours d’ Analyse, Professé al’ Ecole Polytechnique. Par J. Hadamard. Tome II. 
Paris, Librairie Scientifique Hermann et Cie, 1930. vi+722 pages. Paper, 
140 francs. 

The Principles of Quantum Mechanics. By P. A. M. Dirac. Oxford, The 
Clarendon Press, 1930. x-+258 pages. $6.00. 

Infinite Series. By Tomlinson Fort. Oxford, The Clarendon Press, 1930. 
iv+254 pages. 

Mathematical Introduction to Economics. By Griffith C. Evans. McGraw-Hill 
Book Company, Inc., 1930. New York, xii+178 pages. $3.00. 

Eléments de Trigonométrie Sphérique. Par G. Papelier. Paris, Librairie Vuibert, 
1930. 166 pages. Paper, 20 francs. 

Vorlesungen tiber Grundlagen der Geometrie. Von Kurt Reidemeister. Berlin, 
Julius Springer, 1930. Grundlehren der mathematischen Wissenschaften, 
Band XXXII. x+148 pages. Paper 11 marks, bound 12.60 marks. 

Curve Piane Speciali Algebriche e Trascendentt. Teoria e Storia. By Gino Loria. 
Vol. II.—Curve Trascendenti, Curve Dedotte da Altre. Primo Edizione 
Italiana. Milan, Ulrico Hoepli, 1930. xii+440 pages. 

Darstellende Geometrie. I: Elemente, Ebenflichige Gebilde. By Robert Haussner. 
Sammlung Goschen, 142. Berlin, Walter de Gruyter & Co., 1929. 208 pages. 

Fouriersche Rethen. By Werner Rogosinski. Sammlung Goschen, 1022. Berlin, 
Walter de Gruyter & Co., 1930. 136 pages. 

Elementary Theory of Finite Groups. By L. C. Mathewson, under the editorship 
of J. W. Young. Boston, Houghton Mifflin Co., 1930. x-+166 pages. $2.50. 

Differentialgleichungen Reeller Funktionen. By E. Kamke. Leipzig, Akade- 
mische Verlagsgesellschaft M.B.H., 1930. xiv+436 pages. 


REVIEWS 


Automorphic Functions. By Lester R. Ford. New York, McGraw-Hill Book 

Company, 1929. xii+333 pages. Price $4.50. 

This book is the first containing an extensive systematic treatment of the 
theory of automorphic functions in English. The author has succeeded in 
presenting this difficult subject ina manner which makes it accessible to those 
who are familiar with the fundamentals of the theory of functions of a complex 
variable. 

The first chapter, entitled “Linear Transformations,” and the second, 
“Groups of Linear Transformations,” give an especially clear treatment of 
topics which are of great importance in later work. The isometric circle, a 
concept introduced at an early stage, proves to be a valuable tool. 

The third chapter is devoted to “Fuchsian Groups,” and the fourth to 
some of the fundamental properties of automorphic functions. 
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In the fifth chapter existence theorems are established by means of the Poin- 
caré theta series, and some properties of the theta functions are proved. 

The sixth chapter, “The Elementary Groups,” contains also a treatment of 
inversion in a sphere and of stereographic projection, as well as an interesting 
discussion of the regular solids. 

Chapter VII,“The Elliptic Modular Functions,” contains the definitions 
and some of the properties of the functions J(r) and \(r) and a discussion of 
their relation to each other. 

Chapter VIII gives a thorough treatment of conformal mapping, including 
the mapping of a plane simply connected region on a circle (with particular 
attention to the behavior of the mapping function on the boundary), the map- 
ping of limit regions, and of simply connected finite-sheeted regions. These 
results are applied in Chapters IX and X to problems in uniformization. 

The text closes with a brief discussion of the relation between the theory of 
automorphic functions and certain parts of the theory of linear homogeneous 
differential equations of the second order. 

Not the least valuable part of the book is an excellent bibliography contain- 
ing more than three hundred titles. The arrangement is chronological, but it 
is easy to locate all the references to a particular author, if desired, since the 
Author Index refers to the bibliography as well as to the text itself. 


FRED W. PERKINS 


Einfihrung in die Nicht-Euklidische Geometrie. By Hans Mohrmann. Akade- 
mische Verlagsgesellschaft M.B.H. Leipzig, 1930. XII+126 pages. 


This introduction to non-Euclidean geometry by Professor Mohrmann 
makes very pleasant and interesting reading on account of its aggressiveness 
and boldness of point of view. In the discussions of the philosophical implica- 
tions of non-Euclidean and its relation to Euclidean geometry one in almost 
reminded of the late Study’s vigorous style. 

The first three chapters are given in the main to such meditations and his- 
toric accounts. Here, as usual with many German authors, the importance of 
Gauss in the development of non-Euclidean geometry is stressed beyond reason. 
Lobatchewsky and Bolyai are so to speak merely mentioned ‘‘en passant.” 
Again it seems to the reviewer that altogether too much credit is given to the 
philosopher Cornelius for his alleged remarkable evaluation of the essence of 
Euclidean geometry. Mohrmann dedicates the book to this Cornelius and main- 
tains with the latter that Euclidean geometry is the only geometry of reality 
(Wirklichkeit). Anybody that cannot see that is mistaken! This matter has 
of course been controversial for a long time, but Cornelius’ dogmatic position 
is by no means secure. 

On the other hand the criticism on axiomatic research and its importance 
for geometric development is well deserved. As Study, Poincaré and others have 
pointed out on various occasions the over-emphasis of axiomatics since Hilbert’s 
“Foundations” has done as much harm as good to geometric advancement. 
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Mohrmann makes some very sarcastic comments on the extreme ‘‘axiomatists” 
or “Mathematomanen.” 

The chapters which deal with Euclidean, projective and non-Euclidean geo- 
metry proper, are very well done. The position that analysis furnishes the only 
rigorous foundation for geometry is well taken. 

It has moreover the advantage of great simplicity in the establishment of 
the groundwork of geometry. The reader will find Mohrmann’s method of 
exposition of the foundations very direct and simple and for this reason very 
interesting. 

The mapping process of the projective plane upon the Steiner-surface and 
by topological deformation upon the Steinitz-octatredron is new to the re- 
viewer. 

Various models of non-Euclidean geometries are discussed and the Cayley- 
Klein metrics is given adequate treatment. All this is done in a clear and com- 
petent manner. 

Mohrmann’s book should thus prove a welcome addition to the existing 
treatises on non-Euclidean geometry. It is written in a refreshing and fearless 
style which will stimulate independent thinking and create a critical attitude 
toward orthodox and dogmatic statements even when issued by acknowledged 


authorities. 
ARNOLD EMCH 


Legons sur les Nombres Transfinis, By Waclaw Sierpinski; Gauthier-Villars, 

Paris, 1928. 240 pages. 

This volume appears as a unit in the Borel series of monographs on function 
theory. In the preface, signed by Professor Borel himself, it is very aptly re- 
marked that Professor Sierpinski requires no introduction to students of the 
theory of aggregates. His contributions to that theory, appearing with especial 
frequency in the Fundamenta Mathematica, are impressive. As is well known, 
the Polish school, which has developed the Fundamenta so successfully within 
a mere ten or twelve years, is primarily interested in problems of analysis situs 
admitting resolution by the methods of the theory of aggregates. Since Pro- 
fessor Sierpinski is one of the outstanding members of the school, it is a little 
surprising that he chose the subject of transfinite numbers for his monograph. 
An account, from his pen, of principles and methods in analysis situs a la 
Polonaise could not fail to afford exceptionally instructive reading. It would 
also provide an admirable companion volume for the Lefschetz monograph. 

No scholar, however, is more competent than Professor Sierpinski to pro- 
duce a really scientific treatise on transfinite numbers. The present work is 
precisely that. Moreover, the exposition is well arranged, fluent, and pleasing. 
The reviewer has no hesitation in commending this book to the attention of 
all who wish to acquaint themselves, from the most recent point of view, with 
fundamentals of the theory treated. 

Part 1, pages 1-138, is particularly interesting. Here the full cognizance 
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taken of recent researches, published principally in the Fundamenta, affects 
even the point of view and the entire course of the exposition. Thus we find 
the important Bernstein theorem based upon a new theorem due to Banach 
(Fundamenta, vol. 6, page 236), for which a proof is given by Sierpinski. In 
fact, the discussion of inequalities between cardinal numbers becomes, in se- 
veral respects, quite noteworthy. In this connection, for example, we find 
not only the Kénig theorem, but also a modification, and partial extension, 
which leads to interesting conclusions. Numerous other features of the six 
chapters of Part 1 result directly from the advanced scientific outlook of the 
author. A conspicuous achievement is the adroit handling of the vexatious 
Zermelo principle of selection (Allgemeines Auswahlprinzip). Without com- 
mitting himself in this controversial matter, Professor Sierpinski directs atten- 
tion to many theorems, some of them very surprising indeed, which can not 
be established unless the Zermelo postulate is accepted. He also shows the 
equivalence of this postulate and the affirmative solution of the problem of 
trichotomy. ' 

Following the analysis of cardinal numbers in Part 1, we find, in Part 2, 
a systematic and readable exposition of the theory of ordinal numbers. The 
author begins with a discussion of types of simple order, and of the Dedekind- 
process extension of dense to continuous types. He then proceeds quickly to 
well-ordered types and the associated ordinal numbers. Having studied these 
numbers along familiar lines, he presents the system of classes of ordinals and 
their corresponding cardinals (Alephs). The existence of a well-ordering for 
an arbitrary aggregate is exhibited as equivalent to the affirmative solution of 
the problem of trichotomy and to the Zermelo principle of selection. An excel- 
lent unsolved problem, due to Souslin (Fundamenta, vol. 1, page 223) is re- 
recorded on page 153. 

The typography is good, and there are apparently no serious errors. 


LESTER S. HILL 


Grundlagen der Analysis. Das Rechnen mit ganzen, rationalen, trrationalen, 
komplexen Zahlen. By Edmund Landau. Leipzig, Akademische Gesell- 
schaft, 1930, xiv+134 pages. | 


Mastering the theory of the real number system is one of the severest tests 
to which students of higher mathematics are put. It is not easy for the teacher 
to convince his class that he is serious when he defines a rational number as 
an ordered pair of integers, or a real number as a class of rational numbers. 
Uprooting the student’s haphazard notions of number, and replacing them by 
the theories of Dedekind, Cantor and Weierstrass is a maneuver which has its 
risks. The prognosis is favorable only when the patient has high vitality at 
the outset. 

Professor Landau’s little book looks as if it may have the qualities of a speci- 
fic. Certainly no clearer treatment of the foundations of the number system 
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can be offered to a student. Starting with Peano’s five axioms for the natural 
numbers, Landau develops, with the utmost elegance, precision and complete- 
ness, the theories of the natural numbers, fractions, real numbers and complex 
numbers. Never before has this subject been treated with such explicitness. 

The book is written in the crystalline style for which Landau is so well 
known. There are two prefaces, one for students, one for authorities. Speak- 
ing to the student, whom he “duzes,” Landau says: “Bitte vergisz was du auf 
der Schule gelernt hast, denn du hast es nicht gelernt.” 

One can only be thankful to the author for this fundamental piece of expo- 
sition, which is alive with his vitality and genius. 

J. F. Ritt 


Projective Geometry. By John Wesley Young. The Carus Mathematical Mono- 
graphs, number four. The Open Court Publishing Company, 1930. ix+185 
pages. 

It may be stated at the outset that this fourth volume of the Carus Mathe- 
matical Monographs will prove to be an excellent auxiliary text for students in 
a first course of projective geometry. 

The decision of the author “‘to develop on an intuitive basis the concepts 
and the properties of projective space, without any admixture of metric ideas,” 
is very fortunate. This idea is carried out in five chapters in which topics like 
perspective drawing, projection and section, correspondence, projective trans- 
formations, the principle of duality, Desargues’ theorem, the fundamental 
theorem, Pascal’s and Brianchon’s theorems, etc., are being treated. 

In chapter VI metric properties considered from a projective standpoint 
are discussed: parallel lines, midpoint, the classification of conics, perpen- 
dicular lines, the orthogonal involution, angle bisectors, axes of conics, foci, 
construction of an involution by means of circles, metric definitions of a conic. 
This is always particularly welcomed by the beginning student, because it forms 
for him a bridge between the old and the new soil. 

The next three chapters bear a more theoretical aspect, but are of the utmost 
importance for a more advanced understanding of projective geometry. Thus 
chapter VII deals with groups of projective transformations, chapter VIII 
with the algebra of points and the introduction of analytic methods, and the 
concluding chapter with groups and geometries. 

That the group-concept is here brought to the foreground is a proof for 
the modern standpoint which the author is taking in the teaching of even ele- 
mentary projective geometry. In this manner the fact that projective geometry 
and its analytic formulation may be established without any Euclidean metric 
concepts whatsoever may be made clear by a relatively simple method. 

This is done in an excellent fashion. But it seems to the reviewer that the 
exposition of this important fact could be simplified still more by stressing the 
important role of analysis in this demonstration. I have in mind the mechanism 
of projective coordinates (A143 2P:) =x =x;/x3, etc., based upon von Staudt’s 
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harmonic quadrangle — construction + projectivity +continuity axiom, in which 
the Cartesian plane is implicitly contained by making a special assumption 
about the infinite region of the plane. The complete analytic equivalence only 
assures absolute rigor. 

The last chapter gives the student a bright outlook on the geometries which 
are associated with various groups. The groups of collineations which leave 
given conics invariant offer the simplest and shortest approach to non-Euclidean 
geometry. This fact alone suffices to show the importance of the group-concept 
in geometry. Thus, the author concludes his monograph with a very stimulat- 
ing subject which will urge the good student to penetrate farther into the beau- 
tiful realms of geometry. 

The book is very clearly written and typographically well done. The 
reviewer has noticed very few errors. In the historic account perhaps too much 
emphasis is placed upon Poncelet with the exclusion of some equally important 
pioneers in this field. 

But these criticisms are not important enough to detract from the value 
of the very creditable monograph which Professor Young has written. 

ARNOLD EMCH 


PROBLEMS AND SOLUTIONS 


Eprtep By B. F. Finket, Orro DuNKEL, AND H. L. Otson 


Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All 
manuscript should be typewritten, with double spacing, and with margins at least one inch wide. 


PROBLEMS FOR SOLUTION 


N. B. Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well-known textbooks or results found in readily accessible sources, will not 
be proposed as problems for solution in the MontTHLY. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


3456. Proposed by C. A. Rupp, Pennsylvania State College. 
Show that the equation 


Qij 


xp = 0, (aij = a3; 77k a permutation of 123) 
ko Ayid;; 


represents a Steiner-Pliicker line of the Pascal hexagons whose vertices are 
the intersections of the conic of equation 


Do igH 5X; = 0 (1, j — 1, 2, 3) 
with the sides of the coordinate triangle. 


3457. Proposed by E. T. Bell, California Institute of Technology. 
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If (%) denotes the coefficient of x* in (1+x)™ when m is an integer>0, 
and (3) denotes 1, show that if m is an integer >0, 


2 Eee CNG = bee oe): 


3458. Proposed by J. Rosenbaum, Milford, Connecticut. 
In the triangle ABC, a tangent is drawn to the incircle cutting the lines BC 


and AC at X and Y respectively. Find the locus of the intersection of AX and 
BY. 


3459. Proposed by Norman Anning, University of Michigan. 
It is observed that 3003 = (8) =('s). Solve in positive integers the equation 


x +1 x 
( y ) 7 (, + .) 
3460. Proposed by B. F. Kimball, Unwersity of New Hampshire. 
Show that the integra 


My” + Xe” +t Hy” 
Vn = $$ _—_—_—_—————-dx,dx_--- dxn 
0 41+ x2 +-+- + Xn 
converges to the limit 2(7+1)—! when z increases without limit, and that the 


product ”|V,—2(r+1)—] remains bounded; 7 to be any real number greater 
than —1. A generalization of 3408/1930, 38]. 


3461. Proposed by Boyd C. Patterson, Hamilton College. 

Given a triangle A,A2A3, its circumcircle (O), anda line Z in its plane. To 
prove the following construction of the point P on (O) whose Simson line with 
respect to 4,42A3 is parallel to L: Through the circumcenter O draw a line 
OX parallel to L. If M is one of the points where OX cuts (O) then P may be 
located by the relation 


arc MP= arc MA, + arc MA, + arcMA; (mod 47) 


3462. Proposed by R. C. Colwell and O. R. Ford, West Virginia University. 


A circular hoop, which is free to move on a smooth horizontal plane, has 
sliding on it a small ring of 1/nth its mass, the coefficient of friction between 
the two being pw. Initially the hoop is at rest and the ring has an angular vel- 
ocity w round the hoop. Show that the ring comes to rest relative to the hoop 
after a time (1+7)/yw. 

SOLUTIONS 


3350. [1928, 494] Proposed by Frank Irwin, University of California. 


Find the sum of all products of ” factors each, the factors being chosen from 
the numbers 2, 3, 4,---, 2+¢. Repetitions of factors are allowed; order is 
not considered; and two products 2-6 and 3-4 are regarded as distinct, though 
numerically equal. 
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Solution by Emma T. Lehmer, Brown University. 


The problem is equivalent to finding the coefficient L,™ of «”—" in the poly- 
nomial 


P(x, m) = (w+ 2)(44+3)---(@tmt+i)= DE rp’, Ho” = 1, 
where t-+1 is replaced by m. 
If we substitute x+1 for x in the above and multiply the result by «+2, we get 
(a + 2)P(x4 + 1, m) = P(x, m+ 1), 


Or 


(« + 2) SB yt al + 1)* = pame 


k=0 


Equating coefficients on both sides of this last equation, we have 


mrt m Re R m = oe 
waaay EDT a(t Jeet 


En = 2 Sms, 


Since (x-+m+2)P(x, m) = P(x, m+1), we find by equating coefficients, the 
following relation: 


(2) Ent = (m+ 2)Em, + En (n= 1-++m) 
Ent = = (m + 2) Ew a 


From (1) and (2) we derive 


oa(*)+(h)=- S202 G2 ete 
(n=1---m). 


We now solve by determinants the set of m equations (3), of which the follow- 
ing are the first three: 


4(™ "= Be 

C)+C oe? 

m— 2 

( 2 ) Jeet ak 
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POG] + 0 og 
PO) PCr C2) . 4 


Gat Grn) earn aaan) Ecaroy Garo i ee E Gaara 


m—n+1 
ren) 
The first three of these functions of m are 


m(m — 1)(3m? + 17m + 26) 
24 ) 
mim — 1)\(m — 2)(m + 3)(m? + 5m + g) 
SE 
3405 |1930, 37]. Proposed by Paul Wernicke, Washington, D. C. 
Given in a plane three concurrent lines and a point P. Construct an equi- 


lateral triangle having its summits on the three lines and having the point P 
on one of its sides. Determine the number of solutions. 


1 
Ey = —m(m + 3), Ex" = 


Es” 


Solution by Lloyd C. Bagby, Linsly Institute of Technology. 


Let 1, 2, 13 be the three straight lines concurrent in O. On any one of the 
lines, say /2, select a point Q, not at O, and construct the equilateral triangle 
OMN with the side MN lying upon ],. Draw the straight lines NN’, MM’ so 
that they pass through Q’, the symmetric of Q with respect tol,. Then VN’ and 
MM’ are the loci of the third vertices of all equilateral triangles having one 
vertex at Q and another on ],. Let NN’ and MM’ cut /3; in N’ and M’, respec- 
tively. Then NV’ and M’ determine two equilateral triangles with the sides QNV’ 
and QM’, respectively, whose third vertices lie upon /,. There are then three 
triangles homothetic to each of these triangles having a given point P on one of 
their sides or on a side extended. There are therefore six solutions. 

Also solved by E. M. Berry, J. D. Leith, J. H. Neelley, A. Pelletier, J. A. 
Powers, O. J. Ramley, J. Rosenbaum, S. Kullback, and the Proposer. 


3409 [1930, 94]. Proposed by Norman Anning, University of Michigan. 
When 3b?>8ac, the curve, y =ax‘+)x'+cx?+dx-+e, has two real inflectional 
tangents. Prove that they cut off equal areas. 


Solution by Andrew G. Clark, Colorado Agricultural College. 


If F(x) isa polynomial, the area cut from y = F(x) by the chord through the 
points of intersection of the two fixed lines, x =x, and x=x2, with y= F(x) is 


1930] PROBLEMS AND SOLUTIONS 511 


invariant to the arbitrary character of the coefficients of the first and zero degree 
terms of F(x). 

This theorem holds providing the chord does not intersect y= F(x) for 
x1<x<x2. The proof becomes evident when the expression, 


J Foods — Mer — =) Fla) + Fd], 
x1 

for the area cut off by the chord is examined and found independent of the 
coefficients of the first and zero degree terms of F(x). 

The quartic to be considered loses nothing in generality if transformed into 
y =f(x) =x*+cx?+dx+e; it is clear that for the equation in this form, c<0 is 
the condition for two real points of inflection. Now, for convenience, replace c 
by —6m?, whence 


y = xt — Om?x? ++ dx +e; y’ = 4x3 — 12m?x +d; and y"’ = 12x42 — 12m?. 


It is obvious, then, that the inflection points are m, f(m) and —m, f(—m), and 
that the equation of the tangent through the former is y—f(m) =f’(m) (x—m). 
Now solving this equation with y=/(x), we get the equation 


f(x) — flm) — f(m)(% — m) = 0, or (« — m)%(x% + 3m) = 0. 


The roots of this cubic are immediately seen to be independent of the coefficients 
dand e, in f(x). 

Therefore, if it can now be shown that for some particular values of d and e, 
the areas cut off by the two inflectional tangents are equal, an immediate ap- 
plication of our prestated theorem will complete the proof for the general quar- 
tic. This is easily done, since, for d=0, the quartic is symmetric to the y-axis, 
and the areas cut off are obviously equal. 

Also solved by A. Pelletier, F. L. Wilmer, and Paul Wernicke. 


3410. [1930, 94]. Proposed by Nathan Altshiller-Court, University of Oklahoma. 


Construct a triangle given the base, the difference of the base angles, and 
the bisector of the vertical angle. 


Solution by Louise E. Wiederhold, William Smith College. 


Let ABC be the required triangle, O its circumcircle, AU the bisector of 
angle BAC, intersecting BCat U,AD the altitude to BC from A, and AO the 
circumradius through A. Then the angle DAO equals angle ABC minus angle 
ACB. Since A U is the bisector of angle BAC, it is also the bisector of the angle 
DAO. Therefore angle DAU equals $(angle ABC minus angle ACB). Since 
angle ABC minus angle ACB is given, }(angle ABC minus angle ACB) is also 
known, which together with the length A U determines the right triangle DA U, 
which can be constructed. The points D, U then determine the line, /, on which 
BC is to lie. Since the point U on the line / is known, the point U’ which is the 
intersection of the external bisector of angle BAC (perpendicular to A U at A) 
with the line / can be found. The circle K on UU’as diameter passes through 
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A. The points B, C are inverse points with respect to this circle since (U’ UBC) 
equals —1. A circle on BC as diameter would therefore be orthogonal to the 
circle K. But on / there is an infinity of pairs of points which are inverse with 
respect to K. However there is only one pair of points which are the length 
BC apart and which (considering AU as the internal bisector of angle BAC) 
fit the case. In order to find these points B, C it is necessary to construct a 
circle M orthogonal to K, of radius }BC. The center of this circle can be found 
in this manner: construct a right triangle with legs equal to UU’ and 4BC. 
The hypotenuse of this triangle will equal the distance of the center of M from 
the center of K on line /. (U must be located between K and M). The circle 
with M as center and 4BC as radius will cut the line UU’ in the required points. 
B, C, with A determine the triangle. 

Also solved by E. J. Buddenbaum, Solomon Kullbak, J. D. Leith, R. K. 
Morley, William Orange, A. Pelletier, W. A. Rees, Ralph Tocker, Paul Wer- 
nicke, and Frank L. Wilmer. 


3411. [1930, 94] Proposed by J. Rosenbaum, .Milford, Conn. 


A particle within a closed plane curve is attracted by every point of the 
curve with a force proportional to the distance from the particle to the point. 
Find the position of equilibrium of the particle. 


Solution by the Proposer. 


This problem is a generalization of 3395, November, 1929. There the cen- 
ters of attraction were finite in number, while here they are all the points of a 
continuum. Since there, the position of equilibrium is the center of mass of 
n equal masses placed at the m centers of attraction regardless of the value of 
n, of the magnitude of the masses, or of the manner of distribution of the cen- 
ters of attraction, it follows that here, too, the position of equilibrium is the 
center of mass of the arc of the given curve. 

It thus appears that the curve does not need to be a plane curve or closed. 
The centers of attraction may be even all the points of a given area or volume. 

Also solved by A. Pelletier and Paul Wernicke. 


NOTES AND NEWS 


Professor George Birkhoff has been elected Corresponding member of the 
Royal Academy of Sciences of the Institute of Bologna. 


Dr. M. A. Basoco, of the California Institute of Technology, has been ap- 
pointed assistant professor of mathematics at the University of Nebraska. 


Dr. Theodore Bennett has been appointed assistant professor of mathe- 
matics at the University of Wisconsin. 


Dr. R. V. Churchill has been promoted to an assistant professorship of 
mathematics at the University of Michigan. 
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Assistant Professor A. J. Cook has been promoted to an associate professor- 
ship of mathematics at the University of Alberta. 


Assistant Professor P. H. Daus, of the University of California at Los 
Angeles, has been promoted to an associate professorship of mathematics. 


Dr. H. A. Davis, of West Virginia University, has been promoted to an 
assistant professorship of mathematics. 


Assistant Professor W. H. Durfee, of Hobart College, has been promoted 
to a professorship of mathematics. 


Dr. C. M. Erikson, of Michigan State Normal College, has been promoted 
to an assistant professorship of mathematics. 


Mr. J. H. Fithian has been promoted to an assistant professorship of mathe- 
matics at the Newark College of Engineering. 


Mr. H. J. Gay has been promoted to an assistant professorship of mathe- 
matics at the Worcester Polytechnic Institute. 


Dr. Marion C. Gray has been appointed to a position in the department of 
development and research of the American Telephone and Telegraph Company. 


Dr. E. K. Haviland has been appointed assistant professor of mathematics 
at Lehigh University. 


Dr. G. A. Hedlund has been appointed associate in mathematics at Bryn 
Mawr College. 


Dr. H. M. Hosford has been appointed to a professorship at the University 
of Arkansas. 


Assistant Professor Emma Hyde has been promoted to an associate pro- 
fessorship of mathematics at Kansas State Agricultural College. 


Miss Myra I. Johnson has been appointed head of the department of 
biological science at Whitney Women’s College. 


Associate Professor R. A. Johnson, of Hunter College, has been appointed 
associate professor of mathematics at Brooklyn College of the City of New York. 


Assistant Professor V. F. Lenzen has been promoted to an associate pro- 
fessorship of physics at the University of California, Berkeley. 


Mr. A. J. Lewis has been promoted to an assistant professorship of mathe- 
matics at the University of Denver. 


Assistant Professor Mayme I. Logsdon has been promoted to an associate 
professorship of mathematics at the University of Chicago. 


Assistant Professor H. F. MacNeish, of the College of the City of New York, 
has been promoted to an associate professorship of mathematics. 
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Assistant Professor E. B. Mode has been promoted to a professorship of 
mathematics at Boston University. 


Assistant Professor C. H. Rawlins, of the United States Naval Academy, 
has been promoted to an associate professorship of mathematics. 


Dr. Edward Saibel has been appointed assistant professor of mechanics 
at the Carnegie Institute of Technology. 


Dr. J. A. Shohat has been appointed lecturer in mathematics at the Uni- 
versity of Pennsylvania. 


Assistant Professor C. A. Shook, of Yale University, has been appointed 
assistant professor of mathematics at Lehigh University. 


Assistant Professor S. P. Shugert has been promoted to a professorship of 
mathematics at the University of Pennsylvania. 


Assistant Professor E. B. Starke, of Rutgers University, has been promoted 
to an associate professorship of mathematics. 


Associate Professor F. C. Touton, of the University of Southern Cali- 
fornia, has been promoted to be professor of educational research and vice- 
president of the University. 


Dr. Morgan Ward has been promoted to an assistant professorship of 
mathematics at the California Institute of Technology. 


Assistant Professor F. M. Weida, of Lehigh University, has been appointed 
associate professor of mathematics at George Washington University. 


The following appointments to instructorships are announced: 

Brooklyn College of the City of New York: Mr. A. W. Landers, Jr. 
University of Buffalo: Dr. George C. Munro of the University of Michigan. 
Case School of Applied Science: Dr. O. E. Brown. 

Lehigh University: Mr. F. S. Beale and Dr. E. H. Cutler. 

Los Angeles Junior College: Mr. E. J. Hills. 

State Teachers College, Oshkosh: Miss Irene Price. 

Princeton University: Mr. A. L. Foster, Mr. J. E. Merrill. 

Purdue University: Mr. H. F. S. Jonah. 

Radcliffe College: Dr. Mary Curtis Graustein (tutor). 

Rutgers University: Mr. H. S. Grant. 

Sweet Briar College: Dr. Ethel I. Moody. 

South Dakota State College: Mr. Orlin L. Walder and Miss Irene Wente. 
United States Naval Academy: Mr. Ernest Hawkins. 

Yale University: Mr. Hassler Whitney. 


Dr. James M. Taylor, professor emeritus of mathematics at Colgate Uni- 
versity, died July 31, 1930 at the age of eighty-six. 


Introduction to 
the Theory 
of Numbers 


By LEONARD EUGENE DICKSON 


“In this book a leading mathema- 
tician has produced a work that will 
serve to introduce many students to 
a subject that has long engaged the 
attention of professional and ama- 
teur mathematicians.” — Science 
News-Letter. $3.00 


The Aryabhatiya of 
Aryabhata 


An Ancient Indian Work on 
Mathematics and Astronomy 


Translated from the Sanskrit by 
WALTER EUGENE CLARK 


This is probably the earliest pre- 
served Indian mathematical and 
astronomical text bearing the name 
of an individual author, and the 
earliest Indian text to deal specifical- 
ly with mathematics. Mr. Clark’s 
work is the first attempt at a com- 
plete translation of the historical 
material. $2.50 


Studies in 
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Numerous original investigations in 
the theory of quadratic forms in 
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literature; they start from first prin- 
ciples, and give a systematic expo- 
sition of old and new results in the 
arithmetic of quadratic forms. 
$4.00 
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Teaching Mathematics 
in Secondary Schools 


By ERNsT R. BRESLICH 


. the best present knowledge 
of the technique of teaching alge- 
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with considerable emphasis on spe- 
cific method, devices, motivation 
and interest....” American School 
Board Journal. 


. the suggestions . . . will 
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Instruction, Commonwealth of 
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Volume XXXVI, 1929: 
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P. 558, under “Swezy,’ , for “E.D.” read ‘G.D.” 


Volume XX XVII, 1930: 

. 39, 4th line frim the bottom, for “S. Pelletier” read ‘A. Pelletier.” 
. 162, 28th line, omit “‘e’’ in “Whiteman.” 

. 203, 19th line, for cow. M.” read ‘‘W. I.” 

. 250, 11th line from bottom, for ‘‘cos”’ read ‘‘sin.”’ 

. 386, 4th line from bottom, for ‘‘G” read ‘‘J.” 

. 404, last line, for “u*’’ read ‘‘uy.”’ 

486, 8th line, for ‘ ‘substraction’” read ‘‘subtraction.”’ 

. 504, 1ith line, for “‘octatredron”’ read ‘‘octahedron.”’ 

. 510, 7th line from bottom, for ‘“‘Ramley” read ‘‘Ramler.”’ 
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THE CUBIC AND BIQUADRATIC EQUATIONS 
VIETA’S TRANSFORMATION IN THE COMPLEX PLANE 


By ARCHIBALD HENDERSON and A. W. HOBBS, University of North Carolina 


1. In this paper, a number of methods, possessing a measure of novelty, 
are presented for the solution of the cubic and biquadratic equations. The 
transformation attributed to Vieta (1591) presents interesting points if treated 
as a problem in complex variables. The method employed by Heilermann!’ 
in the algebraic solution of the biquadratic affords an effective method of 
solving geometrically the biquadratic equation. 

2a. The Reduced Cubic. If we replace w in the cubic 


(1) w+ pwtg=0 

by u+iv we obtain, after equating real and imaginary parts separately to zero: 
(2) ur — 3uv? + pu+q =O, 

(3) 3u*y —v+ pv = 0. 


The real intersections of these two curves when considered as complex numbers 
are the roots of the original equation. 
The transformation attributed to Vieta for the solution of the cubic is 


w= 2 — (p/32). 
Ifw=u+w and z=x+7y, this transformation represents an inversion in 
the circle 
a? + y? = b/3, 
followed by a reflection in the axis of reals, and a translation. 
Putting u-+7z for w, and x+y for 2 we get: 


x(x? + y? — $9) et PF 8D) 


we? 4 yy? . xe? 4 yy? 
Applying this transformation to equations (2) and (3) we obtain: 
(4) (x8 — 3xy?)(x? + y?)8 + g(x? + 9?)® — pi(a? — 3uy?)/27 = 0, 


(5) y(a? + y? + p/3)(xt + 2x29? + y4 — px?/3 — py?/3 + £°/9)(3x? — 9”) = 0. 
The first of these equations, (4), represents a curve of the ninth degree having a 
triple point at the origin with distinct tangents: 

x = 0, “— yvV/3 = 0, a+ yv/3 = 0. 
These lines are also asymptotes of the curve. The only real parts of the second 
curve are: 

y=0, aJ3-y=0, avV34+y7=0, 

1 Zeitschrift fiir Mathematik und Physik, vol. 44 (1898). 
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and when is negative, the circle x?-++y?+43p=0. An interesting fact about the 
first curve is that it is its own inverse. In fact it is unaltered under inversion 
in the circle x?-+y?++45=0, also under reflection in the axis of reals. The six 
real intersections of the two curves are paired in such a way that if we consider 
one point of intersection with its reflected inverse and take their vector sum 
we get one of the values of w satisfying the original cubic. 

Figural is drawn for a specially favorable case, p being —3 and g being 52. 


(4) 


(4) 


Lr (5) 


(4) 
Fic. 1 


2b. The General Cubic. Consider the general cubic 
(6) B+ 3a+ 3b¢+¢=0 (a,0,¢ real). 
Employing the substitution ¢=s—a, we obtain: 


(7) s? — 3(a? — b)s + (2a8 — 3ab + ¢) = 0. 
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Further reducing this form, s?— 3ls-+m =0, by the substitution s =v W, we have: 


31 m 
ws —-—-W+-—=0 
y? ps 
Setting }=v?, we have the form: 
(8) W? —3W +K=0, where K = m/B!, 


There are four cases. If = +A, m=-+u; or }=-+A, m= —uy, where d and yu 
are both positive quantities, we have: 


(8A) W3 —3W +p=0, where p = p/d?”?. 


If however ]= —\, m=-+y; or] = —A, m= —y, where d and p are both positive 
quantities, we have 


(8B) W3 — 3W+pi = 0, where p = p/d®!?, 

Employing Vieta’s transformation in the simplest form 

(9) W=2+(1/z) where W=u+w, 2=x+1y 

we have 

(10) u+ iv = a+ ty+ (a+ ty). 

Solving we obtain: 

a1) we te ED (et PD 
a+ 9 (at + 9) 


Clearly 
a(n? + y? + 1) ya? + y? — 1). 
x2 + vy? x2 + vy? 


is invariant under the substitution 


W = 


V1 — ¥1 
x= —— y= — 
(x? ++ yt) (x? ++ yt) 


as is otherwise obvious, by the substitution z;=1/zin the formula W=z2+ (1/2). 
To get the inverse transformation, we employ 2+ (1/z) =u-+7, which gives 


(11A) ga=aaxtiy=k{ut it [(u? — ov? — 4) + Quvi}?}. 
Setting 
(aw + iB)? = (u? — v® — 4) + 2uvi 
we obtain 
(12) a? = B{(u? — v? — 4) + [ut + of + 16 + 2u?? — 8u2 + 802] 1/2}, 
B? = 3{— (uw? — vo? — 4) + [ut + of + 16 + 2020? — Bu? + By? }/2}. 
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Hence from 
x=3(uta), y=3(ut8), 
with a and 8 from (12), we have 


(\/2)u + { [ut + ot + 16 + 2u%v? — 8u2 + 8y2]/2 + (42 + 92 — 4) ale 
yo me NT 


43) 2/2 
(\/2)u + { [ut + ot + 16 + 2u%v? — Bu? + 80? ]!/2 — (u? + v2 — 4) ]}/? 
a i, ae 
Making the substitution W=u-+z2v in equation (8A), we have 
(14) uw? — 3uy? — 3ut+p=0, v(3u? — v? — 3) = 0. 


Plotting, in either case, the paired loci, we obtain in general three points of 

intersection; (#1, 21), (we, ve), and (u3, v3). These supply the three roots W,, 

W2, W; of the original equation. By this method we are spared the necessity of 

plotting nonic curves. The three values of (u, v), set in equations (13), furnish 

the required values of x and y, which likewise furnish the three values of zg. 
For the other case, W?-3W+p1=0, we have 


(15) u(u? — 3v2? — 3) = 0, vw — 3u%7 + 304+ p= 0. 
We then proceed as in the former case. 
3. Examples: 
A. Given #+6+9+4=0. Making the substitution t= W—2, we have 
W?—3W+2=0. Using the substitution W=u-+1i, we have 
uw — 3uv? —3u+2=0, v(3u? — v? — 3) = 0. 


The plotted or solved values for the intersections are (1, 0), (1, 0), (—2, 0). 
Hence the values of W are 1, 1, —2; and therefore the roots of the original 
equation are —1, —1, —4. The first curve above may be plotted by points 
from the equation, 


y= + [(w3 — 3u + 2)/3u]!/2. 


The second curve consists of the straight line v= 0 and the hyperbola, u? — 4v? = 1. 
B. Given #—6-+18t—40=0. Making in order the substitutions¢ =s-+2 
and s=+1W,/2, we have 
s8+6s—20=0 and W*— 3W — S5iv/2=0. 
Equations (15) for this case are 
u(u? — 3n2? — 3) = 0, v8 + 3(1 — uw®%)0 + 50/2 = 0. 


Combining u=0 with the second equation, we have v'+3v+5,/2=0, giving 
one réal root 93= —1/2. Hence Wy= —%/2. Combining u*?—3v?—3=0 with 
the second equation, we have 


803 + 6v — 5\/2 = 0, 
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giving the single real value $4/2. Since from the first equation u = +34/2/2, the 
corresponding values of W are 


— 4/234 4), and W; = — 4/2(3 — i). 
The corresponding values of g, derived from equation (114A) are 


a= 2V 2/3 — 1)i, 
af Sart = — 2/273 + 1), 
iV 20/3 + 1)(/3 + 2), 
af = apt = $V 2(V3 — 1)(V3 — 4); 
ag = — 3V2(73 + 1)(V3 — 9), 
ag = apt = — 3V2(V3 — 1)(V3 4 9). 
From these six values of 2, which are paired as indicated, the six pairs of values 
of x and y may be written down by inspection. 
The geometrical aspects of the problem are clarified by figure 2. For in- 
stance, suppose we have 21, 22, and 23, since only one set of three values is 
required. Choosing Ze, find its inverse point with reference to the unit circle, 


and then reflect this inverse point in the axis of reals. Complete the parallelo- 
gram formed by Oz and Oz, , giving the point We, as indicated by the formula 


We = to + 27! = so + 29. 


4, The Biquadratic. Employing Heilermann’s method, we write the bi- 
quadratic equation, 


(16) t* + ayt2 + aot? + azgt + a, = 0 


ww 
bo 
I 


in the form 

(16)! t+ ayt? + M2 + (ay — N+ ag + a4 = Oz 
Making the substitutions «=??, y=t, we have 

(17) F(a y) = x? + ayxy + aox + agy + a4 + My? — x) = 0. 


We may now determine the parameter X, so as to make the polynomial F(x, y) 
break up into two linear factors. The required condition is 

2 a1 GQo—NA7 

ay 2X a3 = 0 

dg —N a3 244 


or 


3 — Zacd? + (aya3 + a2? — 4a4)\ + (a2a4q — a1a,a3 + ag) = 0. 
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The solution of this cubic in \ gives three values which, set in equation (17), 


give three quadratics, each of which breaks up into linear factors. Suppose, for 
example, that for one of the values of \ equation (17) takes the form 


yo / 
\ / 
/ 


Fic, 2 


(a + bry + c1)(% + boy + c2) = 0 


Or 


(7? + byt + C1) (t? + bot + G2) = 0) 


or 
(é —tjt- to) \ (t — ts)(t — ts) } = 0 
For the three values of \, the four roots f1, f2, t3, 44 are paired as follows: 
ty, bo; ts, tg | 
ty, ts; te, ba 
ti, ta; te, bs 
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5. Geometrical Solution. Consider the equation 
(x? + ayxy + dex + azsy + a4) + A(y? — x) = 0. 


This is a single parameter family of conics, passing through the points of inter- 
section of the two conics 


(18) x? + ayxy + a2% + asy + a4 = 0 
and 
(19) yi —x% = 0. 


A geometric solution without employing the cubic in \ is afforded directly, 
the four solutions of the original biquadratic in ¢ being the ordinates of the 
four points of intersection of the plotted conics (18) and (19), the latter being 
a base parabola. 

A second method is to find the intersections of a single pair of lines 


x + by +c, = 0, x + boy + co = 0, 


found by the use of one solution of the cubic in A, with the base parabola (19). 

A third method is to find the intersections of two pairs of such lines, derived 
from two different solutions of the cubic in X. 

If the conics (18) and (19) intersect in four points, the three pairs of lines 
derived from the solutions of the cubic in \ form a complete quadrangle on the 
four points.’ 

Example. Given t4~—2#—?+2t=0. From the equation \?+2\?—3\=0 we 
have \=0, —1, 3. ForA=0, 


“2 —Qexy—-x+2y=0 or (« — l(* -— 2y) = 0. 


Making this simultaneous with y?—x=0, we find for the values of y, or , 
0, +1, —1, 2. 


TWO NOTES ON INSTRUCTION IN MECHANICS 
By OLIVER D. KELLOGG, Harvard University 


1. On the “principle” thai Newton's second law, together with the initial position 
and velocity, determine the motion of a particle. 

The following question appeared in a recent examination in mechanics: 
Prove that the motion of a particle under a central force takes place in a fixed plane. 
A number of answers were substantially as follows. “Consider the plane con- 
taining the given center, the initial position, and the initial velocity of the 


2 Consult Archibald Henderson, Observations on simultaneous quadratic equations, in this 
Monthly, vol. 35 (1928), pp. 337-346. A full discussion of the various cases arising from degenera- 
tion of the complete quadrangle is found in that paper. 
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particle. As the force lies in this plane, there is no normal acceleration, so that 
the particle remains in the plane.” 

The question arose as to whether this reasoning is valid. We are not here 
concerned with the failure of the students to notice that if the velocity is ini- 
tially toward the center, the plane in question is not determined. Let us suppose 
the statement of the question precluded such an initial velocity. Since the 
theorem is true, it may appear a little difficult to assure oneself as to the pro- 
priety of the reasoning. This may, however, be done as follows. If we can con- 
struct a field of force (not, of course, central), to which the reasoning applies, 
and yet in which the motion is not necessarily plane, we shall know that the 
reasoning is not valid. 

Now the solutions of the differential equations of motion are known to be 
unique in case the components of force on the coérdinate axes satisfy a Lipschitz 
condition. And if tle plane of the initial velocity be taken as the (x, y)-plane, 
and there is no component of force normal to that plane as long as the particle 
remains in the plane, then z=0 is part of one possible solution. We must there- 
fore seek a field of force in which a Lipschitz condition is noé satisfied. Such a 
one is given by the components 


X=—-—2, Y=—y, Z=12[2| 1”. 


If we take the mass of the particle as 1, and suppose that for ¢=0 it is at (1, 0, 0), 
with the velocity (0, 1, 0), the equations of motion and initial conditions will 
be found to be satisfied by 

x = cost, y= sint, z= #4, 


and these equations do not represent a plane curve, in spite of the fact that there 
is no component of force normal to the plane z=0 which contains the particle 
and its velocity for /=0. Thus the students’ “proof” is not a proof. 

It is not contended that no credit should be given the indicated replies to 
the question. A discussion of the subject might be interesting, but this was not 
my intention in writing this paper. 

As to the “principle” cited above, the example shows that it is a dangerous 
one. It may be urged that nature does not construct fields of force like the 
one given. But all our mathematical treatment of nature is based on idealiza- 
tions, and there is no guarantee that an idealization might not lead to a field 
of force which does not have the Lipschitz property. Certainly, the “principle” 
as stated is not mathematically sound. 


II. On the Prinaple of Virtual Work. 


There are few topics in mechanics on which there is more lax writing and 
thinking than the principle of virtual work. We propose here, not so much to 
go into all the details of a precise formulation, as to point out'’an apparent 
failure of the principle. 

Coérdinates of a mechanical system must be defined. A virtual displacement 
of the system is then defined by a variation of the coérdinates. A variation of the 
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coérdinates is a system of differentials, satisfying the linear equations obtained 
by differentiating the equations of constraint (if the constraints are holonomic 
—otherwise satisfying the non-holonomic equations of constraint). Whether a 
virtual displacement is “actual,” “real,” or “possible,” is utterly beside the 
point. If an equation of constraint is non-linear in the coérdinates, and is not 
identically satisfied by them, then, in general, a virtual displacement does not 
correspond to a possible configuration of the system. 

The constrains are assumed to be smooth, which means that the forces of 
constraint do no work for any virtual displacement. Calling all other forces 
applied, we may state the principle as follows: A necessary and sufficient con- 
dition that the system be in equilibrium ‘ts that the virtual work of the applied forces 
vanishes for every virtual displacement. 

Some years ago, Professor W. F. Osgood called my attention to the following 
example. Imagine a weightless circular hoop, in a vertical plane, constrained 
to roll on the under side of an incline plane, without slipping. To a point of the 
hoop is attached a heavy particle. Study the possibility of equilibrium. 

If we take the x-axis in the plane, and downward, and the y-axis perpendic- 
ular and also downward, it is natural to take as codrdinate the angle through 
which the radius of the hoop through the particle has rolled from its position 
when the particle is in contact with the plane. The coérdinates of the particle 
are then given by the usual equations of the cycloid: 


a(@ — sin @), 
y = a(1 — cos @), 


Xx 


and we find for the virtual work corresponding to a variation 60 
5W = 2wa sin 46 cos (40 — a)60, 


where a is the inclination of the plane, and w the weight of the particle. The 
principle of virtual work tells us that a necessary and sufficient condition for 
equilibrium is the vanishing of the sine or the cosine in this expression. The 
vanishing of the cosine gives correct results: the particle is in equilibrium at 
every point of the path of minimum height. The vanishing of the sine, how- 
ever, gives us the points of contact of the particle with the plane, which I think 
most of us would regard as spurious positions of equilibrium. 

Perhaps an even more striking example is found in a bead, free to slide 
under gravity on a vertical wire. If z is the distance of the bead above an 
arbitrary point of the wire, and we take as the coérdinate (and surely generalized 
codrdinates are admissible) of the particle, g, defined by z=’, then the virtual 
work of the weight w of the bead is 


5W = — 3wgq*6q, 


and this vanishes at g=0 for every virtual displacement. We should thus be 
led to infer that any given position of the bead is one of equilibrium! 
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The second example will perhaps raise a suspicion as to where the difficulty 
lies, because of the artificiality of the codrdinate used. Indeed this is just the 
point. It is not the principle that has failed us, it is the coérdinates employed 
—ijn spite of the fact that in the first example @ is the most natural one to select. 
However, if we had used y instead, we should not have obtained the spurious 
positions of equilibrium. 

The obvious way out is to lay proper restrictions on the choice of systems 
of codrdinates. A sufficient restriction is the following. A system of codrdinates 
is not admissible unless to every vartation of the codrdinates (other than that in 
which all differentials vanish) there corresponds a change of position of at least 
one point of the system. This may be formulated analytically by selecting a 
set of points of the system (assumed to have a finite number of degrees of 
freedom) such that the positions of these points fix those of all points of the 
system. Then the matrix of the partial derivatives of the cartesian coérdinates 
of these points with respect to the chosen coérdinates of the system must be of 
maximum rank. 

Another way of avoiding the trouble lies in a change of definition of virtual 
displacement. We define virtual velocities as any system of velocities of the 
points of the system compatible with the constraints. A virtual displacement 
is then any system of displacements of the points of the system proportional 
to a system of virtual velocities. This procedure seems simpler. However, 
sooner or later the difficulties which coérdinates may introduce must be faced. 


THE HOMOGENEOUS LINEAR DIFFERENTIAL EQUATION 
WITH CONSTANT COEFFICIENTS 


By MEYER SALKOVER, University of Cincinnati 


This note deals with the solution of the differential equation in one depend- 
ent and one or two independent variables, linear, with constant coefficients, in 
the dependent variable and its derivatives, there being no term in the equation 
free from the latter quantities. By “homogeneous” is here meant the last re- 
quirement. The treatment is elementary, inductive, and characterized by the 
avoidance of artificial limiting processes, abstruse symbols (except in the last 
paragraph), and the customary auxiliary theorems. Moreover, the parallelism 
between the ordinary and the partial differential equation of the type studied 
will be clearly exhibited. 


1. The Ordinary Differential Equation 
The ordinary differential equation 
(1) (D _ a)™Z = 0, 


where D means the operator d/dx, the exponent m is a positive integer, any 
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power of D meaning the derivative of the corresponding order, and where a is 
a constant, may be solved as follows: We put 
(2) (D—a)z=R. 


To find a serviceable expression for R, we might, in the usual way, apply the 
integrating factor e~**; or, equivalently, write (2) as 


(d/dx)(log z) — a = R/z 

~ (4/d) [log (ze*2)] = R/s; 

whence 

(3) (D — a)z = R = 2(d/dx) [log (ze~*) | = e9*(d/dx)(ze-**). 
By induction, we obtain 

(4) (D — a)™s = e%(d™/du™) (ze—*). 


Hence (1) reduces to 
(d™/dx™)(ze—2*) = 0, 
which, after repeated integration, yields 
(5) z= e%(Cyot Cys +--+ > + Civ”), 


where the C’s are arbitrary constants. 
Alternative forms for (3) and (4) are 


(3’) (D — a)z = [(d/dx) (e°—**2) |exaz 
and 
(4) (D— a)" = [(d™/dax™) (e272) Jonas. 


These identities will be cited later when (1) will be treated as a conditioned 
form of the partial differential equation of the corresponding type. 

The general ordinary homogeneous linear differential equation with con- 
stant coefficients, which, by the theory of equations and the properties of the 
derivative, may be written in operationally factored form 


(6) (D _— ay)™(D — ay) ™ oe (D — An) ™nZ —_— 0, 
is easily solved by iteration of the above process. Let us put 


y= (D —_ ay) ™(D —_ a3) ™ cre (D — An) ng. 
From (5), 


(7) Vi = Cio t Cue +--+ + C im, —10™ Yen, 
We then introduce 


Ya = (D — a3)™ +++ (D — an) ™e, 
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so that 
V1 = (D — ag) ™93 


we substitute in (7), use (4), divide by e* and integrate. Repeating this process, 
we ultimately find the solution of (6) to be 


n 
(8) = Di(Co+Cax+---+ Cimj—1" 1) eu, 
i=1 

The regular practice of obtaining (8) by adding the particular solutions arising 
from the separate factors of (6) is more elegant, though not essentially simpler. 
It requires, moreover, a digression to establish an auxiliary theorem. 

The same procedure is applicable to the non-homogeneous equation, but 
here symbolic manipulation in some cases saves considerable time. 


2. The Partial Differential Equation 


In all elementary texts! to which the writer has referred, linear partial dif- 
ferential equations with constant coefficients are solved either symbolically by 
exponential operators suggested by the theory of the ordinary equation, or 
stepwise, without the aid of induction, or, in more complicated cases, by com- 
bining series of exponential functions with coefficients that are arbitrary con- 
stants into arbitrary functions. Here the subject is developed inductively along 
the lines of our treatment of the ordinary equation but without artificially 
and symbolically using previous results. 

A. Binomial Factors of the Form D,—aD,. Let us consider first the equa- 
tion 


(9) (Dz — aD,)”2(x, y) = 9, 

where D, and D, are the operators 0/dx and 0/dy, respectively. We put 
(D, — aD,)z = R(x, y). 

By the method of Lagrange, 


dx _ dy _ dz 
1 7 —a 7 R’ 
whence 
ax+y=C 
and a(x, C — ax) = [ ROE, C — abate + fO, 


f being an arbitrary function of its argument. Thus we find 


(10) R(a, 9) = (De — aDy)a(x, y) = [02(2, C — 02)/O]enorty: 


le, g., Forsyth, Differential Equations, 4th edition, pp. 512, 516, 517; Cohen, Differential 
Equations, pp. 239-242, 246-247. 
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This is the analogue of (3) or (3’);in fact, (3’) may be derived from (10) by 
specialization as follows: 
If (D,—aD,)z reduces to (D,—a)z, 
Dyz = 2; 

and on integration 

z= evf(x). 
Substituting this in (10) gives us 
(11) K = [O( f(x) e°-9*) /Ox]enanty- 


The transition to the standpoint of the ordinary differential equation is easily 
made by considering y as an arbitrary constant. If we write K for the difference 
between y and C, the right side of (11) becomes 


[d(zeX—7)/de |xnae, 


as in (3’). 
By induction from (10) we find 
(12) (Dz — aDy)™2(x, y) = [d%2(x, C — ax)/dx™|cnasty- 


This is the analogue of (4) or (4’), which may be derived from (12) by specializa- 
tion. 
By (12), (9) becomes 


(13) [amz(x, C — ax)/dx"|cnarpy = 0. 


If in (9) the independent variable y had been replaced by C—ax, we would 
‘have obtained instead of (13), 


d”2(x, C — ax)/dx™ = 0, 
whence, by repeated integration, 
a(x, C — ax) = fo(C) + xfi(C) + +--+ 2 MYn_xi(C), 
where the f’s are arbitrary functions. Restoring y=C —ax, we obtain 


(14) a(x, y) = folax + y) + afi(ax + y) +--+ + ef, (ax + y) 


as the solution of (9). 

By the same sort of specialization as was applied to (10), (14) can be 
converted into (5), the solution of the corresponding ordinary differential 
equation (1). 

The homogeneous linear partial differential equation with constant coeffi- 
cients in which the derivatives are all of the same order and in which the deriv- 
ative of highest order with respect to x is of zero order with respect to y may 
be written in the following general form: 


(15) (Dz — a,D,)™(D, — a2D,)™ +++ (Dz — a,D,)™2 = 0. 
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It may be solved (see the indicated solution of (6)) by repeated use of (12), the 
operational binomial powers being unraveled one at a time, starting with 
(D,—aD,)™. We thus find for the solution of (15) the sum of m expressions 
of the f--m (14), in the successive arguments 

Ayn + Y, aX + VY, +++, Ane + Y. 


B. Other Linear Factors. If operational linear factors such as are excluded 
by the restrictions of the previous section exist, they, too, can be brought 
within the scope of our method. Suppose that the repeated general linear factor 
(D,—aD,—b)™ occurs. From the foregoing we may infer that its effect on the 
solution may be ascertained by solving the equation 


(16) (D, — aD, — b)”z = 0. 


Putting 
(Dz ~ aD, — b)z = R(x, 9) 


we find, from (10), . 
R(x, y) = [d2(%, C — ax)/x|cnazsy — 52(x, 9) 
R(x, C — ax) = d2(x, C — ax)/dx — b2(x,C — ax) 
eA[2(x, C — ax)e**|/dx, 


or 


(using (3)). By induction, 

(Dz — aD, — b)™z = e#[0™} 2(x, C — ax)e**} /dx™|cnazty- 
Whence, returning to (16) and proceeding as with (13), we obtain the solution: 
(17) a(*, y) = @[folax + y) + afi(ax + y) Fes te" fnalax + y)]. 


It will be noticed that the arbitrary functions arise naturally instead of, as in 
the usual treatment, being built up from series of exponentials having as co- 
efficients arbitrary constants. 

For every factor of the type (16) in a homogeneous linear partial differential 
equation with constant coefficients, there will evidently be a term of the type 
(17) in the solution. 

If repeated linear factors free from D;z, such as (D,—}6)™, occur, the corre- 
sponding terms in the solution are readily seen from (16) and (17), interchanging 
x and y and putting a=0, to have the form 


e°4[fo(a) + yfi(x) +--+ + y*™Yfms(«) I. 


C. A Symbolic Solution. Our results so far obtained may be extended sym- 
bolically to more difficult cases. Take, for instance, the differential equation 
for the linear flow of heat (without imposing conditions on the function 
sought), 

(D2 — b*D,)z = 0, 
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treated by Forsyth? by exponential operators. This may be written 
(D, — bDz"!D,) (Dz + ODp"D,)z = 0. 


Thus written, it formally comes under (15), with a1=)D,7-? and a,= —bD,7}. 
The symbolic solution is then 


a= filbDy Px + y) + fa(— Dx + y). 


If the arbitrary functions are expanded into Taylor’s series in powers of the 
first term of each argument, the powers of D,~ + operating on the derivatives of 
f(y) (4@=1, 2), and then, as in Forsyth, the arbitrary functions are renamed to 
efface the obscure operator D,—'/?, the series for z in two arbitrary functions is 
obtained. The equivalent series in one arbitrary function is found by writing 
the equation in the form 


(Dy — b-°D,*Dz)z = 0, 
which yields, symbolically, 
z= f(O"Dsy + *); 


and this is to be expanded into a Taylor’s series in powers of the first term of 
the argument, the powers of D, operating on the derivatives of f(x). 


SCALAR EXTENSIONS OF AN ORTHOGONAL 
ENNUPLE OF VECTORS 


By A. D. MICHAL, California Institute of Technology 


A general theory of scalar extensions of tensors has been developed by the 
author in another paper.! The aim of the present note is to single out an im- 
portant special case and to give the simpler details independently of the general 
theory. 

Let 


(1) LaphKrdx?; Sap = Spa 


be the fundamental metric differential form of an n-dimensional Riemann space. 
For the sake of simplicity we shall assume that the form (1) is positive definite.” 
Throughout our paper we shall adopt the convention of letting the repetition 
of an index in a term denote summation with respect to that index over all 


integral values 1, 2,:--,#. Furthermore by x‘ we shall understand the 7th 
coordinate of a point (x, «7,--- x,-+-, «") and not the zth power of a 
variable x. 


2 Loc. cit., pp. 522-524. 

1 To be published in The Téhoku Mathematical Journal. 

2 Obvious modifications will make our work valid for Eisenhart’s more general metrics. See 
Eisenhart, Riemannian Geometry (1926), Chapt. III. 
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Let (a&*(x!, x7, - - - , *#") denote the zth component of the ath contravariant 
vector in an orthogonal ennuple of contravariant vectors (1&4, (2&4, > + +, qy£* 
The analytical expressions of these hypotheses are as follows: 


(I) under an arbitrary analytic change of coordinates, 


dx 
(2) G:ixt = fi(z, B,+++, E*), —|* 0, 


the components of the ath vector (.& undergo a transformation® 
Oxt 


Ox" 


(3) (aE*( x}, rr a”) = (ayé7(2, a) =”) 


(II) the vectors ()&* satisfy the invariant conditions 


(4) Sor (a)&" (8y§" = Sag, 
where 
{ =lifa=f8 
Gap . 
= 0 if aX B. 


Define (a&; by 
(5) (abs = Lizlayg?. 


Then it easily follows from (4) that (a)& is the cofactor of ()&* in the deter- 
minant of (&%, divided by the determinant of ()&*. 
Let Tug stand for the Christoffel symbols of the second kind 


$ 1 Ogee  O8ae =) 
6 Tos = —eit — + — . 
(6) P 2° (= Ox =x? 


As is well known the law of transformation of the I*.g under an arbitrary trans- 
formation G is given by 
dx? , Ox Axe 07x 


(7) Tis(Z!, +++, &) 


age age ag8 | axons 


Let x* be an arbitrarily given coordinate system and the point P an arbi- 
trarily given point in our space with coordinates x‘=q*. Define a coordinate 
system S;, with coordinates y*, implicitly by 


. . 1 
(8) wt = git [cayt(al,- ++, 0) ]py% — 5 Earth ont] over". 


Since the determinant of («,£' does not vanish at the point P, it follows that (8) 
is a reversible transformation in the neighborhood of the point P. Let a star 


3 We shall always understand that any free index (not summed out) can take on any integral 
value 1,2,---+,n. 
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over a component denote the evaluation of that component in a coordinate 
system S;. If we now consider the particular transformation G, given by (8), 
in the transformation laws (3) and (7), we obtain after some easy reductions 
the results 


(9) (a) L aéi(y, er) y”) Jo = bai (0) [*T aa (y', mn y y”) Jo= 0, 


where 6‘, is unity or zero according as «=a or 7%a and where the suffix 0 
denotes evaluation for y‘=0. Now a coordinate system yy‘ for which (9) (0) is 
satisfied is known as a geodesic coordinate system. Hence S; is a special 
geodesic coordinate system. 

Consider an arbitrary transformation G on the coordinates x‘. Then as 
before, the new coordinate system £‘ and the same point P with new coordinates 
<‘'=g* can define implicitly a coordinate system #* with corresponding proper- 
ties (9) by means of the transformation 


Oo ; to. 
(10) w= gt [ cay é*( Bt, cry £”) | 9° — 7, Paco? ord |ne7? 


If we write (3) and (7) as transformation laws between components in the 
y* coordinate system and the corresponding components in the ¥* coordinate 
system we obtain by means of (9) and a similar set of formulas for the #* 
coordinate system the results 


dy ; 02 y' 
mnt GE) 
09% AGO HF 


We see from (5) that (a &; is the zth component of the ath covariant vector 
of the ennuple of covariant vectors (1£i, + °, «més. Let y* and #* be geodesic 
coordinates of type S,; with the same origin P. On differentiating the set of 
equations 


*— 2 
(12) wE( Ft, ++, I") = cartel(yt, ++”) 


yr 

yi 

and making use of (11) we obtain at the common origin of the coordinate 
systems y* and jf? 


(13) (208) - (208), 
Oy? Jo Oy? Jo 


Co) 
Co) 


Hence the functions Ya:;(x!, - - - , x”) defined by 
* 
O(a) &i 
(14) lYais( 2}, rn) x”) |» = ( : ) 
Oy! 0 


are absolute scalar functions. This set of scalars will be called the first scalar 
extension of the vectors (ai. 
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THEOREM I: The scalars yij, in the first scalar extension of the covariant 
vectors (iy&; are identical with the Ricci coefficients of rotation of the orthogonal 


ennuple. 
To prove this interesting theorem, we write down the equations 
* Ox 
(15) we, +++, 9") = MACH, rr 


where y* is a geodesic coordinate system of type S1, differentiate with respect to 
y* and then evaluate the results at the origin of the coordinate system y’. 


Finally by substituting for 
(- “) ( 02x71 ) 
-) and ; 
dy7/o dyidy"/o 


their expressions as given by (8), we obtain 


0 (y& ; 
(16) Vik = ( — wT )co® oP 
Oxt 


Up to this point we have made use only of the existence and continuity of 
the first partial derivatives of the components of the vectors in the ennuple of 
vectors. Assume now the existence and continuity of all the second partial 
derivatives of the components of the vectors in the given orthogonal ennuple. 


On adding 


1 
(17) — 31 Parr oiton® Layey*a 


to the corresponding right hand sides of (8), the modified transformation of 
coordinates (8) defines implicitly another special type, say So, of geodesic co- 
ordinates y*. In (17), the set of functions I",, are defined by 


2 1) Ty , at we 
D\pp = —P — Poul yy —_ ives vp dy 
3 Ox? 


where P denotes the sum of the terms obtainable from the ones inside the 
parenthesis by permuting A, pu, v cyclically.* 
The set of functions gegys(x!, - - - , x") defined by 


2 
(Says) » = ( “See ) 
aBys — 
By5/ p ayraye ; 


with the aid of a geodesic coordinate system S» are absolute scalar functions. 
This set of scalars will be said to constitute the second scalar extension of gap. 


4 Their law of transformation is given by O. Veblen and T. Y. Thomas in the Transactions of 
American Mathematical Society, vol. 25 (1923), p. 577. 
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By an obvious extension of the method of proof of Theorem I, one can demon- 
strate the validity of the following theorem. 


THEOREM II: Jf gijx1 are the scalar functions of the second scalar extension of 
the metric tensor gi;, then the set of functions ginji— Zitjn 18 tdentical with the set of 
the Ricci four-index scalars,® Yi; ,11- 


A NOTE ON THE NUMERICAL COMBINATION 
OF PROBABILITY SERIES 


By GEORGE C. CAMPBELL, University of Iowa 


The object of this note is to give a practical method for the numerical combi- 
nation of probability series. ) 

Consider the two series, P/ and P/’, derived from the American Men mor- 
tality table, giving the probability of exactly r deaths from two homogeneous 
groups of 100 lives, age 20 and 30, respectively. 


r P} Ph’ Py" 

0 0.675 184 0.639 545 0.431 811 
1 0.265 714 0.286 515 0.363 386 
2 0.051 762 0.063 537 0.152 134 
3 0.006 654 0.009 298 0.042 247 
4 0.000 635 0.001 010 0.008 754 
5 0.000 048 0.000 087 0.001 444 
6 0.000 003 0.000 006 0.000 197 
7 0.000 000 0.000 000 0.000 023 
8 0.000 002 
9 0.000 000 


We ask for the series P/’’, giving the probability of exactly 7 deaths from the 
heterogeneous group of 200 lives composed of the two sub-groups. It is fairly 
obvious that 


Pi” = PEPs, 

Pi" = P§ Pi! + Pi Py’, 

Pj" = P§ Pi! + PsP)! + PI PH’, 

Pj’ = Po Ps’ + P{Pj' + Pg Pi’ + Pi Pz’, 


’ For the definition of yzj,42 see T. Levi-Civita, The Absolute Differential Calculus (1927), 
p. 278. For more general metrics, see L. P. Eisenhart, Joc. cit. 
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where P;’’ is the sum of the products of all pairs of probabilities whose sub- 
scripts add up to the sum ¢. It is clear that this direct approach leads to an 
enormous amount of tabulation, even for series of moderate length. 

Let us tabulate the series P; on a strip of paper and the series P/’ in reverse 
order on another strip. Fasten the two strips with paper clips to a strip of 
‘card-board so that they will slide, side by side. 

Set PJ opposite Pg’. Their product gives 
Pj'’. Then we slide the strips so that two 


pairs of lines are opposite each other, P/ op- 0.063 537 
posite Pj’ and PJ opposite P/’. If we do both 0.286 515 
of these multiplications on the computing ma- 0.675 184 0.639 545 


chine without clearing the first product, we 0.265 714 
have the sum of the products on the machine, 0.051 762 
giving P/’’. Wecontinue to slide the strips by soe ees 
one line each time, and at each setting we 
multiply together all pairs of numbers op- 
posite each other. By leaving the products on the machine, we obtain directly 
the sum of products which is P,;!’. 
We note that this simple device carries us directly from the component 


series to the resultant series without tabulating any intermediate steps. 
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QUESTIONS AND DISCUSSIONS 
EDITED by R. E. GitMan, Brown University, Providence, Rhode Island. 

The department of Questions and Discussions in the Monthly is open to all forms of activity in 
collegiate mathematics, including the teaching of mathematics, except for specific problems, espectally 
new problems, which are reserved for the department of Problems and Solutions. 

A RECREATION 
By NorMAN ANNING, University of Michigan 


The points of the plane which have integral coordinates form a count- 
able set. Among the ways of counting them is that in which we proceed from 
each to the next by a knight’s move. After a few irregular moves at the begin- 
ning the process can be systematized. The recreation consists in trying to find 


- 
AE 
(bt = 
MAN 
ANSE. 

s 


et iS a 
~~ 
Pp Ree 
Nea 
a path which reduces to a minimum the number of irregular moves. Just where 
regularity sets in is open to question but please agree that the accompanying 
figure has 4 irregular moves. Similarly figures can be drawn forthe half-plane 


and quarter-plane with irregularities as small as 8 and 13 respectively. It is not 
claimed that these numbers are the smallest of their classes; there’s the puzzle. 


A Note by the Editor 


If one makes use of some of the well known configurations for the knight’s 
tour in a square,! it is not difficult to show that the integral points in the whole 


1 See, for example, Dudeney’s Amusements in Mathematics, pp. 102-103, 227-229. 
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plane can be counted in a sequence of knight’s moves, and by an entirely sys- 
tematic process involving no irregular moves whatever. (See figures 1, 2.) In- 
deed it is possible to do this in an infinite number of ways. The same statements 
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hold for half and quarter planes whose boundaries are parallel to the coordinate 
axes. It will be observed that the problem is very much changed by giving the 
boundaries of the half or quarter plane an orientation oblique to the coordinate 
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If the vertex of the sector is at the origin and 


A RECREATION 
This suggests the problem as to the possibility of counting the integer 
the initial side coincides with the positive x-axis, the enumeration is impossible 
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points in a sector of the plane. 
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Fic. 5. 
45°. For the 45° sector itself an infinite number of entirely systematic enumera- 
tions are possible (see figures 3, 4), and the same statement holds for the sector 
whose angle is tan—! 2 (see figure 5). More precisely, if as in figures 3 and 4 two 


by any process systematic or otherwise, if the angle of the sector is less than 
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different designs are discovered each of which by suitable iteration effects the 
required enumeration in some sector, and if these designs, though different, 
are such that the areas occupied by the fundamental pattern and of each suc- 
cessive iteration in the one design are congruent respectively to the areas of the 
fundamental pattern and each successive iteration in the other, then arbitrary 
alternations from one pattern to the other are possible, and it can accordingly 
be asserted that there exists a non-denumerably infinite number of ways of 
counting the points in that sector, of which at least a denumerably infinite 
number are systematic. For sectors of 360°, 180°, 90°, 45°, tan—! 2, tan! 3/2, 
and tan! 4/3, such is actually the case. 

It is probable that for any sector whose angle is not less than 45°, the points 
with integral coordinates, inside and on the boundary, can be enumerated in a 
sequence of knight’s moves, and in a non-denumerably infinite number of ways, 
of which a denumerably infinite number are systematic. 

This suggests a question. 

QUESTION No. 59: Given a pair of compasses whose opening has been set equal 
to the distance between a pair of integral points (points having integral coordi- 
nates), it is proposed to straddle with this fixed opening of the compasses from 
one integral point to another, so as to enumerate consecutively, all such points 
inside and on the boundary of a certain sector of the plane. For what sectors 
and with what compass settings can this be done? 

R.E.G. 
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EDITED BY RoGeR A. JOHNSON, Brooklyn College of the City of New York 


All books for review should be sent directly to the editor of this department, at Brooklyn College, 
66 Court Street, Brooklyn, N. Y., and not to any of the other editors or officers of the Assoctation. 


REVIEWS 
Analytic Geometry. By D. R. Curtiss and E. J. Moulton. D. C. Heath and 

Company, New York, 1930. xiiit338+18 pages. $2.48. 

The best way to begin a review of this excellent book is to sketch the plan 
of the book as the authors state it in the preface. (This preface, by the way, is 
certainly worth reading because it is so well written and has so many fine ideas 
concerning text-books). The authors plan to have enough material in the book 
for a year’s course, yet so arranged as to permit selections of topics for shorter 
courses. They have included many starred sections and also other extra 
material for superior students. They strive for a clear and simple style and 
yet for accuracy of statement, for generality in their proofs, for clear-cut defini- 
tions. They have an introductory chapter containing formulas and tables from 
algebra and trigonometry. They use determinants freely, also the reduction 
and addition formulas for the trigonometric functions. They propose to tie 
their chapters together, to give more solved illustrative examples than is usual, 
to arrange the exercises so that the simpler problems precede the difficult. 
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The answers given at the end of the book are only for the odd-numbered 
problems. Many pairs of problems have the odd-numbered exercise similar to 
the even-numbered one. Polar coordinates are introduced at once and developed 
along with rectangular coordinates. Chapter I reviews elementary curve- 
plotting such as the student has already met with in algebra and trigonometry; 
a fuller treatment is then given in Chapter VIII. Chapter XIII, on curve- 
fitting, gives a practical treatment of the method of least squares. Chapters 
XIV-XVII contain a brief treatment of solid analytic geometry, including 
what is used in the calculus. 

The authors have succeeded admirably in the plan they outline in their 
preface. Let us note now some other good points about this text. The book 
contains a wealth of material and numerous very good figures. It is easy to find 
any desired topics. No derivatives are used anywhere in the book. The treat- 
ments of loci and of symmetry and other parts of curve tracing are excellent. 
The book contains more advanced topics than many elementary texts, and 
this in spite of the fact that no space or words are spared in the effort to make 
everything clear. Many points that trouble the student and must usually be 
answered by the teacher are taken up in this book either in the text itself, or 
in the solved problems, or in the footnotes. This makes the book well adapted 
for home study. 


The reader will be struck by some features of the text. For example, there 
are many ingenious proofs. Thus the derivation of the formulas for rotation of 
axes is made to depend on the expansion of cos (¢+@) and sin (¢+9@). The 
famous nine point circle appears among the examples on page 109. Quite an 
exhaustive treatment is given of the reduction of conics to standard forms. 
Brief discussions are given of poles and polars with respect to conics, also of 
systems of conics, harmonic sets of points, and invariants. 

There are some minor criticisms that might be made. For instance, why do 
the authors debar infinity from the book, and say that a line parallel to the 
y-axis has no slope? Why do not the authors discuss oblique coordinates? How- 
ever, the good qualities of the book offset these few criticisms. 

The book everywhere shows great care and precision. Thus each equation 
of a line is spoken of as an equation of the line and not as the equation. The 
chapter on parametric coordinates is very good and longer than usual. The 
chapter on curve-fitting will appeal to many teachers as very timely and useful. 
The treatment of the analytics of space is brief but quite satisfactory. The book 
has been painstakingly written and shows throughout its pages the earmarks 
of the long and successful teaching experience of the authors. In every way this 
is a splendid text, and it ought to appeal to a large clientele as very teachable 
and well adapted to their needs. 


ALAN D. CAMPBELL 
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A Short History of Mathematics. By Vera Sanford. Houghton Mifflin Company, 
New York, 1930. xii+402 pages. $3.25 


The need for a history of mathematics in one volume has increased during 
recent years with the growth of interest in this subject and of its importance 
as a background for the subject matter which is the equipment of secondary 
school teachers in mathematics. The books in the field twenty-five years ago 
were adequate for that period but a brief general work of real value will be 
welcome today as a contribution in supplementing or replacing these earlier 
works: This one is put out under the editorship of John Wesley Young with an 
introduction by David Eugene Smith. It will take its place among the standard 
histories of mathematics for its freshness of treatment, its wide range of sub- 
ject matter and the sense of authority which it conveys. 

The author has had access to and made generous use of the most recent 
studies and publications along many lines, notably Sir Isaac Newton, 1727-1927, 
edited by F. E. Brasch, Source Book of Mathematics, by David Eugene Smith, 
and The Rhind Mathematical Papyrus, by A. B. Chace. Use has been made of 
many excellent features which have already become familiar through the more 
extensive and elaborate two-volume work of the distinguished historian and 
author whose introduction has already been noted. These include maps, 
chronological details summarized in tables, facsimiles of early works, reproduc- 
tions of photographs and pictures of instruments. The illustrations are profuse 
and several are made available for the first time. Such a one is: (p. 96) “Late 
Use of Roman Numerals in Commercial Accounts in England. From an account 
book of 1602 (44th year of Elizabeth) now in the collection of Professor David 
Eugene Smith.” 

An exceptionally good feature of the work is a summary at the end of each 
chapter. The one following the chapter on “Men Who Made Mathematics” is a 
particularly nice biographical characterization and is quoted in full to show 
the spirit of these summaries as well as the delightful style of the author. 

‘‘What has been given thus far is a picture of the development of mathematics, setting forth 
the type of people interested in the subject in different countries and at different periods: the priests 
of ancient Egypt, the merchants and astrologers of Babylonia, the philosophers of Greece, the 
practical Romans, the scholar-monks of the Dark Ages and of medieval times, the poet-minded 
writers of India and the Arabs who were as quick to assimilate the knowledge of other nations 
as they were quick to conquer their territory. Following these were the writers of practical text- 
books in the century immediately after the invention of printing and, side by side with them, the 
speculative scholars who were frequently instructors in the universities and who were interested 
in the theoretical aspects of the subject. In the seventeenth century there is a group of notable 
figures, with Descartes, Pascal, Leibniz, and Newton as the most prominent. It is only by con- 
trast with these exceptional figures that the men of the eighteenth century seem less important 
than their predecessors.”’ 


Various devices to aid in seeing the progress of a concept or a symbol are 
found throughout the book, such as (p. 153) “Methods of Representing Equal- 
ity,” and valuable classifications occur in connection with these. “The Repre- 
sentation of Unknown Quantities” will be cited; it has the sub-headings (p. 
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156) :“Byabbreviations and initial letters; By symbols; By exponentswith no base 
given; By exponents with the base given.” Such schemes as these help a reader 
in his first survey and help an instructor in presenting the subject through a text. 

While the outstanding faets in connection with each chapter heading are 
well covered, especial attention may be called to the good general survey under 
“Commercial Mathematics,” a chapter which is original in its treatment 
throughout and an original contribution from this standpoint, although much 
of the subject matter is found elsewhere. The space devoted to verbal problems 
is probably justified by the author in the initial sentence of the chapter: 
(p. 204) “The problem content of a textbook in arithmetic or in algebra is a 
measure of the mathematical interests and accomplishments of the group for 
whom it is written. To a somewhat less degree it is also an indication of the 
ability and interest of the author,...” The author speaks with special 
authority in this field. Her History and Significance of Certain Standard Prob- 
lems in Algebra is a work which should be consulted generally in connection 
with the history of mathematics during the centuries which it covers. 

The work shows insight and is well-expressed. One instance of this will 
suffice for many which might be given. (p. 85). 

‘Tt is hard to judge the difficulty of computation with number systems other than our own, 
for we are apt to forget that the actual work is done mentally and that the figures are merely 
used to record the results. Thus lack of familiarity with the symbols hinders the rapid reading 
and writing of the numbers that are involved, and accordingly the numerals are branded as being 
too clumsy for use.”’ 

Speculation seems to be irresistible as to what would have happened if 
something else had not happened, all this from the standpoint of our present 
knowledge of development along one line. The author states first: (pp. 39-40) 
“His [Stifel’s] Arithmetica Integra (1544) contained a comparison of geometric 
and arithmetic progressions which foreshadowed Napier’s invention of loga- 
rithms nearly a century later.” Later (p. 176) we find: “Stifel (1544) called the 
upper set of numbers exponents and extended both series to the left, thus in- 
oak te a os 7 «8 | 

12 4 8 16 32 64 128 256 512 
Close as this was to the idea of logarithms, Napier’s invention was the result of 
a very different line of thought. It is an interesting speculation to try to gauge 
the influence of the recreational aspects of this subject in inhibiting the use of 
the idea in the earlier invention of logarithms. Had Napier’s invention not come 
when it did, it is highly probable that logarithms would have come by way of 
Stifel’s exponents.” When will authors cease from these useless deductions! 
The sane attitude to take toward inventions is that found in the following: 
(p. 111) “The idea of the decimal fraction may indeed be traced to these isolated 
instances, but it is likely that the man who first developed laws for their use in 
ordinary computation was not influenced by these early and perhaps un- 
witting applications.” This statement is found in a particularly good account of 
Stevin’s work from the French edition of which the author has made a translation. 


cluding negative exponents... 
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While in general no exception can be taken to the contents of the book, 
erroneous ideas are conveyed at times. (p. 14) “... thinker who saw that the 
two might be combined in a place-value system which would require only ten 
different characters to write any number, howewer large” might better read 
“only as many characters as there are units in the base,—in the common and 
generally accepted system ten.” (p. 257) “... fifth century B.C. and from 
that time to the present the name ‘circle-squarers’ has been applied to men 
who have attempted to do things that seem to be impossible.”” Has the term 
not rather been applied to men who continue to assert that they can do these 
things after sczence has proved that they are impossible, making it an oppro- 
brious term rather than a flattering one! (p. 265) “Hippocrates of Chios 
(c. 460 B.C.) had reduced the problem [duplication of the cube] of solving the 
equation x?=2a* to finding two mean proportionals between the quantities a 
and 2a.” What Hippocrates did was to reduce the problem to one of plane 
geometry, namely, inserting two mean proportionals between the edge of the 
given cube and a line double that edge. The modern form may follow this if 
it is so stated explicitly. Is there any justification for: (p. 269) “In fact, it 
[Euclid’s Elements] could aptly be called by the name ‘General Mathematics’.’’? 
The publication of treatises covering different branches of mathematics under 
one cover does not fit into the blending of these branches, more or less success- 
fully, which is understood by that designation. These instances may all be 
matters of differences of opinion with regard to an expression to use. The 
opinion of the reviewer has grown out of long experience in trying to make 
students in the classroom get the real meaning of just such expressions. Two 
footnotes relating .to the same work should read the same, as they do not in 
references to a bulletin on pages 154 and 382, the title in the latter case being 
the correct one, although the middle name of the writer is misspelled. 

The contents of the book are: Men Who Made Mathematics; Arithmetic; 
Commercial Mathematics; Algebra; Verbal Problems; Practical Geometry; 
Demonstrative Geometry; Trigonometry; Analytic Geometry; Calculus; 
Theory of Numbers; Calculating Devices; Weights and Measures; The Place 
of Mathematics in the School Curriculum. General Histories of Mathematics 
and a Chronological Outline conclude the work. Subtitles of one or two chapters 
will give a more comprehensive view of the ground covered. Those under 
“Arithmetic” are: The Name Arithmetic; Number Magic; Number Systems; 
Computation with Ancient Systems of Numerals; The Abacus; Hindu-Arabic 
Numerals; Computation with Hindu-Arabic Numerals; Fractions. The 
Chapter “Demonstrative Geometry” covers so wide a range of topics as: 
Early Greek Geometry; The Three Famous Problems; Euclid’s “Elements”; 
Non-Euclidean Geometries; The Geometry of Conics; Modern Geometries. 

The editor and the publisher are to be congratulated on this addition to the 
series of books relating to mathematics put out in recent years. 


Lao G. SIMONS 
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Foundations of Potential Theory. (Die Grundlehren der Mathematischen Wis- 
senschaften in Einzeldarstellungen, XXXI). By O. D. Kellogg. Julius 
Springer, Berlin, 1929. ix+384 pages. 


What are the desirable characteristics of a book on a classical field of applied 
mathematics? This question would probably receive somewhat different re- 
plies from different groups of scientific workers, such as the experimental 
physicists, the mathematical physicists, and the mathematicians. However, 
leaving aside the matter of individual or group preferences, let us consider the 
question from a broader standpoint. In order that a book of the type referred 
to may make the maximum contribution to the general development of scientific 
knowledge, what qualities should it possess? Without any expectation of secur- 
ing universal agreement, the reviewer of the present volume ventures to formu- 
late his own answer to this question. 

First of all the fundamental hypotheses should be closely linked to current 
physical intuition. That is to say, they should be accurate mathematical 
formulations of what the general body of working physicists regard as the 
mechanisms of the physical phenomena involved. Second, the mathematical 
structure on these foundations should conform to present standards of mathe- 
matical rigor, and its generality should at least be adequate for any applications 
that have been made. If at all feasible, a margin of safety in the matter of 
generality should be allowed, as past history of the progress of physics shows 
clearly that the theoretical developments in this field demand an ever increasing 
degree of generality in the mathematical results that are used. 

Professor Kellogg’s book, which is one of the important Courant series and 
the first of American authorship, measures up well to the ideal standard 
described above. That it should agree with this standard in every particular 
is hardly to be expected, for even if the author’s ideal were identical with the 
reviewer's, an occasional lapse is to be expected in any human performance. 
In this connection I am always reminded of one of the bits of dry humor with 
which Darboux was in the habit of enlivening his lectures. At the end of a rather 
lengthy and involved reduction he paused and looked quizzically at the final 
result. Then he closed that part of the discussion with the following peroration, 
“....ce qui est exact, si je ne me trompe pas. Et pourquoi me tromperai-je? 
Parce que tout homme est faillible.” 

I do not mean to imply by the above anecdote that the details which I am 
about to criticize are necessarily instances of fallibility. They may merely 
illustrate a difference of opinion between the author and the reviewer. In any 
event they are what I should classify as minor defects, and I mention them 
primarily because they are exceptional instances in which the book departs 
from the ideal standard which I have formulated. 

In the first place the reviewer does not approve of the terminology “con- 
tinuously differentiable,” originally introduced on page 97 and used subse- 
quently throughout the book in connection with functions of one or several 


544 RECENT PUBLICATIONS [December, - 


variables. Since the word “continuously” modifies the word “differentiable,” 
the implication of the phrase, taken by itself, is that there is something in 
the process of differentiation which i8 subject to continuous variation. How- 
ever, the process of differentiation is obviously identical at all points; it is the 
result obtained from that process which exhibits the continuous variation in’ 
question. In the case of functions of a single variable, there is no gain in brevity 
by saying that a function is “continuously differentiable” in place of saying 
that it has a continuous derivative. In the case of functions of several variables, 
the statement that the function possesses a continuous directional derivative 
is somewhat longer but is free from the objection which has been raised. 

One may contend that the above criticism has nothing to do with the 
essential requirements in my ideal standard, since the author accurately de- 
fines what he shall mean by functions “continuously differentiable.” I should 
not agree with this contention, however; there is more than a mere matter of 
linguistic style involved. I prefer to interpret the term “mathematical rigor” 
in a broad manner. To conform to my idea of it, all definitions in words and all 
terminology in words should be so phrased as to furnish the maximum aid 
to clarity of thinking. I do not object to an abbreviated terminology which 
refers only to some central feature of the mathematical concept described. But 
I do object to a phrase whose internal structure implies in any way a property 
foreign to the concept in question. 

On somewhat different but essentially similar grounds the reviewer does not 
approve of the term “piecewise differentiable” introduced on page 97, since the 
phrase implies that only the existence of a derivative is required, whereas the 
requirement of the continuity of that derivative is equally important. He 
objects to such phrases as “reasonably smooth functions” and “sufficiently 
smooth functions,” found on pages 199 and 203 respectively, on the ground of 
their essential vagueness. In both cases a statement of adequate sufficient 
conditions would not require much more space. There is far too much shadowy 
formulation of mathematical requirements in the existing literature of mathe- 
matical physics. I always regret to see mathematicians condoning this tendency 
by even a slight leaning in this direction. | 

In the case of the discussion on page 203, referred to in the preceding para- 
graph, where the “sufficiently smooth function” is to be developed in a series 
of Bessel’s functions, there is a further objection to the rather offhand state- 
ment as to the requirements to be made. It suggests that the conditions may 
be found in any standard treatise on the subject, whereas this is not the case. 
Even in the almost encyclopedic work of Watson, the uniform convergence of 
the series in question in an interval including the origin is not established, 
although the physical problem in which this uniform convergence enters goes 
back to Fourier. The only adequate mathematical discussion up to the present 
date is to be found in a paper by the present reviewer in the 1911 volume of 
the Transactions of the American Mathematical Society. 

After formulating these criticisms of matters of detail, I do not wish to close 
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without reiterating my admiration for the general high standard of the book 
under discussion. It is a splendid piece of work, in which Professor Kellogg’s 
colleagues and friends, as well as the author himself, can justly take pride. 


CHARLES N. Moore 


Bernard Bolzano’s Schriften. Band 1: Functionenlehre. Published by the 
Kéniglichen Bohmischen Gesellschaft der Wissenschaften, Prague, 1930. 
xx + 184-+24-++vi pages. 

In this book there appears in print for the first time the “Functionenlehre” 
of Bernard Bolzano, as it occurs in a manuscript which has been preserved in 
the National Library in Vienna. 

The occasion for its publication is the nationalistic movement in Czecho- 
slovakia, a movement intended to foster patriotic pride among the inhabitants 
of this ten-year-old republic which was created as a result of the war. Asa 
part of this movement, efforts have been made to increase popular appreciation 
of the great artists and scholars which the Czechoslovakian nation has pro- 
duced. Among these is Bernard Bolzano (1781-1848), famous as priest, phil- 
osopher, and mathematician. 

Bolzano was born in Prague and spent his entire life in Bohemia. His 
father was an Italian who emigrated to Prague from northern Italy; his mother 
was a native of Prague. Appointed professor of the philosophy of religion at 
Prague at the age of 24, apparently Bolzano’s teachings were not acceptable 
to the ruling powers of the state and consequently he was retired on pension 
after 15 years. Thus at the age of 40, with a sufficient income for the necessities 
of life, and forbidden to write on theological topics, he turned to writing on 
philosophy and mathematics. 

Even before his appointment to the chair of theology Bolzano had been 
interested in mathematics. His first published paper appeared in 1804, a paper 
in which he attempted to prove Euclid’s parallel axiom. He studied the works 
of Lagrange, Lacroix, and Cauchy, and until his death he continued writing 
on the foundations of philosophy and mathematics. To date comparatively 
little has been printed of the mathematical writings which he left in manuscript. 
The aim of the recently constituted Bolzano-Commission of the Kénigliche 
Bohmischen Gesellschaft is to publish the hitherto unprinted works of Bolzano 
and his scientific correspondence. “Functionenlehre” was chosen as the first 
of the series to be published by the commission, although it forms only the 
concluding part of a greater work on “Grdéssenlehre” which was planned by 
Bolzano. However, the complete manuscript of this larger work does not exist, 
and as “Functionenlehre” forms the most interesting part of the work and 
seems to be ready for publication, it has been published first. 

The book begins with a general introduction by Professor K. Petr, describing 
the life and accomplishments of Bolzano and the purposes of this edition of 
his works. Then follows Bolzano’s text, edited by Professor K. Rychlik with 
preface and notes. The text consists of three parts: An introduction (pp. 1-12) 
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on “Relations between two variables;” Chapter 1 (pp. 13-79) on “Continuous 
and discontinuous functions;” and Chapter 2 (pp. 80-183) on “Derived func- 
tions.” The introduction is principally concerned with the form of the incre- 
ment of y=f(x) for certain particular types of functions, and with the limiting 
values of this increment as Ax approaches zero. Chapter 1 takes up continuity, 
and in particular left- and right-hand continuity of a function. In Chapter 2, 
the derivative of a function is defined in the usual way. Left- and right-hand 
derivatives are studied, but Bolzano decides not to introduce a new notation 
for them. The mean-value theorem, partial differentiation, integration, and 
Taylor’s series are other topics which are taken up. 

Probably the most interesting topic in the entire book is the construction 
of a function which is continuous in an interval but does not have a derivative 
at any point of its interval of definition. This example antedates by approxi- 
mately fifteen years Weierstrass’s famous example. The fact that Weierstrass 
and not Bolzano has received credit for this discovery only serves to emphasize 
how slight was Bolzano’s influence on the development of mathematics. His 
printed papers on mathematics are few in number. He was not a teacher of 
mathematics; hence his ideas were not disseminated through the writings and 
teachings of his pupils. As his discoveries are now brought to light, we see 
that he was possessed of sound ideas on mathematical subjects, and often of 
ideas which were not generally known until much later. His criticisms of pre- 
viously given definitions of continuity are for the most part valid. He points 
out an error of Galois (p. 96) and evaluates the work of others on Taylor’s 
series. In regard to the function mentioned above, Bolzano proved only that it 
had no derivative at an everywhere dense set of points. Had he made this 
result more widely known, someone might have been able to point out the more 
general property of this function. 

The text is printed practically as Bolzano wrote it. The spelling is for the 
most part as in the original manuscript. The chief difference from modern 
German seems to be in the use of “ey” for “ei” in words such as bey, beyde, 
Beyspiel, frey, sey, seyn, zwey. A vocabulary on page 1 of the “Notes” gives 
the modern equivalent of certain phrases used by Bolzano. 

The editor has suppressed any desires to edit the text by eliminating the 
mistakes that Bolzano has made. (A few obvious errors, chiefly numerical 
errors in the examples, have been corrected.) In the “Notes,” which form an 
exceedingly valuable portion of the book, Professor Rychlik points out which 
theorems are false and which are true but whose proof is either incorrect or in- 
complete. Occasionally an error in one theorem invalidates many others. The 
chief sources of error lie in Bolzano’s ignorance of the idea of uniform con- 
tinuity and his belief that a function of two variables which is continuous in 
each variable separately is necessarily continuous in both. Incidentally a 
reading of this text serves to emphasize the superiority of the modern “epsilon- 
delta” notation. When Bolzano’s incorrect proofs are recast in modern nota- 
tion, the errors in his reasoning are easily seen, whereas the proofs as originally 
given seem entirely plausible. 
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The last two pages of the book give a list of misprints. The reviewer noticed 
a dozen others, all trivial. On pages 22-4 of the “Notes” is a bibliography, 
which includes the titles of those books from Bolzano’s private library which 
are now in the library of the University of Prague. The title of Young’s book 
as given there does not agree with that given on page 170 of the text. Among 
the modern books, the third edition of Hobson’s Theory of Functions might 
well have been mentioned. 

This book will be of much interest to those studying the development 
of mathematics. It can not, of course, be evaluated as a text on function 
theory by comparing it with modern texts on that subject. Many things are 
done now in a better way; but taking into account the times in which he lived, 
Bolzano seems to have done a good job as a textbook writer. While his rigor 
is at times not up to modern standards, his manuscript might well serve as the 
framework of a modern treatise on the theory of functions. 

Another interesting point is that Professor Rychlik states (p. 5 of the 
“Notes”) that the proof of the theorem commonly known as the “Bolzano- 
Weierstrass Theorem” is not to be found either in Bolzano’s manuscripts 
nor in his printed works. 


HARRY MERRILL GEHMAN 


Statistical Methods for Research.Workers. By R. A. Fisher. Third Edition— 
Revised and Enlarged. Oliver and Boyd, London, 1930. xiii+283 pages+6 
tables to be extended outside the text. 15s. 


The original edition of this monograph, in a series of “Biological Mono- 
graphs and Manuals,” was greatly appreciated as a product of intimate co- 
operation with several biological research departments and of daily contact 
with statistical problems that arise amongst the most advanced of contem- 
poraneous workers. 

In the present edition, the section numbers have remained unchanged and 
the content of most of the sections is the same now as in the first edition. 
The chief aim of the two revisions seems to be to amplify the principles of sta- 
tistical estimation, to arouse more interest in the “Method of maximum likeli- 
hood,” pp. 14, 243 ff., and also to present the most recent developments in 
statistical method. Two new sections are added to chapter IX which replaced 
section 6 and example 1, of the first edition. They illustrate further the applica- 
bility of the method of maximum likelihood and the quantitative evaluation of 
information. In his preface, the author laments that, in spite of their practical 
importance, these new ideas have not met ready acceptance. The summary of 
principles on pages 270, 271 may show the reason as well as Professor Fisher’s 
confidence in his method, which consists in multiplying the logarithm of the 
number expected in each class by the number observed, summing for all classes 
and finding the value of 6 for which the sum is a maximum. To read, “In prac- 
tice one need seldom do more than solve, at least to a good approximation, the 
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equation of maximum likelihood, and calculate the sampling variance of the 
estimate so obtained,” brings to mind the admonition to beware of any magical 
process that works though roughly applied. 

To consider the “number expected” implies that the type of the universe is 
known or assumed; to multiply the number observed by the logarithm of the 
number expected seems like weighting the observations in an unusual way and 
fitting the products to a selected type of distribution. The choice of the type 
of universe is far more difficult than curve-fitting, but this is taken as a matter 
of course, so the special curve-fitting is less impressive. We are told that when 
the theory of large samples no longer holds, efficient statistics, other than that 
obtained by the method of maximum likelihood, may fail, but the text has not 
yet enough in it to convince us of the trustworthiness of small samples without 
special, independent consideration in each case. 

Whether fully warranted or not, some recent writers have attributed to 
the work of Dr. R. A. Fisher their inspiration for emphasizing the value of 
small samples to such a degree that we fear that the engineers are in danger 
of being beset by the small sample specialists somewhat as the psychologists 
were by the correlaters fifteen years ago. 

Amongst the over enthusiastic advocates may be mentioned W. A. Shew- 
hart and F. W. Winters,! whose results “so recently obtained” do not differ 
essentially from those obtained by Thiele,? without the questionable emphasis 
of small samples and without assuming a normal distribution. 

As a matter of fact the groundwork and the principles of the socalled “new” 
work on samples was laid more than forty years ago by Thiele in his monu- 
mental work Almindelig Iagtiagelseslaere,? a fact of which the small sample 
enthusiasts seem to be ignorant. It is therefore not at all surprising to find that 
Dr. John Wishart,’? another of the small sample advocates, has published the 
following statement in a paper in “The Proceedings of the Royal Society of 
Edinburgh” -— 

“As an estimate of the semi-invariant, x, Mr. R. A. Fisher has determined a 
series of symmetric functions k in such a way that the mean value of any k 
over all samples shall be equal to the corresponding semi-invariant, x, in the 
sampled population. The simplest of his results are: 


N 
ky =m = N > (2), 
1 


ko = N(N — 1)-Mp, 
ks = N2(N — 1)-(\N — 2)-'ms, 
ky = N2(N — 1)-(N — 2)-*(N — 3) (NW + 1)m, — 3(N — 1)mZ}. 


1 Journal of the American Statistical Association, June (1928), p. 144 ff. 

2 Almindelig Iagttagelseslaere (Copenhagen, 1889). Since there is a nice idea wrapped up in 
Thiele’s carefully chosen Danish title, it may be well to translate it, “The general doctrine of 
observations.” 

3 Proceedings of the Royal Society of Edinburgh, Session 1928-29, vol. 49, part 1, No. 7 


(Sa) 
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In the 1889 edition of Thiele’s work we find the following formulas :* 


m 


AL = a1 = me! Dox, 


1 
he = m(m — 1)~1ue, 
As = mm — 1)-(m — 2)~"hs, 
hg = m3(m — 1)—'(m? — 6m + 6)7!{ ma + 6(m — 1)-y3 } 


(46) 


The chief difference in the formulas seems to be that R. A. Fisher has re- 
placed the letters \, uw, and m in Thiele’s notation by the letters k, m, and N. 
Another quotation from Dr. Wishart’ may be of interest, viz., 

“Thus the well-known formulas for the moments of the distribution of the 
mean in samples are summed up, in the notation of this paper, by the formula 


K(1") = x,/N-}, 


or in words: The rth semi-invariant of the distribution of the mean is equal to 
the rth semi-invariant of the sampled population, divided by N’—!.” 
On page 60 of Thiele’s book? this result is written as 


WAGTED = m'"),. 


One, of course, may be dense, but it is difficult to see in what essential way 
these older formulas differ from those attributed to the reputedly “new” work 
by the small sample experts. Moreover, Thiele published also in 1889 the error 
laws (expressed in terms of the presumptive semi-invariants and the number 
of observations, m) of the semi-invariants, uw, as observed in the sample, and 
gave besides a numerical table of the sum products of the power sums up to 
the eighth power so as to facilitate the calculation of the product moments 
of the semi-invariants.’ For a concise presentation of the various symmetric 
functions as employed by the Scandinavian mathematicians in statistical 
work, interested readers may well look up a review by Mr. Arne Fisher of a 
book by R. Frisch.® 

Another phase in which some of the “new” ideas of R. A. Fisher seem to 
have been anticipated, by several decades at least, by the Scandinavians is in 
the application he makes of orthogonal functions in fitting regression curves 
to polynomials. Work of a similar character was also done in 1927 by Birge 
and Shea in their article in the “University of California Publications in 
Mathematics”’ on A rapid method for calculating the least square solution of a 
polynomial of any degree. This reputedly original and new method was, however, 
described by Gram in his 1879 Danish dissertation on “Raekkeudviklinger.” 


4 Loc. cit., p. 63. 

5 Loc. cit., pp. 61, 62. 

6 Journal of the American Statistical Association, No. 159, Sept. (1927), p. 402. 
7 Vol. 2, No. 5 (issued in March, 1927), pp. 67-118. 
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Further, Gram gave in the 1915 volume of the “Bulletin de l’Association des 
Actuaires Suisses,” pp. 3-23, a very elegant demonstration of the method to- 
gether with a numerical table of the generating polynomials up to the fourth 
order for uneven values of 2 from 7 to 21 inclusive. The values given in this 
table, except for an occasional constant multiplier, —1, are exactly the same as 
the corresponding values of the somewhat more extensive set of tables by 
Messrs. Birge and Shea, which also cover the even values of . When they 
speak of “our new method” we are reminded that “there is nothing new under 
the sun.” The polynomials themselves date back, as mentioned by Gram, even 
to the eminent Russian mathematician Tchebycheff. The same essential ideas 
of the Gram polynomials occur also in R. A. Fisher’s work, but Dr. Fisher 
fails to mention either Tchebycheff or Gram. 

Finally, we call attention to a paper by J. O. Irwin® wherein a comparison 
is made between Pearson’s test for “goodness of fit” and another test devised 
by Irwin himself. This latter test, which appears superior to the Pearsonian 
test, is however a special case of Thiele’s so-called “Fejlkritik” (error critique) 
which also is found in the 1889 edition of Thiele’s work.’ 

This review has been extended to this length for several reasons: 

First, to point out that there is some ground for feeling that Dr. Fisher is 
too parsimonious in references to other workers outside the fellowship of his 
own countrymen, and has thus led his followers to remain ignorant of other 
rich fields. 

Second, to call attention to that galaxy of astronomers and actuaries of the 
first magnitude who have persisted too long in being self-sufficient, publishing 
only in their native language. We note with appreciation that some of them 
have started to publish in English.?® 

Third, to serve to arouse some of our mathematicians, especially those who 
are linguistically inclined, to delve more into the Scandinavian languages. 


CHARLES C. GROVE 


Curve piane specialt algebriche e trascendentt. Teoria e storia. Volume II.— 
Curve trascendenti—Curve dedotte da altre con 58 figure illustrative intercalate 
nel testo. Prima edizione Italiana. By Gino Loria. Ulrico Hoepli, Milano, 
1930. xi+439 pp. 


The second volume of the first Italian edition of Loria’s treatise has followed 
the first volume with unusual promptness. There are no essential departures 
from the well-known second German edition of 1910. This volume contains 


8 Journal of the Royal Statistical Society, vol. 92, part 2 (1929). 

°T.N. Thiele, Theory of Observations, 1903 (an elementary extract of the 1889 Danish edition 
and a translation of a work in Danish issued in 1897). C. L. Charlier, Researches on the Theory of 
Probability (1905). J. F. Steffensen, Interpolation, 1927 (the first complete text to appear in 
English). Skandinavisk Aktuarietidskrift, started in 1914, has about two-thirds of its articles in 
English. 
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Book VI, consisting of 25 chapters on various transcendental curves, and Book 
VII with 12 chapters on curves derived from other curves. Some 200 new 
references, and 60 odd additions to the index of names bring the book thor- 
oughly up to date. 

We regret the lack of a subject index for this and for the first volume; and 
we regret the lack of care in proofreading which makes it highly unsafe to use 
references without checking them. Nevertheless we are convinced that this is 
the most useful reference book in this field. 

B. H. BROWN 


PROBLEMS AND SOLUTIONS 


Epirep By B. F FINKEL, Otro DUNKEL, AND H. L, OLson 


Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. Alb 
manuscript should be typewritten, with double spacing, and with margins at least one inch wide. 


PROBLEMS FOR SOLUTION 


N.B. Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well-known textbooks or results found in readily accessible sources, will not 
be proposed as problems for solution in the MontTuLy. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


3463. Proposed by D. L. Holl, Ames, Iowa. 
Sum 


00 1 1 1 
—| sech—n(2n — 1) + (— 1)*+! tanh —2(2n — 1) |. 
on ase . r(2n ) + (— 1)**! tan . r(2n } 


3464. Proposed by I. Matizhish, Centenary College of Louisiana. 


A telegraph pole is in the form of a frustum of a right circular cone of 
altitude h, diameter of lower base D, and diameter of upper base d. A rope, of 
radius 7, is wound spirally around this pole from the bottom to the top, cover- 
ing the whole pole. A device is constructed which unwinds the rope—beginning 
at the top. If the angular velocity, w, with which the rope is being unwound 
is a function of the length of the rope already unwound, find the time it will 
take the device to unwind the whole rope. 


3465. Proposed by J. P. Dalton, University of Witwatersrand, Johannesburg, 
South Africa. 


Prove that for all positive integral values of 


2 ) il(2n — i)\(2i — 2n)! 2°"(m + 1)(2n + 1)(2n? + 7n + 4). 
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3466. Proposed by Leonard M. Blumenthal, Rice Institute. 


The lineo-linear expression, which we may exhibit in the matrix form 


ee. N38 V5 ven—1 
Xo | n— 1 — | — 1 — 1 
XL 4 —1n-1 — |i — 1 
XL — 1 —1in-1 — 1 
Lon | — 1 — 1 — |i n—1 


where the coefficient of x2,_1%2; is found at the intersection of the kth column 
and the jth row, and #; is the conjugate of x2;, is invariant under translations 
applied to either set xe:_1, 22; of the variables, and also under the rotations 
yi=ing, t=e @=1, 2,-- + 2n). 

Considering the complex numbers %2;-1, %: (¢=1, 2,:-+:, m) as defining 
the vertices of two ordered plane n-gons, find a geometric interpretation of 
this invariant. 


3467. Proposed by J. Rosenbaum, Melford, Conn. 
Solve in positive integers: 2x?-+-2x+1=y. 


3468. Proposed by Charles A. Rupp, Pennsylvania State College. 
Show that the determinant of m? elements in the upper left corner of the 
Pascal triangle 


1 1 1 1 
1 3 
1 3 
1 
has the value unity. 
SOLUTIONS 
2856. [1920, 377]. Proposed by O. S. Adams, U. S. Coast and Geodetic 
Survey. 
Show that for the real domain defined by +1>x>-—1, s a positive integer, 
1 { dx _, n=~ 2(s + 2)(25 + 2)--- (ms —5 +2) nett 
(1—aw)¥8 Jy (1 — xsy@-vis nis (S$ + 1)(25+1)--- (ws + 1) 


and 
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1 x ax n= nis” 
wef ———_—_—_—_——_——_——- = x + > $$ $$ $$ yy stl | 
(1— xs)&-Dis Jy (1 — xs)tls nai (S + 1)(2s + 1)---+ (ms + 1) 


Solution by Morgan Ward, California Institute of Technology. 
Let 


ax 
(1) i) encore 7 8 = 2) FC, 
0 _ 
2 ax 
i) ( — «ie = «(1 — x8) (8-1) /8G (2), u= x. 
0 — x8 8 


The solution of the problem then reduces to showing that 


(2) F(u) = 1+ 2d (s+ 1)(2s + 1)--- (ns + 1) 


(3) Gu) = 1+ i 
2» (s+ 1)(2s+ 1) +--+ (ms +1) 
Assume that +1>x>-—1. Then we may differentiate both sides of (1) with 
respect to x, obtaining 

1 


(1 _ x8) (s—1)/s 


} 


ni\sr 


, 


u”, 


dF 
— [1 _ xs) lis _ x°(1 _ a8) (1-s)/8] RF + sx3(1 _ wn 
U 


or 
(4) su(1 — u)(dF/du) + (1 — 2u)F = 1. 
If equation (4) has a solution expressible as a power series, 
F(u) = Doanu*, 
n=0 
it is evident that aa=1. By substituting this expression in equation (4) and 
equating coefficients of uw”, we obtain the recurrence formula 


On = An—1(ms — s + 2)/(nms + 1) (n = 1,2,---), 
from which (2) follows immediately. Then, since (2) is absolutely convergent 
for |u| <1, it is a solution of (4). 

In a similar manner, we find that G(wz) satisfies the differential equation 
(5) su(1 — u)(dG/du) + (1 — su)G = 1. 
As before, we find that the only solution expressible as a power series in u is 


G(u) = Soa", 


n=0 
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where 
bo = 1, bn = b,_ins/(ms +1) (wn =1,2,--° ; 


from this (3) follows at once. Again, since (3) is absolutely convergent for 
|w | <1, it is a solution of (5). It is evidently unnecessary to restrict s to be 
an integer, but it is necessary that s be positive in order that |x|<1 may 
imply that |u| <1. 


3124. [1925, 138]. Proposed by M. B. Porter, University of Texas. 


f(x) and ¢(x) are polynomials and all the zeros of $(x) are real. Let 
P(x) =(x) [f(x) |" where f stands for the 7th derivative of f(x). 

Prove that [P'(0)]?<P’(0)P(0) is a sufficient condition that f(x) has 
imaginary zeros. Newton’s test!, C? SC;1Ci11, where C; is the coefficient of 
x? in f(x), is a special case. 


I. Solution by Otto Dunkel, Washington University. 


All the polynomials considered here are required to have real coefficients. 
The theorems of the problem may be deduced in various ways from well known 
and easily proved theorems. One of these theorems is as follows: 

If the derivative P'(x) of the polynomial P(x) has 21 imaginary roots, then 
P(x) has at least 214 wmaginary roots. 

We proceed to apply this lmma. Replace x in P(x) by h+y7, where h is a 
real quantity. The equation P(x) =0 is replaced by 


(1) P(h)y? + P'(h)y? + gP"(h)y?? + +++ = 0, 

where # is the degree of P(x), p22. The (p—2)th derived equation is 
(2) b(p — 1)P(h)y? + 2p — 1)P"(h)y + PMA) = 0. 

If now 

(3) [P'(h))? < p(p — 1) P(A)P"(h), 


the equation (2) has imaginary roots; and, by the repeated use of the lemma, 
we see that (1) has at least a pair of imaginary roots. It then follows that 
P(x) =0 has at least a pair of imaginary roots. 

If then / is real and 


(4) [P’(h)]? < P(h)P"(h), or = P(h)P'(h) #0, 


it is obvious that (3) must be true. For the same value of # the test (3) is 
better than (4), since it does not require as much as (4). If then (3) or (4) is 
true P(x) =0 has at least one pair of imaginary roots. If P(x) =¢(x) [f (x) |r, 
r>0, where $(x) has no imaginary roots, then f™(«) must have some imaginary 
roots, and it then follows that f(x) must have at least a pair of imaginary roots. 


1 Cf, Netto: Vorlesungen aber Algebra, vol. I, p. 234, edition of 1896. 


tsa 
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If we take P(x) =f) (x), where 

(5) fw) = Co + Crim + Cox? + +++ 4+ Cax”, CoCr ¥ 0, 

and set h=0, then (3) becomes 


n—-t+1i+1 


n— 4 4 


(6) Ce < 


CriCiz1. 


If (6) is satisfied for any one of the n—1 values of i, then the equation (5) has 
at least one pair of imaginary roots. Also (6) is obviously satisfied if 


(7) C? < Cy1C ia, or if C? = CeiCit x QO. 


If two consecutive coefficients of (5) are zero, it is well known that there must 
be at least one pair of imaginary roots. This fact may also be proved by the 
above reasoning. A similar remark applies to (1). 


Another method for obtaining (4) directly from (1) is as follows: If 
11, !2,°**, %p» are the roots of (1), —di7;=P’(h)/P(h), Dorrj;=P''(h)/2P(h), 
and 


(8) [Dery -— 2 Merri = dure. 


The rest of the proof follows easily. 


A third method of obtaining (4), without the use of (1), is to employ the 
-dentity 


(9) —_— = 


By taking the derivatives of both sides and making a slight transformation in 
the result, we find 


(10) [P’(h)]? — P(A)P"(h) = Do’ [(h — n)(h — 12) +++ (hh — 12) J, 


where the accent mark means that in each of the p products a linear factor is 
omitted. 

A fourth form of proof may be obtained by multiplying P(«) by a linear 
factor x«—a, where a is real, and then choosing for a a value which makes one 
of the intermediate coefficients of the product zero. Then apply Descartes’ 
rule of signs in the usual way to detect imaginary roots. See the article by 
Oliver D. Kellogg, A necessary condition that all the roots of an algebraic equation 
be real, Annals of Mathematics, ser. 2, vol. 9, 1908, p. 97. 

The tests (6) and (7) may be called quadratic tests. By a slight variation 
of the first method a variety of other tests may be obtained. 
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II. Solution by Paul Wernicke, Washington, D. C. 


Sylvester’s extension of Newton’s rule, which is capable of some simplifica- 
tion if from the start we assume Netto’s! Case I, leads to a7_1—2dn_2an>0 if 
f(z) is to have real roots only. This is [f’(0) ]?—/’’(0)f(0) >0. With 7 a positive 
integer, writing [ f(z) ]"=F, we have 


(P’)? — P'P = [(¢’)? — oo] F? + [(F)? — F’F ]¢? 


the first term of which cannot be negative for z=0 by the condition on 9. 
Therefore the bracket of the second term is negative and F(z) =0 or [fz]"=0; 
hence f(z)=0 has complex roots. By the last paragraph on p. 208 (Netto, 
loc. cit., III) this is a sufficient condition for all preceding derivatives and f(z) 
itself to have complex roots. 

Since it is always possible to choose three coefficients of ¢ so that (for r=1) 
(P’)?— P’’P for any 7 becomes equal to one of the expressions (15) referred to, 
Newton’s “test” is a special case of the above. 

3412. [1930, 157]. Proposed by P. R. Rider, Washington University. 


The vertex of a right circular cone of semi-vertical angle a is the center of 
a unit cube, the axis of the cone coinciding with a diagonal of the cube. Find 
the area of that part of the conical surface which is inside the cube. 
Partial Solution by V. F. Ivanoff, San Francisco, Cal. 


Let the center O of the cube be the origin of rectangular coordinates; let 
the positive z-axis lie upon the sem-diagonal OC, where Cis a vertex of the cube; 
and let the plane zOx be perpendicular to a face through C. The equation of 
this face is 


(1) g= — Q'ey + 3120-1; 
and the equations of the cone are 
(2) “= pcosé, y=psind, z= pcota. 
From (1) and (2) we have 
31/2 
8) a 2(cot a + 21/2 cos 6) | 
The differential of the conical surface inside the cube may be written 


3d6 


1 
(4) dP = —-pd-p csc a9 = ———___——__ 
2 8 sin a(cot a + 2!/? cos 6)? 


1 Loc. cit.; p. 231, bottom; p. 234, bottom; p. 234, expressions (15). 
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9 7/8 dé 
% oe 
0 


~ Asin a (cot a + 21/2 cos 6)?’ 


where FP is the surface of one sheet of the cone within the cube. This integral 
may be transformed into a rational integral by known methods of the calculus. 

The result (5) is true only when tan aS 23/2, If tan a>23/? the conical sur- 
face of one sheet intersects all faces of the cube and the problem becomes more 
complicated. 


3413. [1930, 157]. Proposed by P. R. Rider, Washington University. 


The axis of a right circular cylinder of radius r coincides with a diagonal of 
a unit cube. Find the area of that part of the cylindrical surface which is 
inside the cube. 


Partial Solution by V. F. Ivanoff, San Francisco, Cal. 


With the same disposition of the axes as in the solution of 3412, we have 
again the equation 


(1) g = — 2 2y 4 3429-1, 

and the equations of the cylinder, 

(2) x =rcosé, y=rsing. 

Hence for the intersection of the cylinder with the face (1) we have 

(3) = — 21/27 cos 9 + 31/22-1, 

The differential of the cylindrical surface between the xOy-plane and the face is 
(4) dP = rd0-¢ = r(3'/22-! — 21/27 cos 6)d0; 


and the total surface within the cube is 


P 


r/3 
6r [ (31/2 — 23/2y cos 6)d6 
0 


(5) | 
= 2-31 (qe — 3-21/%%), 

The result (5) is true only when all the elements of the cylinder lie within 
the cube, i.e. when 7<2-?. In the cases where 27/2 <7r<2?-3-3 the problem 
is more complicated. If r22?-3-} the cube is inside the cylinder. 

Also solved by A. Pelletier. ; 


Note by the Editors: The proposer of these two problems (3412, 3413) states 
that they are special cases of problems which arise in certain statistical studies. 
See the article by Paul R. Rider, On the distribution of the ratio of mean to stand- 
ard deviation in small samples from non-normal universes, Biometrika, vol. X XI, 
Dec., 1929, pp. 139-141, and the references cited therein. See also a similar 
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probiem in an article by G.A. Baker, Random sampling from non-homogeneous 
populations, Metron, vol. 8, no. 3, Feb., 1930, pp. 74-76. 


3414. [1930, 157]. Proposed by B. C. Wong, Berkeley, California. 


Prove or disprove: 
! Far — 1)! — 22) (2r — 2)! 
frame 2p era, 
‘0 (r — 4)!1! ri(r — 1)! 


where t= (r—2)/2 if r is even and t=(r—1)/2 if 7 is odd. 


Solution by Emma T. Lehmer, Brown University. 


Using binomial coefficient notation we are to prove that 


4) 1”) = “E"T( ") r - “= <("— '): 


manne z to ry—7 in (1) and adding the result to (1), we get 


i) = = ~={(j =] 
(2) fir) = — SC)eZGI MG ) +2 ("7 ’) 


To evaluate these sums, consider the identity 
(1+ a4)"(1+ «2 = (14 4)", 


Fquating coefficients of «’-* on both sides we obtain 


° E (4 )G)- Ga!) 


As special cases of (3) we have 


EG) GO) ECL MG Ce) 


Substituting these results in (2) we obtain 
1 /2r 2r — 1 2r — 2 
=) ) 2) 
2\r r r—1 
2r — 2\[2r — 1 2r — 1 1 /2r — 2 
CoE 0) 
r—l r r r\r—-1 


Also solved by W. I. Miller. 
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3415. [1930, 157]. Proposed by L. S. Johnston, University of Detroit. 

Let A, C, O, C’, A’ be collinear points, with OA =OA’, OC=OC’; let h, 
Il,, and 1; be lines perpendicular to AA’ through A, O, and A’ respectively. 
With any point P on J, as center and PC as radius a circle is drawn. Let d; and 
d, be the diameters determined by the intersections of this circle with /; and ]3. 
Find the envelope of di and dz. 


I. Solution by A. Pelletter, Montreal, Canada. 


Taking AA’ for the x-axis, J, for y-axis, and letting (0, m) be the codrdinates 
of any point, P, on l, OA =OA’=a, OC=OC’ =c, we have for the equation of 
the circle having center P and passing through C, «?+(y—m)?=m’+e, or 
x+y—2Zmy—C?=0. 

Solving this equation simultaneously with the equations of the lines x = +a for 
points of intersection and then writing the equations of the lines passing through 
the two pairs of points symmetric with respect to the center, (0, m), we have 
the equations of the two diameters d; and dy: | 

y-m= + (m+? — a*) Pax, 

Eliminating m, the variable parameter, between these two equations and 
their first derivative equation with respect to m, we obtain for the equation of 
the envelopes of di and ds, 


a-*x? — (¢? — a2)-!y? = 1, 
which is the equation of an hyperbola when c>a, and an ellipse when c<a. 


II. Solution by Otto Dunkel, Washington University. 


Set OA =a, C'O=OC =c <a, and consider one of the variable lines d; cutting 
J, and 1, in P and Q, respectively, where PO=PC. Let the foot of the perpendic- 
ular from C to d; be N, and produce CN to D so that CV=ND. Draw the line 
C’'D cutting d; in T, and then draw CT. It will be shown that d; is tangent at 
T to the ellipse having foci C’, C, and vertices A’, A. For the triangles CPQ 
and AOW are similar and isosceles, as easily follows from the fact that C, O, 
P, N are concyclic, and similary for Q, A, C, N. Hence ON=OA=a. Mcre- 
over, C/T +TC=20N=2a, and TC’ and TC make equal angles with d1. From 
symmetry the same reasoning applies to ds. 

If c>a, the same kind of reasoning shows that the envelope is an hyperbola. 
Also solved by Rufus Crane, P. S. Dwyer, J. H. Neelley, and the Proposer. 


3416 [1930, 157]. Proposed by William Hoover, Columbus, Ohio. 
If a circumscribed triangle to a given circle have two sides fixed and the third 


variable, to determine the envelope of its circurncircle. 
Solution by William I. Miller, University of Pittsburgh. 


Using oblique Cartesian coordinates, place the triangle with the fixed vertex 
at the origin, and the fixed sides along the positive ends of the axes. Let the 
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fixed angle of the triangle be 2¢. Let the center of the circle be the point (h, h), 
and its radius r=h sin 26. Let 2a be the angle exterior to the triangle which 
the variable side makes with the X-axis, and let the X and Y intercepts of this 
variable line be a and 0, respectively. By trigonometry, 


a=h+hcos2¢+r tana = 2hcos¢ cos (a — ¢) seca, 
b=h+hcos2¢+ 1 cot (a — ¢) = 2hcos¢sinacsc (a — ¢). 
The equation of the circle through (0, 0) (a, 0), and (0, bd) is 
flx, y) = 2? + y? + 2xy cos 26 — ax — by = 0. 


To obtain the equation of the envelope, substitute the above values for a and 5 
and eliminate a between f=0 and 0f/da=0. The latter equation reduces to 


cos a csc (a — 6) = (x/y)!/2, 
From this, 
a = 2h[1 + (y/x)'2 sing], b = 2h[1 + («/y)1/2 sin 6]. 


Only the positive values of the radicals are used, since 0<@?<a<90° and 
a>2h, b>2h. Substituting these values for a and 6 in the equation of the 
circle, we obtain an equation which is factorable: 


(x + y + 2(xy)'/? sin b)(x + y — (xy)? sind — 2h) = 0. 


The first factor, if rationalized, represents two conjugate imaginary lines, 
whose real point of intersection is the origin. The second factor, if rationalized, 
represents a circle tangent to the coordinate axes with center at (h sec’, h sec’) 
and radius 2h tan @. But as it stands, this factor represents only the larger of 
the two arcs determined by the points of contact with the axes; the smaller arc 
is obtained if the given circle be escribed to rather than circumscribed about 
the given triangle. 

To construct the envelope circle geometrically, let OABC be the rhombus 
circumscribing the given circle, with OA and OC the fixed lines. At A erect a 
perpendicular to OA, intersecting the diagonal OB at D; then D is the center 
and AD the radius of the required circle. The larger of the two arcs AC, 
together with the point O, is the required envelope. 

Also solved by Rufus Crane, A. Pelletier, O. J. Ramler, Mabel M. Young, 
and the Proposer. 
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NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending items to 
Professor H. W. Kuhn, Ohio State University, Columbus, Ohto. 


Associate Professor Karl Menger, of the University of Vienna, who is 
lecturing at Harvard University during the present semester, will lecture at 
Rice Institute during the second semester this year. At Rice Institute he will 
give an undergraduate course on “Metrical Geometry” and a graduate course 
on “Theory of Dimension and Curve Theory.” 


Professor O. D. Kellogg, of Harvard University, has been appointed ex- 
change professor to a group of three middle-western colleges for the second 
half of the present academic year. He will spend about five weeks lecturing at 
each. The three colleges are: Carleton College, Northfield, Minnesota; Knox 
College, Galesburg, Illinois; and Colorado College, Colorado Springs, Colorado. 


Princeton University has conferred an honorary doctorate on President 
K. T. Compton of the Massachusetts Institute of Technology. 


The following persons have been appointed National Research Fellows in 
Mathematics for the academic year 1930-31 (This list includes reappointments, 
and may not be complete): R. P. Agnew, A. C. Berry, Leonard Carlitz, L. W. 
Cohen, C. C. Craig, H. T. Engstromn, D. H. Lehmer, S. B. Littauer, N. H. 
McCoy, E. J. McShane, Gordon Pall, W. T. Reid, N. W. Rutt, W. J. Trjitzin- 
sky, Jacob Yerushalmy. 


Mr. O. J. Farrell has been appointed Rockefeller International Research 
Fellow in Mathematics. 


John V. Atanasoff, of the University of Wisconsin, has been appointed 
assistant professor of mathematics at the Iowa State College. 


Professor Ella E. Bernstorf, of Friends University, Wichita, Kansas, has 
been appointed dean of women at the State Teachers College, California, Pa. 


Dr. Nat Edmonson, Jr., of Rice Institute, has been appointed assistant 
professor of mathematics at the Texas Technological College. 


Assistant Professor J. D. Eshleman, of the University of Pennsylvania, has 
been appointed acting professor of mathematics at Heidelberg College, Tiffin, 
Ohio. 


Mr. Ivan L. Hebel, of the Colorado School of Mines, has been promoted to 
an assistant professorship of mathematics. 


Mr. E. R. Heineman has been appointed assistant professor of mathematics at 
the Texas Technological College. 
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Dr. A. W. Hobbs, professor of applied mathematics at the University of 
North Carolina, has been appointed dean of the College of Liberal Arts of that 
University. 


Professor Alfred Hume, of the University of Mississippi, has been appointed 
professor of mathematics at Southwestern College, Memphis, Tenn. 


Dr. P. W. Ketchum, of the University of Illinois, has been promoted to be 
an associate in mathematics. 


Dr. F. W. Kokomoor, of the University of Florida, has been promoted to an 
associate professorship of mathematics. 


Assistant Professor H. I. Lane, of the University of South Dakota, has been 
promoted to an associate professorship of mathematics. 


Assistant Professor J. D. Leith, of the University of North Dakota, has been 
promoted to an associate professorship of mathematics. 


Assistant Professor Elizabeth LeStourgeon, of the University of Kentucky, 
has been promoted to an associate professorship of mathematics. 


Professor Gertrude I. McCain, of Westminster College, has been appointed 
professor of mathematics at State College, Radford, Va. 


Dr. Wilhelm Maier, on leave from the University of Frankfort, has been 
appointed visiting professor of mathematics at Purdue University for the year 
1930-31. 


Dr. Morris Marden has been appointed assistant professor of mathematics 
in the Extension Division of the University of Wisconsin, at Milwaukee. 


Dr. C. G. Phipps has been promoted to an associate professorship of 
mathematics at the University of Florida. 


Dr. P. G. Robinson has been promoted to an associate professorship of 
mathematics at Iowa State College. 


Assistant Professor H. M. Sheffer has been promoted to an associate pro- 
fessorship of philosophy at Harvard University. 


Professor J. A. G. Shirk, of Kansas State Teachers College, who has been 
granted a year’s leave of absence, is studying mathematical statistics at 
Stanford University. Professor W. H. Hill is acting head of the department 
during his absence. 


Dr. R. G. Smith, of the University of Kansas, has been elected associate pro- 
fessor of mathematics at Kansas State Teachers College. 


Associate Professor F. W. Sparks has been promoted to a professorship of 
mathematics at the Texas Technological College. 
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Dr. C. W. Strom has been promoted to a professorship of mathematics at 
Luther College. 


Assistant Professor D. J. Struik has been promoted to an associate pro- 
fessorship of mathematics at the Massachusetts Institute of Technology. 


ONE HUNDRED PER CENT MEMBERSHIP 


The membership in the Association is now about 2200, including 137 
institutional members. These figures indicate one hundred percent increase over 
the total charter membership in 1916. Presumably this also indicates that 
among the mathematics faculties in many institutions the Association member- 
ship has doubled during these fourteen years. However, in some institutions, 
probably in very many, all members of the mathematics staff and the institu- 
tion itself have belonged to the Association from the outset. Such a one hun- 
dred percent membership has been maintained, for instance, by the University 
of Chicago. It is urgently desired by the membership committee to ascertain 
all of the institutions of which this is now true, and to this end the committee 
on membership requests the cooperation of each mathematical staff. Will the 
secretary or some representative of each such department transmit to the 
Secretary of the Association at Oberlin, Ohio, the following information: 

(1) Has your department at present a one hundred percent individual 
membership in the Association? 

(2) Has your institution an institutional membership in the Association? 

(3) Will you cordially invite any non-members in your group to join the 
Association? 

(4) Will you present to your institution the desirability of becoming an 
institutional member of the Association? 

Membership in the Association is a mark of professional standing and a 
contribution to the promotion of mathematical interests in America. Members 
are entitled to receive all publications of the Association at cost, including the 
Carus Monographs and the Rhind Mathematical Papyrus. The Association 
now has eighteen sections distributed over the country so that any member may 
attend a meeting within reasonable distance; and all meetings, sectional and 
national, are fully reported in the American Mathematical Monthly. 

The near approach of the Annual Meeting in Cleveland, Ohio, is an auspi- 
cious time to secure new members for 1931. The Secretary will supply applica- 
tion blanks on request, and they should be returned to him not later than 
December 27. Why not adopt the slogan—“One Hundred Percent Mem- 
bership.” 


Massachusetts Ca mpb el | 5 


Institute of 


Technology INTROD UCTION TO 
adopts MECHANICS 


as the basal text for the introductory physics course, a course devoted to 


fundamental training in theoretical mechanics. The book presupposes 
no previous knowledge of mechanics. It uses calculus methods from the 
outset to prevent discontinuity in concepts and habits of thought between 
the two courses. It presents problems carefully chosen to illustrate and 
clarify the principles. 398 pages. $3.50 


The same author has prepared Numerical Tables of H yperbolic and Other 
Functions ($1.25) for use with the text. 


HOUGHTON MIFFLIN CO. BOSTON NEW YORK CHICAGO 


DALLAS ATLANTA SAN FRANCISCO 


An Introduction to A basic book in the fundamental principles of 
mathematics which makes practical applications 


MATHEMATICS to the fields of science and agriculture. A 


thorough understanding of the material pre- 


By I. L. MILLER sented gives the student the necessary training 
South Dakota State College of Agriculture and for his scientific work and also prepares him to 
Mechanic Arts pursue successfully more advanced courses in 

297 Pages $3.00 mathematics. 


We Would Also Remind You of 


ANALYTIC GEOMETRY By E. S. Crawley and H. B. Evans......... $2.00 
*PLANE TRIGONOMETRY By E. S. Crawley and H. B. Evans........ $1.65 
**PLANE AND SPHERICAL TRIGONOMETRY By E. S. Crawley and H. B. 

Evans 2... . ccc ee eee ebb e been eecenas $2.10 

TABLES OF LOGARITHMS By E. S. Crawley..................04. $1.00 


* These books are also published bound in one volume with 
Crawley’s Tables of Logarithms at $2.00 and $2.40 respectively. 


INTRODUCTION TO STATISTICAL ANALYSIS By G. G. Chambers. . . . $3.00 


F.S. CROFTS & CO. 41 Union Square, West N. Y. C. 
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Addition-Subtraction Logarithms 


(to five decimal places) 


By L. M. BERKELEY 
Author of “North Star Navigation,” “Great Circle Sailing,” etc. 


T HE best arrangement yet devised for a table of addition-subtraction 

logarithms extending to five decimal places. No interpolations. Of 
the highest interest to mathematicians, and indispensable to all practical 
computers, including astronomers, geodesists, surveyors, navigators, civil en- 
gineers, actuaries, architects, etc. The book has been examined in manu- 
sctipt by several well known authorities, and pronounced the best work of 
its kind, yet published. 


Price $3.25, postpaid. 


WHITE BOOK & SUPPLY CO. 
36 West 91st Street, 
NEW YORK CITY 


THE CHAUVENET PRIZE 


In the year 1925, the MATHEMATICAL ASSOCIATION oF AMERICA established a prize 
of one hundred dollars for the best expository paper published in English during 
successive periods of five years by a member of the Association. 


The purpose of the prize is to stimulate expository contributions in mathematical 
journals. The award does not apply to books, although the CArus MonocRraPus 
are expository in character and on this score might be included. They carry their 
own reward in the form of a cash honorarium to each author. 


The prize will be awarded hereafter every three years. The last award was in 
December, 1929, to Professor T. H. Hildebrandt. The next award will be in 
December, 1932, for the period of 1929-1931. 


A NEW MATH. TOOL 


Edgar Dehn 
ALGEBRAIC CHARTS 


for solving quadratic, cubic and biquadratic equations. Price complete 
one dollar, single charts 15 cents. 


NOMOGRAPHIC PRESS 509 Fifth Avenue, New York 


K & E Slide Rule in College Mathematics 


The Slide Rule as a check in Trigonometry is now regu- 
larly taught in colleges and high schools. Our manual 
makes self-instruction easy for teacher and student. 
Write for descriptive circular of our slide rules and for 
information about our large Demonstrating Slide Rule 
for use in the Class Room. 


KEUFFEL & ESSER Co. 


NEW YORK, 127 Fulton Street General Offices and Factories, HOBOKEN, N. J. 


CHICAGO ST. LOUIS SAN FRANCISCO MONTREAL 
516-20 S. Dearborn St. 817 Locust St. 30-34 Second St. 5 Notre Dame St. W. 


Drawing Materials, Mathematical and Surveying Instruments, Measuring Tapes 


The Carus Mathematical Monographs 
ee 


T™ CaRUS MONOGRAPH COMMITTEE is pleased to announce that the 
first edition of Number Four is well advanced in sales and that each 
of the others has gone into a second edition; also that a German Edition 
of number One is being brought out by the firm of Teubner in Munich. The 
titles of the monographs are: (1) ‘Calculus of Variations” by Professor 
GILBERT A. BLIss; (2) ‘Analytic Functions of a Complex Variable” by 
Professor DAvip R. Curtiss; (3) ‘Mathematics of Statistics’ by Professor 
Henry L. RiETZ; “Projective Geometry,” by Professor JOHN W. YOUNG. 


The price of these Monographs is $1.25 to institutional and individual 
members of the Association when ordered directly through the Secretary, 
one copy to each member; this is the bare cost of production. The price to 
all non-members of the Association and for all quantity orders for class use 
is $2.00 per copy, obtained only through the Open Court Publishing Com. 
pany, 337 East Chicago Avenue, Chicago, Illinois, distributors to the 
general public of Association publications. 


CONTENTS 
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DIRECTORY 


EDITORIAL CORRESPONDENCE should be addressed to the Epttor-IN-Cuier, W. H. 
Bussey, 106 Folwell Hall, University of Minnesota, Minneapolis, Minn. 


BOOKS FOR REVIEW should be addressed to R. A. Jonnson, Brooklyn College, 66 Court 
Street, Brooklyn, N.Y. 


BUSINESS CORRESPONDENCE should be addressed to the SECRETARY-TREASURER of 
the Association, W. D. Cartrns, 33 Peters Hall, Oberlin, Ohio. 


CHANGE OF ADDRESS: Members should send notice of any change of address to the 
SECRETARY-TREASURER, W. D. Carrns, Oberlin, Ohio, before the 10th of each month. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Fourteenth Summer Meeting of the Association, Providence, Rhode Island, Sept. 8-9, 1930. 


The following is a list of the sections of the Association, with dates of those section 
meetings which have been scheduled for 1930. 


InxinoIs, Lake Forest, Ill., May 2-3. Missouri, Columbia, Mo., November 28. 
INDIANA, Earlham College, May 2-3. NeprasKka, Peru, Neb., May 9. 
lowa, Ames, Iowa, May 2-3. Oxto, Columbus, Ohio, April 3. 


] e 
anes Rebruary 1 Kv. April 5 PHILADELPHIA, Philadelphia, Pa., Nov. 29. 
ENTUCKY, CXINBLON, NY fAPTN 9s Rocky Mountain, Denver, Colo., April 11- 


LouIstANA-Mississippi, Cleveland, Miss., 12. 
March 7-8. or 
MaryLAND-DISTRICT OF CoLUMBIA-VIRGINIA, SOUTHERN CALIFORNIA, University of South- 
May 10. ern California, Los Angeles, Calif., 
MicHicANn, Ann Arbor, Mich., March 22. March 8. 
MINNESOTA, Carleton College, May 17. ° TEXAS. 


AFFILIATED ORGANIZATIONS: THE NEw ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS. 
THe NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS. 


CURTISS AND MOULTON 
ANALYTIC GEOMETRY 


S ufficient material for a three-hour course through two semesters 


An abundance of material for superior students 
Written in an attractive style 
Discussions and proofs are complete 


The relationship between analytic geometry, algebra, and trigonom- 
etry is made evident 


Unusual proportion of space devoted to solid geometry 


D. C. HEATH & COMPANY 


Boston New York Chicago Atlanta San Francisco Dallas London 


fg~ SOMETHING DIFFERENT 


If you are looking for a book that’s different—both useful and enter- 
taining—you are looking for the 1930 edition of 


“Mathematical Wrinkles” 


This revised and enlarged edition is now ready for shipment. Various new 
helps have been included. 

This beautiful volume contains everything necessary for the Mathematics ‘Club— 
required by either teacher or student. It is a handbook of mathematics and should 
be in every library. 


(An Ideal Christmas Gift for teacher or student) 


“This book ought to be in the library of every teacher.”"—-The American Mathe- 
matical Monthly, Springfield, Mo. 

“A most useful handbook for mathematics teachers.”"—School Science and 
Mathematics, Chicago, Ill. 

“A most convenient handbook whose resources are practically inexhaustible.” 
“We cordially recommend the volume as the most elaborate, ingenious and enter- 
taining book of its kind that it has ever been our good fortune to examine.”— 
Education, Boston, Mass. 

“An exceedingly valuable Mathematical Work.” “Novel, amusing and instruc- 
tive.” “We have seen nothing for a long time so ingenious and entertaining as this 
valuable work.”—The Schoolmaster, London, England. 


Forward your order today. ......cccccccccccccccccerecccscceeccceceees Price $3.00 Postpaid 
(Two copies if ordered direct $5.50) 


Samuel I. Jones, Publisher 
LIFE AND CASUALTY BLDG. NASHVILLE, TENN. 


FOR SECOND SEMESTER CLASSES 


PLANE ANALYTIC GEOMETRY 


By LENNES & MERRILL 
Edited by H. E. SLAUGHT, University of Chicago 


F THE FOUR VOLUMES in Harper’s Mathematics Series, this is easily 
the most popular for second semester use. Like the earlier text- 
books in the series, PLANE ANALYTIC GEOMETRY is characterized 

by the same attractive features which have made the other volumes so 
successful: cumulative reviews, historical sketches, parallel groups of prob- 
lems of similar difficulty for various sections or alternate years, special 
exercises and problems for capable students, careful paging, and, in gen- 
eral, unusually careful workmanship and editing. The following excerpts 
from the American Mathematical Monthly for May, 1930, indicate a few 
of the good qualities of this book: 


“If the teacher will faithfully make use of the opportunities 
offered by this text, the purpose of the authors will be realized. 
In this connection, therefore, attention is called to the excellent 
arrangement of material. Each topic is introduced with some 
word concerning the purpose of it, and almost uniformly through- 
out the book the opening sentence of the chapter gives a little 
human touch to the matter in hand, appealing to the readet’s 
intelligence and approval. 


... “This seems to be the first book offered in plane analytics 
where it is possible in any adequate manner to take care of the 
pupil who is able to do more than the average amount of work. 
It ought to be a splendid means for starting the boy or girl on the 
way to ‘honors’ work... . The problems are copious and fine.” 


VOLUMES AT PRESENT IN HARPER’S MATHEMATICS SERIES 
PLANE ANALYTIC GEOMETRY, Lennes & Merrill . . . . . . . =. = $2.50 
COLLEGE ALGEBRA, Lennes . . . . . . 2. ee eee $2.25 


PLANE TRIGONOMETRY, Lennes & Merrill . 2. 2. . . . 0. whe 
With Tables, $2.20. Without Tables, $1.60. Tables Alone $1.20 


SURVEY COURSE IN MATHEMATICS, Lennes . . . . . . . . +. $2.00 


Harper & Brothers, Publishers 49 East 33 St., N.Y.C. 


